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Abstract
We show that the 4-state anti-ferromagnetic Potts model with interaction parameter w € (0, 1) on the

infinite (d + 1)-regular tree has a unique Gibbs measure if w > 1 — for all d > 4. This is tight since

d+1

it is known that there are multiple Gibbs measures when 0 <w < 1 — and d > 4. We moreover give

4
d+1
a new proof of the uniqueness of the Gibbs measure for the 3-state Potts model on the (d + 1)-regular tree

3
forwz1—ﬁwhendz3andf0rwe(0,1)whend:2.
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1. Introduction

The Potts model, originally invented to study ferromagnetism [18], is a model from statistical
physics; it also plays a central role in probability theory, combinatorics and computer science.

Let G=(V, E) be a finite graph. The Potts model on the graph G has two parameters, a num-
ber of states q € Z>, and an interaction parameter w > 0. The case g =2 is known as the Ising
model. A configuration isa map o : V — [gq] := {1, ..., q}. Associated with such a configuration
is a weight' w"(@), where m(c) is the number of monochromatic edges in the configuration . The
g-state partition function of the Potts model is the sum of the weights over all configurations; we
denote itas Z(G, g, w) =D ;.| ql w™@)_In statistical physics one has w = e//T, with J being an
interaction parameter, k the Boltzmann constant and T the temperature. We write Z(G) to keep
notation short.

The Gibbs measure is the probability measure Pg[-] on the set of configurations of G = (V, E),
where the probability of a random configuration? ® being equal to a given configuration
¢ : V — [q] is proportional to the weight of ¢:

Wm(o)

Pol® =¢]= 2G)"

(1)
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In case w = 0 we implicitly assume that there is at least one configuration of non-zero weight, i.e., a proper colouring.
2We use the convention to denote random variables in boldface.
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The Potts model is said to be ferromagnetic if w > 1 and anti-ferromagnetic if w < 1. The ferromag-
netic Potts model favours configurations with a large number of monochromatic edges, while the
anti-ferromagnetic Potts model favours configurations with a small number of monochromatic
edges, i.e., configurations that are ‘close’ to proper colourings.

In statistical physics, models like the Potts model are typically considered on infinite graphs
such as Z4 or the Bethe lattice Ty, also known as the infinite (d 4 1)-regular tree. One can
extend the notion of Gibbs measures for finite graphs to this infinite setting (see below for more
details). The Gibbs measure on a finite graph is clearly unique. For infinite graphs, depending
on the underlying parameter w, there may however be multiple Gibbs measures. The transition
from having a unique Gibbs measure to multiple Gibbs measures is referred to as a phase tran-
sition in statistical physics [10] and it is an important problem to determine when this happens
in terms of the underlying parameters of the model. Moreover, for several 2-state models, the
uniqueness region and the transition from uniqueness to non-uniqueness of the Gibbs measure
on T, have been connected to the tractability of approximately computing partition functions of
these models. See e.g. [24, 21, 22, 13, 23, 15]. In the case of the anti-ferromagnetic Potts model
it is known that in the uniqueness regime on T there is an efficient algorithm to approximately
compute the partition function and sample from the Gibbs measure on random (d + 1)-regular
graphs [4]. See also [9] for related results on Erdds-Rényi random graphs without any assump-
tion on uniqueness. It is moreover expected that the uniqueness to non-uniqueness transition
for the anti-ferromagnetic Potts model says something about the tractability of approximating
the partition function for the entire class of bounded degree graphs. In particular, approximating
the partition function of the Potts model is NP-hard on graphs of maximum degree d + 1 when
O<w<l-— # [12] (for even g). It is a major open problem to determine whether there exist
efficient algorithms for all w € (1 — di-s—l’ 1].

In the present paper we consider the problem of determining when the anti-ferromagnetic
Potts model on the infinite (d + 1)-regular tree has a unique Gibbs measure. Before stating our
main result, we first give a formal definition of Gibbs measures on the (d 4 1)-regular tree.

Gibbs measures, uniqueness and main result
We follow Brightwell and Winkler [7, 8] to introduce the notion of Gibbs measures on T, see also
[20, 10] for more details and background.

Throughout we fix a degree d > 2 and an integer g > 2. We denote the vertex set of T; by V
and we denote the space of all configurations {1 : V4 — [g]} by €24 4. For a set U C V; we denote
by dU the set of vertices in U that are adjacent to some vertex in V; \ U. We refer to dU as the
boundary of U. We denote by U° := U \ dU the interior of U. For Y € Q4 4and U C V; we denote
the restriction of ¥ to U by ¥ [y.

Definition 1.1. (Gibbs measure) We equip 2,4 with the sigma algebra generated by sets of the
form {y € Q4| ¥ [u= ¢} where U C V; is a finite set and ¢ : U — [q] a fixed colouring of U.
A probability measure u on €2 4 is called a Gibbs measure if for any finite set U C V; and p-almost
every ¢ € Qg 4, we have

Po~u[®u=dlul ®lvpve=dlvave]l =Pul®lu=¢lu |®lsu=dlsu], (2)

where the second probability Py denotes the probability of seeing configuration ¢ on the finite
graph T4[U] induced by U conditioned on the event of being equal to ¢ on dU. This latter prob-
ability is obtained by dividing the weight of ® [; by the sum of the weights of all colourings of U
that agree with ¢ on aU, cf. (1).

Remark 1.2. Note that the conditional probability on the left-hand side of (2) cannot be computed
using the standard formula for conditional probabilities, as we in general condition on an event
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of measure zero. Therefore, the formalism of conditional expectations should be used to evaluate
this conditional probability. See [10] for more details.

By a compactness argument one can show that there always is at least one Gibbs measure on
Qg4 cf. [10, 7]. The question of whether there is a unique Gibbs measure can be reformulated in
terms of a certain decay of correlations. To do so we require some definitions. We denote by T/
the finite tree obtained from T by fixing a root vertex r;, deleting all vertices at distance more
than » from the root, deleting one of the neighbours of r; and keeping the connected component
containing ry. We denote the set of leaves of T/ by A, 4, except when n =0, in which case we
let Ay ={rg}. We omit the reference to d when this is clear from the context. The next lemma
reformulates uniqueness of the Gibbs measure in terms of the dependence on the distribution of
the colours of the root vertex on the colouring of the leaves.

Lemma 1.3. The g-state Potts model with parameter w > 0 on the infinite (d + 1)-regular tree has
a unique Gibbs measure if and only if for all colours ¢ € [q] it holds that

limsup max |Pp[®(ry) =c|®[p, ,=7]— l =0. (3)
n—oo T:Ap4—>I[q d | q

While this result is well known we will provide a proof for convenience of the reader in
Appendix A based on Brightwel and Winkler’s proof [8, Theorem 3.3] for the case w=0. We
moreover note that (3) is the property of uniqueness used in algorithmic applications [4].

Define w, := max{0,1 — dL_H}. It is a folklore conjecture that this Gibbs measure is unique
if and only if w> w, (if g=d + 1, the inequality should be read as a strict inequality). Non-
uniqueness for w < w, has been known for a long time [17, 16]

For g > d + 1 and thus w, =0, a Gibbs measure is supported on proper g-colourings and in
this case the conjecture has been shown to be true by Jonasson [14]. For the caseg=3 and d > 2
and the case ¢ =4 and d = 4 this has recently been proved by Galanis, Goldberg and Yang [11].
Our main result confirms this conjecture for g =4 and d > 4. Very recently Bencs together with
the authors of the present paper [2] have confirmed this conjecture for all g > 5 provided d is large
enough.

Main Theorem. Let d € N>y4. Then the 4-state anti-ferromagnetic Potts model on T; has a unique
Gibbs measure if and only if w> 1 — diﬂ.

Our proof of this result follows a different approach than the one taken in [11], which
heavily relies on rigorous (but not easily verifiable) computer calculations. In particular, our
approach allows us to recover the results from [11], thereby removing the need for these computer
calculations. See Theorem 3.8 below for the full statement of what we prove with our approach.

Organization. In the next section we discuss our approach towards proving our main theorem
arriving at a geometric condition for uniqueness that we check in Section 3 to prove our main
theorem, deferring the verification of a crucial inequality to Section 4. Finally, in Section 5 we
finish with some concluding remarks and open questions.

2. Approach and setup

Our main goal in this section is to derive a geometric condition for ratios of probabilities that
implies uniqueness of the Gibbs measure on the (d + 1)-regular tree. This condition will then be
verified in the following sections. Along the way we will comment on how our approach relates to
the approach of Galanis, Goldberg and Yang [11].
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2.1 Ratios of probabilities and the tree recursion

Instead of working directly with the probabilities we work with ratios of probabilities just as
n[11].

Let us introduce a few concepts to facilitate the discussion. Fix n, d € N and write T, = (V, E).
Let 7: A, 4 — [q]. This will be called a boundary condition. We denote by

Z: (Tn Z Wm(o) (4)
o:V—[q]

oA, 4=T

the restricted partition function. For i € [q] we denote by Z; (T} the sum (4) restricted to those
o that associate colour i to the root vertex. We define the ratio
(T7%)
Ric(T) = 2% 5)
)= gy
Note that Ry (T};) = 1. We moreover remark that R;;(T};) can be interpreted as the ratio of the
probabilities that the root gets colour i (resp. q) given the boundary condition 7.
We define forn > 0, T” to be the rooted tree obtained from T’ by adding a new root rd connect-

ing it to the original root r; with a single edge. Note that the set of non-root leaves of ']I’Z is just
A, 4. For any boundary condition on 7: A, 4 — [q] we define the restricted partition function,
Ziz (Tg) and ratio R; ; (”]I\‘[’}) analogously as for ']I‘Z.

The next lemma provides a sufficient condition for T, to have a unique Gibbs measure in terms
of these ratios, which we prove at the end of this section.

Lemma 2.1. Let q,d € N and w € (0, 1). Suppose that for all i € [q — 1] and for all § > O there exists
N > 0 such that for all n > N and for all boundary conditions T : A, 4 — [q] we have

IRy (T}) — 1] <4,
then the tree T4 has a unique Gibbs measure.

An advantage of working with the ratios of probabilities is that the well known tree recursion
for the Potts model takes a convenient form.

Lemma 2.2. Let n,d e N and let v : A, g — [q] be a boundary condition. Let fori=1,...,d, T;=

/']I‘\;'_l be the components of T}; — ry where we attach a new root vertextory_1. Let T; be the restriction
of T to A,_1,4 — [q] viewed as a subset of the vertices of T;. Then we have for each i € [q — 1],

++Wl_[s 1 Rz ( Tn 1)"‘Zle[q 1\{i} HS— Ry, ( Tn 1)
W+Zleq 1] ]_[s lRlTS Tn 1)

For completeness we provide a proof for this lemma at the end of this section.

A direct analysis of the recursion in Lemma 2.2 is not straightforward, as it does not contract
uniformly on a symmetric domain. In [11] this is remedied by looking at the two-step recursion,
that is they analyze the behaviour of the ratio at depth # as a function of the ratios at depth n 4 2.
They show with substantial, yet rigorous, aid of a computer algebra package that this two-step
recursion does contract on a symmetric domain (when g=3 and w and d are as they should
be). We however take a different, more geometric approach and work instead with the one-step
recursion, as described in the next subsection.

Ri(T") = (6)

2.2 A geometric condition for uniqueness

To state a geometric condition, we first introduce some functions that allow us to treat the tree
recursion from Lemma 2.2 more concisely. Let g € Z>5,d € Zx; and w € [0, 1). For i € [g] let p;
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be the map from ]RZO to R given by
g
il xg) = (w = Dxi+ ) xj.
j=1

Furthermore, we define

Gxts ..o xg) = (1 (X155 Xg)s - - o5 g(X1s - - 25 Xg))
and

F(xy,. .. »Xg) = G(xf, e ,x‘;).

Both F and G are homogeneous maps from R? ; to itself. For x, y € R? | we define an equivalence

relation x ~ y if and only if x = Ay for some A > 0. We define PSI =R?,/ ~ and denote elements

of IPSI as [x1: ... :x4]. We note that since F and G are homogeneous they are also well defined
as maps from IP’ZBI to itself and from now on we consider them as such.

Let m :]P":)1 — RSI be the projection map defined by m([x1:...: x4]) = (x1/%xg - ..,
Xg—1/%q) with inverse ¢ : R‘gl — ]P’Z)1 defined by ¢(x1, ..., x5-1) = [x1: ... :x4-1: 1]. Note that
7 and ¢ are continuous. We define the maps G, F from RZ)I to itself by 7 o Gorand w o Fo (.
Explicitly we have

wxi+x2+1 x1+wxp+1
Glxr, %) = ( — = = ) and F(x1,x2) = Glxf, )
x1+x4+w x1+x4+w

for g = 3. For g = 4 we have

wxi+x2+x3+1 x1 +wxy+x3+1 x1+x2+wx3+1>
x1+x2+x3+w’ x1+x2+x3+w’ X1+x2+x3+w

G(x1, X2, x3) = (

and F(x1, x2, x3) = G(xf, xg, xgl).
With this definition the recursion from Lemma 2.2 can now be stated as follows. Following the
notation of the lemma, denote by x; the following log convex combination of the ratios R; -, (T7;~ b,

J 1/d
= []Ra@TH| - (7)
s=1

Then

(Riz(TH), ... s Rg—1,:(T})) = F(x1, . . ., xg—1). (8)

We say that a subset 7 CR”  is log convex if log(T) is a convex subset of R", where log(7)
denotes the set consisting of elements of 7~ with the logarithm applied to their individual entries.
The next lemma gives sufficient conditions for uniqueness on the infinite regular tree.
Lemma 2.3. Suppose that > 2, d > 2 and w > 0 are such that there exists a sequence {Ty}n>0 of
log convex subsets of]Rgl with the following properties.

(1) Both the vector with every entry equal to 1/w and the vectors obtained from the all-ones

vector with a single entry changed to w are elements of Ty.
(2) Forevery m we have F(Tp) C Tmy1.

(3) Foreverye > 0thereis an M such that for all m > M every element of T,, has at most distance
€ to the all-ones vector.
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Then the anti-ferromagnetic Potts model with parameter w has has a unique Gibbs measure
onTy.

Proof. By Lemma 2.1, it suffices to show that regardless of the boundary condition 7 on A, 4,
R,-,r(’/fg) — lasn— o0.

First of all we claim that for all n> 0 and all boundary conditions 7 : A, 4 — [q] we have
(Ryr (TZ), e ,Rq_l,T(Tg)) € T,. We prove this by induction on n. For the base case, n =0, we
note that Tg consists of one free root 74, connected to a coloured vertex v. If v is coloured
ie[gq—1], then (Ry, T( ) Rg—1(T 0)) consists of a w on position i and ones everywhere

else. If v is coloured g, then (R1 . (’]I‘ )s -5 Ry, f(']I‘ )= (@1/w,...,1/w).So the base case follows
from item (1).

Suppose next that for some n > 0 the claim holds. Let 7 : A;,,+; — [g] be any boundary con-
dition. It then follows from (7), (8) and the assumptions that 7, is log convex and F(7,) € (Tp+1)
that

(Ric(T%), . .., Rg—1,:(T)) € Tt

completing the induction.

From the claim we just proved and item (3) it then follows that given ¢ > 0 there exists N > 0
such that for all # > N, any boundary condition 7 and color i, |R;, r(”JI‘”) — 1] < &. This concludes
the proof. U

In the next section we will construct a sequence of regions {7,},>0 satisfying the condi-
tions of the lemma. In Subsection 3.1 we describe a certain symmetry that the map F exhibits,
corresponding to the symmetry of the colours in the Potts model. When a region 7 has a corre-
sponding symmetry it is easier to understand the image F(7). This is explained in Lemma 3.2. In
Subsection 3.2 we define a two parameter family of sets 7, that display the required symmetry.
In Lemma 3.4 we prove that if simple analytic conditions in a and b are satisfied the sets 7, are
log-convex. In Lemma 3.6 we give inner and outer approximations of the sets 7, with simple
polytopes. This is convenient since the map G is a fractional linear transformation and therefore
preserves convex sets. These are used in Lemma 3.7 in Subsection 3.3 where we show that if more
involved analytical conditions are satisfied 7, gets mapped strictly inside itself by F. We then
combine all ingredients to prove the Main Theorem as Theorem 3.8. In the proof of Theorem 3.8
we show that we can construct a sequence 7, =7, 5, that satisfies the conditions of Lemma 2.3
using the fact that we can keep satisfying the analytlc conditions on a, and by,. This uses a number
of technical inequalities whose verification we have moved to Section 4 to preserve the flow of the
text.

We finish this section be providing proofs of Lemmas 2.1 and 2.2.

2.3 Proofs of Lemmas 2.1 and 2.2

Proof of Lemma 2.1. The ratios for ”]T‘Z and T’ can easily be expressed in terms of each other. Fix
any 7: A, 4— [q]. Then for any i= 1,...,q— 1,

o (= DR (T + X0 Ry (T7) + _
R, (T7) = - and R (T =R (T"")% (9
Zj=l Rj,r( d) +w

We may thus assume that for each § > 0 there exist N’ such that for all n > N’ IR (T) — 1 <
forallt: Apqg— [g].
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For readability, we omit the reference to the subscript d in what follows. For any i=1,...,q
we have

Zir (T Zi(T")
Z:(T") YL, 2 (T

Hence for any i € [g], upon dividing both the numerator and denominator by Z; . (T"), we obtain

Prn[@(r) =i|®[pr,=7] =

. R (T™)
P [@(r) = i|®[a,=1] = -
> Rz «(T") +
Now since the map
Xi 1 1 1
(X15 ..., %g—1) = max _Z
i€lg=1] Zq1x1+1 Zq1x1+1 1
is continuous and maps (1, ..., 1) to 0, it follows that for every € > 0 there is a § > 0 such that

|Ri-(T,) — 1| < § for all boundary conditions T and i=1....,q — 1, implies that

1
max |Ppa[®(r) =i|®[p,=T] — —' <e.
T:Ap—[q] q
We conclude that the conditions of Lemma 1.3 are satisfied and hence T, has a unique Gibbs

measure.

We next provide a proof for the tree recursion.
Proof of Lemma 2.2. For readability we omit d from the notation. We have
Zi,,(ﬁl\‘”) Zze[q]\{i} Z1-(T") + wZ; - (T")
Zge @) Yietqon) Zie () + wZge (T7)’
as a factor w is picked up when the unique neighbour of the root vertex is assigned the same colour

as the root vertex, 74, of T". Note that for any color c € [q] we have Z_ . (T") = ]_[f:1 Zer, (('IF\”_I).

Plugging this in into (10) and dividing the numerator and denominator by ]_[le Zgr, (T"1), we
arrive at the desired expression. U

Ry (1) = (10)

3. Proof of the main theorem

In this section we use Lemma 2.3 to prove the Main Theorem.

3.1 Symmetry of the map F

In order to find suitable sets 7 such that F(7) €T we will exploit a symmetry that the map F
exhibits, due to the inherent symmetry of permuting the colours [g] in the Potts model. To make

this formal we will define a few self-maps on, and regions of, the spaces 12 20 0 Rq ! and R91,
To avoid confusion, we will denote self-maps on and subsets of ]P’ZO with a tilde, self—maps on

and subsets of RZ)I without additional notation and self-maps on and subsets of R7~! with a hat.
When a self-map or subset is used as an index, we will drop the hat or tilde in the index.

The three spaces ]P’gl, RZ_OI and R9~! are homeomorphic, with homeomorphisms 7 : IP’Z_OI —
]RZBI with inverse ¢ and log :]R.Z)1 — RI7! with inverse exp. We define the self-maps G, F on

R~ by G =log oG o exp and F = log oF o exp. To summarise, we have the following diagram of
continuous maps
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log
g—1 T qg—1 g—1
IP)>0 " IE§>0 R

exp
Lé,ﬁ LG,F lGF
log
-1 _ T -1 1
P? R? RI™+,
>0 " >0 <55

Let S; denote the symmetric group on g elements. This group acts on IP’SI be permuting the
entries, which corresponds to permuting the colours in the Potts model. For o € S; we denote the

map from IP)SI to itself corresponding to this action by M,,. We use this action to also define an
action on RSI by letting My (x) = (; M, o 0)(x). It is easy to see that the action of S; on IP’E)I
commutes with G and F. It follows that the action of Sg on Rq;ol also commutes with F and G.
Similarly, we define the map M, on x € R1~! by M, (x) = (log oM, o exp)(x) and we note that
this action commutes with G and F.

Example 3.1. As an example we present the table of the action of S; for g =3 on a point in all the

three coordinates.

The three spaces P1 '

>0

RSI with inverse ¢ and log :Rq>_01 — RI7! with inverse exp. We define the self-maps G, F on

-1 _ S . -1
Rio and R9~! are homeomorphic, with homeomorphisms 7 : IP’ZO —

R~ by G =log oG o exp and F = log oF o exp. To summarise, we have the following diagram of
continuous maps

lof id (12) (13) (23) (123) (132)

Ms([x:y:2z])|[x:y:2] [y:x:2] [z:y:x] [x:z:y] [z:x:y] [y:z:x]

Ms(xy) | () (nx) (U/xy/x) (x/y,1)y) (Uyx/y) (y/x,1/x)

My (x, y) (xy)  0x) (=xy—x)x—=y, =) (=p,x—y) (y—x —x)

Note that in general M, is a linear map forall o € Sy In fact, the map o +— M, is an irreducible
representation of S; called the standard representation, but we will not use this.

For any permutation 7 € S; we define the following subset of IP’Z)l
5 -1
R.: = {[x1 Dae.iXg) GIPZO $Xr(1) SXp2) < Sxf(k)} .

Furthermore, we let R, = 7(R;) and 7%, =log(R:). Note that if x € Pgl has the property that
x;i > xj then u;(x) < pu;(x), recalling that

q
H’i(-xla o >xq) = (W - l)xi + Zx]
j=1

It follows that the map G maps R into Ryom, where m € S, denotes the permutation with m(l) =
k+1—1for € [q]. The same is true for F because x — x? maps any R to itself. It follows that
G and F map R, into R, and that Gand F map R into Riom. In Figure 1 the regions R, and

R are depicted when g = 3.
The main purpose of the considerations of this section up until this point is to state and prove
the following simple lemma.

Lemma 3.2. Suppose T C Rgl is a set such that My (T) =T for all o € S4. Suppose also that there
is a permutation T € Sy such that

F(TNRy) Cint(T).
Then F(T) C int(T).
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7%(2,:5)

73(2,3) n I:Ia,b

—~

|
8
(=}
—~
I

1

1

1

1

1

1

1

1

1

1

1

1

1
N

T i T

N

(0,%a)

Figure 1. Images for g =3 of 7Af,,b on the left and 75 on the right. The boundaries of the regions R, and R, are drawn with
dashed lines.

Proof. Let x € 7. There is a 0 € S; such that M, (x) € R; and thus M,(x) € T NR.. It fol-
lows from the assumption that (F o My )(x) € int(7). Because M, commutes with F we find that
(Mg o F)(x) € int(T). We conclude that F(x) € M ! (int(7)) = M, -1 (int(T)) € 7. Because M, is
continuous it follows that M_ 1(int(7")) is an open subset of 7 and hence F(x) € int(7). O

In the next section we will define a family of regions 7, for a,b > 1 with the property
My (Tap) = Tayp for all o € S;. Our goal will be to show that for certain choices of parameters
(a, b) we have F(7,) € int(T, ). Because of Lemma 3.2 it will be enough to restrict ourselves to
one well chosen region R..

3.2 Definition and properties of the sets T,

For g =3 and g = 4 we will define a family of log convex sets 7, ;, € RZ)I with the property that
My (Tap) = Tayp for all o € S;. We will do this by defining the convex sets 'f;,h C RI7! and then

A

letting 7, ;, = exp(Tap).
Leta, b > 1. To avoid having to write too many logarithms we let @ =log(a) and b = log(b). For
g = 3 we define the following half-space of R?

Aup={(xy)€R*:—b-x+a-y<ab).
Subsequently, we define

ﬁ,b = M, (7@(23) N Ha,b) .

0€ES3

Similarly, for g = 4, we define the half-space
I:Ia,b:{(x:yaz)ER?):_B'x‘l‘a‘Zfal;}

and the region

Taty = U My, (7%(243) N Ha,b) .
U€S4
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Figure 2. Image for g =4 of 7A’u,b. The red dots depend on & while the black dots depend on b.In orange the region 7%(243) n
Ha,b is depicted.

For bothg=3and g=4 welet 7,;, = exp(’f;,b). Figure 1 contains an image of 7;,;, and 7, for
q = 3. Figure 2 contains an image of 7;;, for g = 4; we highlighted the region 7@(243) NH,p in
orange. We have chosen to give the sets 7;,;, the same name for g =3 and q = 4. This is because
many of the properties of 7;);, that we will prove hold for both cases and are proved in a similar
way. Unless otherwise stated one should assume that any statement involving 7 refers to the
corresponding statement for both g =3 and g = 4.

We first state a basic lemma relating the half-space representation and the vertex representation
of a polytope. This lemma will be used a number of times in the remainder of the section to derive
useful properties of the sets 7, ;.

Lemma 3.3. Let Hy, . . ., Hy be closed half-spaces in R"~L, Furthermore, let p1, . . ., p, € R" ™ with
the property that for all i € [n] we have p; € int(H;) and p; € 9H;j for j # i. Then

ﬂ Hj = Conv({p1,...,pn})»

i=1
where Conv(S) denotes the convex hull of the set S.

Proof. We give a sketch of the proof. The conditions on the p; imply that the set {p1, ..., pn}
is affinely independent, i.e. the set {p1 — pu,...,pn—1 — pu} is linearly independent. Therefore
there exists an invertible affine transformation T with T(v) = M(v — p,) for some invertible linear
transformation M, such that T(p;) =e; for i € [n — 1], where e; denotes a standard basis vec-
tor. From the conditions on the p; it follows that T(H;) = {x € R""!:x; > 0} for i € [n — 1] and

T(H,) ={xeR"1: Z?;ll x; < 1}. As affine transformations preserve convexity, we see

n n n—1 n—1
T(ﬂH,-) =(TH)=()xeR" " :x>0n{xeR"": > x <1}
i=1 i=1 i=1 i=1

=Conv({e1,...,ey_1,0}) = Conv({T(pl), RN T(pn)}) = T(Conv({pl, . ,pn})) .

The lemma now follows from the fact that T is invertible. O
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Lemma 3.4. Fora, b e R with b < a < b*> we have that ’7;,;, is convex, or equivalently, that T, is
log convex.

Proof. Recall that we let a =log(a) and b= log(b) and observe that these are two positive real
numbers. Also recall that the action of §; on R7™! is given by linear maps. It follows that the half-

space ﬁa,b gets mapped to a half-space by M, for any o € Sq- We will show that for the choices of
parameters stated in the lemma we have

Tan = m M, (ﬁa,b) (11)

for both g = 3 and g = 4. This equality implies that 71;, is convex because an intersection of half-

spaces is convex. In fact, it implies that 'f;,b is a convex polytope.
We will first prove that the right-hand side of (10) is contained in the left-hand side. To that

effect take an element x € ()¢ 5, M, (I:Ia,h>- Because the collection {7@0 Joes , covers RI~1, there
is a T €S, such that x € 7A2r. For g=3 let o € S5 such that o - (23) = 7. We see that x 7@, N
My (Ha,b) and thus x € M, (7@(23) N PAIa,b>, from which it follows x € 7A;,h. Similarly, for g =4 we

let o € S4 such that o - (243) = 7. It follows in exactly the same way that x € ’f;)b.
The proof that the left-hand side of (10) is contained in the right-hand side is slightly more
involved. Assume that g = 3. We first show that

Rz N Hap = COHV({(O, 0), (— &, 0), (0, Z))}) , (12)

While this is easily seen to be true from Figure 1, we provide a formal proof. Note that
7%(23) is the intersection of IAJXSO ={xy € R?:x <0} and I:IyZO ={(x,y) € R2 :y>0}. One can
check that (0,0) € 81£Ix50 N Blﬁlyzo al int(ﬁa,h), (—a0)e Bﬁa,h n aﬁlyzo n int(IAixfo) and (0, ?)) €
BItIa)b N SI:IXS() N int(Hyzo). Equation (12) then follows from Lemma 3.3.

We obtain
Fap = {J 5 (Conv(1(0,0), (= ,0),0,5)}) ) = | Conv({(0,0), ¥, (~ &,0), 1,0, )} ).
€S o€Ss

We want to show that this is a subset of (), 5, M. (IA{a,h>. Because all these half-spaces are con-

vex, it is enough to show that the set P={(0,0)} U | {My (= a,0), M, (0, Z?)} is a subset of
M, (Hgp) for all T € S3. Because the set P is invariant under the action of S3 it is sufficient to show
that P C H,;,. We can calculate P explicitly to obtain

O'€S3

~

P={(0,0), (0, —), (— a,0), (@ a), (0, b), (b, 0), (— b, —b)}.
To check that these points lie in F,,, we have to check that for each (x, y) € P we have —b-x+a-
y < ab. The inequality is trivially true for all but the points (4, a) and (— b, —b). One can confirm
that the inequalities obtained by filling in these two points are simultaneously satisfied if and only

if b/2 <a< 2b. Because a4 = log(a) and b= log(b) this is equivalent to Vb < a < b2, This shows
that for these choices of a and b the left-hand side of (11) is contained in the right-hand side,
which concludes the proof for g = 3.

The proof for g = 4 follows the same path. One can show in very similar way to the g = 3 case
that

Riaaz) N Hyp = Conv({(O, 0,0), (— &,0,0), (0,0, b), (0, b, i;)})
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and thus that
Faw = Conv(((0,0,0), ¥, (~ ,0,0), ¥, 0,0, ), #,(0. 5. 5)}).

0‘634

It is again sufficient to show that P = {(0,0,0)} U | {My(— a,0,0), My (0,0, Zw), M, (0, b, Za)} is

a subset of H, . Explicitly we have

0654

P={(0,0,0),(—a0,0), (0, —a,0), (0,0, —a), (&, a, a), (b, 0, 0), (0, b, 0), (0, 0, ia),
(0, b, b), (b, 0, b), (b, b, 0), (0, —b, —b), (— b, 0, —b), (— b, —b, 0), (— —b).

We need to check that for (x, y, z) € P we have (x, y, z ) € Ha p> that is, we have —b-x —I— a-z< ab.

This inequality holds simultaneously for the points (— b b 0) and (@, a, a) ifand only b <a< 2b.

It can be seen that the inequalities obtained from the other points also hold for this regime of
parameters. This concludes the proof that the left-hand side of (11) is contained in the right-hand
side for g = 4, which is the final thing that we needed to show to prove the lemma. 0

Lemma 3.2 states that it is enough to understand F(7,;, N R ) for a specific o to understand
the whole image F(7,,). In the following two lemmas we calculate 7,;, N R, more explicitly for
o =(123) and o = (134) for g =3 and g = 4 respectively. Because F maps R(123) into R,3) for
g =3 and R(134) into R(43) for g =4, we describe 7,;, N R, for these instances of o too. The
choice for these specific permutations o is arbitrary, but does seem to make the upcoming analysis
more pleasant than for some other choices.

Lemma 3.5. Let a, b € R and define
Ly(x)=b- xlog(b)/ log(a)

For g =3 we have

Tap NR@3) ={(y) eRE (1 x <1<y <I,p(x)}
and

Tab NRa23) ={(y) eRE 1y <1 <x <I,,(»)}.
For q =4 we have

Tap MRz ={(%,,2) €RY ix <1<y <z <l (x))
and
Tab NRzy ={(x.3,2) R 1z <y <1 <x <y-lp(z/y)}.

Proof. We will first prove the statement for g = 3. Recall that 7, ;5 N R3) = Hayp, N R(23), where
7:1,1,;, ={(x,y)eR*:—b-x+a-y<ab} and 7A€(23) ={(x,y) € R? : x < 0 < y}. Therefore, we can
write

Hap MRz ={(3)) eR?:X<0<j <

If we replace a by log(a) and b by log(b) we find that

Tap NR3) = exp(Hap N 7A3(23)) ={(c", ) e R2,:2<0<j)<

By applying exp to the individual components of the inequalities and replacing x = ¢* and y = ¢/,
we obtain the equality stated in the lemma. To prove the other equality for g = 3 we note that for

https://doi.org/10.1017/5S0963548322000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000207

170 D. de Boer, P. Buys and G. Regts

o = (12) we have 0(23) = (123) and thus M, (7, N R@23)) = Tap N R(123). For (x,y) € ]R2>0 we
have M(12)(x, y) = (y, x) and thus

Tob DRz = {0 x) eR:y:x <1<y <l ()} ={(xy) eR:y:y <1 <x<I,(»)}

To prove the statements given for g = 4 we recall that in that case H, ;, = {(x,,2) e R*: — b-x+
a-z<ab}and 7%(243) ={(x,y.2) € R3:x<0 <y < z}. Therefore,

Tap N Ra3) =Hap " Roazy = (6 5,2) e R*:2<0<j<2< - -%+b)

| S

Similarly, as in the g = 3 case, it follows that
Tab NR@243) = exp(Top N Raaz) = {(x, 3, 2) € R :x < 1 <y <z <l (%)}

If we let 0 =(13)(24) we have o -(243) =(134). For this o and (x,y,2) € Rio we have
My (x,y,2) = (2/y,1/y, x/y). We find that

Tap N R(134) = Mo (Tap N R243))

={G/p 1y x/) €RLg:ix <1y =z <lap()}

={(xyn2) eRYgi2/y < 1=<1/y<x/y<lop(z/y)}

={(xy2) eRiz<y<1<x<y-luz/y)} O

The next lemma provides inner and outer approximations of the sets 7,; with simple
polytopes.
Lemma 3.6. Let a, b € R with a > b. Then for q= 3 we have
Conv({(1,1), (1/a,1), (1, 0)}) € Tap N R(23)

and

Tab N Ra23) € Conv({(1,1), (b, 1),(1,1 — %
For q=4 we have

Conv({(1,1,1),(1/a, 1,1), (1, b, b), (1, 1, b)}) € Tap N R(243)
and
(b—1)log(a)
~ blogh)

Proof. Letl;} beasin Lemma 3.5. We define ¢ = log(b)/ log(a) so that we can write [, ;(x) = b - x°.
By assumption ¢ < 1, therefore the function I, is concave and thus the sets

Tap NRaze) € Conv({(1,1,1),(b,1,1),(1,1/b,1/b),(1,1,1 — .

() eR iy <lpp(®) and  {(x,2) €R iz <lp(x)}

are convex. It follows now from Lemma 3.5 that the sets 7, ;, N R (23) for g = 3 and 7, N R (243) for
q =4 are convex. It is easy to see that the former set contains the points (1, 1), (1/a, 1) and (1, b)
and that the latter set contains the points (1, 1, 1), (1/a, 1, 1), (1, b, b) and (1, 1, b). This is enough
to conclude that the first stated inclusions for g =3 and g =4 hold.

Because [, ;, is concave we find that for all x > 0

Lip(x) <1 p(1)(x — 1) 4+ 1, (1) = be(x — 1) + b. (13)
Therefore, using Lemma 3.5, we have the following inclusion for g =3

Tap N R23) ={(6,)) €RZ g1y <1 <x<lpy(N} S{(xy) eR*:y <1 <x<be(y — 1) + b}
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Note that in the latter set we do not require x and y to be positive. This set can also be written as
the intersection of the following three half-spaces

H1={(x,y)eR2:y§1}, H2={(x,y)eR2:1§x} andH3={(x,y)eR2:x§bc(y—1)+b}.

Note that (1,1)€dH; NJdH, Nint(Hz), (b,1)€dH; Nint(H,)NdH; and (1,1 — bb;cl) €
int(H;) NdH, N dHs. The second inclusion for g=3 stated in the lemma follows from
Lemma 3.3.

From Lemma 3.5 and equation (13) we deduce that for q=4

Tap NR3a Sl p,2) R :iz<y<1<x<y-(be(z/y — 1)+ b)}.
So Tap N R(134) is contained in the intersection of the following half-spaces

H={xp2)eR:z<y), Hy={(xy2)eR:y<1)},

Hy={(x,p,2) eR>:1<x}, Hy={(xy2) €R>:x<bc(z —y)+ by}.
We see that
(1,1,1) € 0H; N 9H, N 0H3 Nint(Hy), (b,1,1) € 0H; N9H, Nint(H3) N 0Hy

1
(l,l/b,l/b)EaHlnint(Hz)ﬁaH3ﬁaH4, (1,1,1 — ) €int(H;) N 0H, N0H3 N dHy.
C

Using Lemma 3.3 we can conclude that the last stated inclusion in the lemma indeed holds. Ul

3.3 Proof of the Main Theorem

In this section we prove the Main Theorem. We utilize a number of inequalities for which the
proofs can be found in the next section.

Lemma3.7. Let g€ {3,4}, d€ Z>) forq=3andd € L4 forq=4andlet1 —q/(d+1) <w< 1.
Let a, b € Ro such that

d — pg-1twmo-1)
max{ b, w <a<b GID-w | (14)
wb? + (g —1)

Then F(T,p) C int(T,p).

Proof. Recall from Section 2.2 that we can write F as the composition Go P, where
P(x1,. .., %5-1) = (x‘f, o ,xg_l). In logarithmic coordinates the map P =logoP oexp acts as

A

multiplication by d. In the proof of Lemma 3.4 we showed that 7, is a polytope whose ver-
tices have entries 0, +a or +b. It follows that P(7;;) is the same polytope where & and b are

replaced by d-a and d - b respectively. Because a =1log(a) and b= log(b), we can conclude that
P(Tap) = Ty pa- 1t follows from Lemma 3.2 that it is enough to show that G(7 4 ¢ N R(123)) =
F(Tap NR123)) Sint(Tap) for =3 and G(T,a 50 N R(134)) = F(Tap N R134)) € int(75p) for
q=4.

We use Lemma 3.6 to conclude that it is enough to show that

(b* — 1) log(a)

d —
G(Conv({(L, 1, (1, (L1 = =

)}) € int(T,p) (15)

for g=3and

(b — 1) log(a)

d d d .
G(Conv({(1,1,1), (6%, 1,1), (1, 1/b% 1/b), (1, 1,1 b Tog(b)

)}) Cint(T,p)  (16)
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for g =4. We have to be careful here because initially we defined G as a map on RZ)I. We can
extend G to the half-space H = {(x1,...,%5-1) :x1 + - - - +x4—1 + w > 0}. To show that the sets
in equations (3.5) and (3.6) are contained in H it is enough to show that the vertices of these
convex hulls are contained in H. This is clear for all but the last written vertex in either case.
We will show that the equation x1 + - - - +x4-1 +w > 0 does indeed hold for these two points.
Namely, by (3.4) we have

(b* — 1) log(a)

4 w=g—1—
H 1T W= b log(b)

(b= 1) big—1+wb-1)

>q—1-—

bd (b4 —1)(b—w)
_d=-wg-1+w >0,
b—w
as desired.

The map G is a linear-fractional function, which means that G sends line segments to
line segments (see e.g. Section 2.3.3 of [6]). Thus, for any set of points pi,...,p, we have
G(Conv({p1, . . . pn})) = Conv({G(p1), - . ., G(pn)}). Let

wx—+q—1 Q+w)x+2
= d =
T = e ™ S

The left-hand side of (15) is equal to

; _ (" —1)log(a)
cOnv({(l, D, (f3(6%), 1), (1, f3 (1 b log(b) ) )}>

and the left-hand side of (16) is equal to

411
Conv({(L, 1, 1), ((%), 1, 1), (L, g(1/6%), g(1/6D), (L, L fi (1 - M) )

b4 log(b)

We can use Lemma 3.6 to see that it is enough to show that

(17)

d_
fo®)>1/a, g(/bY)<b and f (1 - M) <b

b4 log(b)

to conclude that these sets are contained in 7,; N R23) and 7T, N R(243) respectively. The first
inequality follows directly from the assumptions. The second inequality follows from item (4) of
(b4—1) log(a)
b4 log(b)
pg-1ew)b-1)
is also strictly decreasing in a. Therefore, it is enough to show the inequality fora=b ®-De-w |

We obtain
(b* — 1) log(a) (@—1+wb-1Y\
fa (1_ b4 log(b) ><fq (1_ b—w )‘b'

Theorem 4.1 below. For the last inequality we note that f; is strictly decreasing and 1 —

Because the inequalities in (17) are strict we can even conclude that 7, ; gets mapped strictly inside
itself by F, i.e. F(7, ) € int(7,). O

Theorem 3.8. Letq € {3,4},d € Z>, forq=3andd € Z>4 forq=4andlet1 —q/(d+ 1) <w<1
with w > 0. Then the g-state Potts model with weight w on the infinite (d 4 1)-regular tree, Ty, has
a unique Gibbs measure.

https://doi.org/10.1017/5S0963548322000207 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000207

Combinatorics, Probability and Computing 173

Proof. We will construct a sequence of subsets {7,},>0 as is described in Lemma 2.3. Define the
functions

d ) b4 (q—1+w)(b—1)
L) =maxly, Y FE=2L 4 UG =minlb? b 0o |
whl+(q—1)

It follows from items (1), (2) and (3) of Theorem 4.1 that L(b) < U(b) for b > 1. We define M(b) =
(L(b) + U(b))/2 and note that L(b) < M(b) < U(b) for b > 1. Any element of RSI is contained
in Ty, for a large enough value of b. It follows that we can choose by > 1 such that 7y, ;, contains
both the vector with every entry equal to 1/w and the vectors obtained from the all-ones vector
with a single entry changed to w. Because M(bg) > by we have Ty 1, C Tar(bo).b, a0 thus Tazs,).,
contains these vectors too. Inductively we now define b, for n > 1 by

by =inf {b: F(Tpp, 1)b01) € T b} -

Because 7Tj(p),, moves continuously with b it follows from Lemma 3.7 that {by},>1 is a strictly
decreasing sequence. The sequence is clearly bounded below by 1 and thus it must have a limit.
We claim that this limit is 1. For the sake of contradiction assume that it has a limit by > 1.
The set Ty(p,),b,, gets mapped strictly inside itself by F and thus there is a b’ < bo such that
TM(bao),beo 2ls0 gets mapped strictly inside TM(b/),b/' This is an open condition, so there isan € > 0
such that Ty, gets mapped strictly inside 7, M) for all b € [boo, boo + €). There must be an
integer N such that by € [boo, boo + €), but then by 41 < b’ < b, 80 bog cannot be the limit of the
decreasing sequence {b,},>0.

We define 7, = Tpp,),p,- Wehave b < M(b) < b2, so it follows from Lemma 3.4 that every 7T, is
log-convex. We have chosen 7y such that condition (1) of Lemma 2.3 is satisfied. By construction
F(Tm) € T+ for all m and thus condition (2) of Lemma 2.3 is satisfied. Finally, because both b,
and M(b,,) converge to 1, it follows that the sequence of sets 7, converges to the set consisting of
just the all-ones vector. This means that condition (3) of Lemma 2.3 is satisfied. We can conclude
that T; has a unique Gibbs measure. 0

Remark 3.9. The assumption w > 0 is critical in the case g=3 and d =2, as it is well known
there are multiple Gibbs measures at w. =0 when g =d + 1. One sees this in our argument as
well. For the base case of the induction, condition (1) of Lemma 2.3, we need 7y to contain the
vectors (1, w)=(1,0), (w,1)=(0,1) and (1/w, 1/w) = (00, 00). If we take the log convex hull
of these vectors and apply F, we obtain a region that again contains the vectors (1, w) = (1, 0),
(w,1)=1(0, 1) and (1/w, 1/w) = (00, 00). It is thus possible to choose boundary conditions that
yield unbounded ratios at an arbitrary distance from the leaves. This observation is closely related
to the existence of so-called frozen colourings [5]. These give distinct trivial Gibbs measures, each
supported on a single colouring of T.

4. Proof of the inequalities

This section is dedicated to showing all the inequalities from the previous section are satisfied. We
define the following functions

Fl+q=2+w 2% +1+w
Ugdw,b)=— " ——— dyw,b) =,
@ hmd whi+q—1 8w ) = b 12

bib—1)(g—1
h(g, d, w, b) = (b-D(@—1+w) u(qy dy w, b) = b,

(b4 —1) (b —w)
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We mostly consider these as functions in b and consider only b > 1. Note that h(q, d, w, b) has
a removable singularity in b= 1 with h(g, d, w, 1) = g(ll—i-w")’ The main theorem we prove in this

section is the following.

Theorem 4.1. For g=3,d>2 and we [1 —
have for each b > 1

1) or forq=4,d>4 and we [l — 1) we

3
d+1’° d+1’
(1) u(g,d,w,b)>1q,d, w,b),

(2) u(q: d) w, b) > b;

(3) bv*>l(g,d, w,Db).

And forallb>1andd>3andwe [l — 1) we have

4

a+1
(4) g(d,w,b) <b.
In the next section we show it is enough to prove Theorem 4.1 holds for w=w,=1— L
where we take g =4 in inequality (4). Subsequently, inequality (2) is proved in Corollary 4 5
inequality (3) is proved in Lemma 4.6 and inequality (4) is proved in Lemma 4.3. The proof of
inequality (1) is the most involved and is the result of Lemmas 4.7 and 4.8.

4.1 Reductiontow = w,

Lemma 4.2. Let ¢>2,d>1 and we [0,1). For b>1 we have l(q,d, w,b) and g(d, w,b) are
decreasing in w, while u(q, d, w, b) is increasing in w.

Proof. We compute

d_ bt 1 g—
D gdimty— D gD

W (wb? + g —1)2

3 2(b*1 — 1)

- d, )b =

oSG = T

b (b—1)(b+q—1)logb

o (@ bW ) = ulq, dyw, b) - =G Tl

We see that for b > 1 we have %l(q, d,w,b) <0, 3Wg(d w, b) <0 and %u(q, d, w, b) > 0, so the
lemma follows. O

From Lemma 4.2 it follows that if we can show Theorem 4.1 holds for w = w,, then it also holds
for all w € [w,, 1). So from now on we will work with I(b, w,, d, q), u(b, w, d, q) and h(b, w,, d). To
shorten notation we write

d+ Db +dg—1)—1 d+ Db +d—1
Ib) = (d+1) d+ (g—1 ’ g(b):( + )d+ ’
d—q+ Db+ d+1)(g—1) (d—1Db4+d+1
ey, _
h(b) = dqb(b—1) u(b) = p"®.

(O =1) @+ Db-1)+¢q)’

We note that the function % has a removable singularity in 1 with A(1) = 1.
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4.2 Inequalities g(b) < b, u(b) > b and b* > I(b)
We will start by showing g(b) < b holds for b > 1 and d > 2.

Lemma 4.3. Let d > 2 and b > 1. Then we have g(b) < b.

Proof. We have g(1) =1 and ¢’(1) = 1. Furthermore, one can see

ad? (@ = 1) (b4 - 1) b2
((d—1pd +d+1)°

for d > 2 and b > 1. This implies g(b) < bford > 2 and b > 1. U

<0

g'(b)=—

Next we show that h is increasing in b. This fact will immediately give us inequality (2).
Furthermore, it is also helpful in proving a sufficient condition for inequality (1) to hold, see
Lemma 4.7 below.

Lemma 4.4. Forallb > 1,d > 2 and q > 2 we have W' (b) > 0.

Proof. We compute

kdb?! (qbd+1 —d(d+1)b? + (2d* —dq +2d — q)b— &> +dg — d)
H(b) = -
(b9 —1)*(@d+ Db~ 1) + )2

It suffices to show that
m(b):= qb®™ —d(d+1)b* + (2d* —dq+2d — q)b— d* +dg—d
is positive for b > 1. We compute
m'(b) = (d + D(k(b" — 1) — 2d(b - 1)),
m"(b) = d(d + 1)(kb" ! —2).

We see m'/(b) > 0 for b > 1,d > 2 and g > 2. Noting that m/(1) =0 and m(1) = 0, it follows that
m’(b) and m(b) are strictly positive for b > 1. O

This immediately implies inequality (2).
Corollary 4.5. For b > 1 we have u(b) > b.

Proof. Recall u(b) = b"® . Ash(1)=1and W' (b) > 0 for b > 1 by Lemma 4.4, we see u(b) > b for
b > 1 follows. O

Until this point, we did not need to assume g = 3 or g = 4 for the computations to work, but
for inequality (3) to hold we do need some restrictions on g and d.

Lemma 4.6. For q=3 and d > 2 and for q =4 and d > 4 we have I(b) < b?, for all b > 1.

Proof. Multiplying both sides of the inequality with the positive factor (d — q+ DY+ (d+1)
(g — 1) we obtain the equivalent inequality

@+ Db +d(g—1)—1<(d—q+ Db+ (d+1)(qg— 1P
To show that this inequality holds we show that the polynomial

Qb)=(d—q+ )b —(d+ Db + @+ 1)(g—DV* —d(g—1)+1
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is strictly positive for b > 1. For d > 2 we compute

Q(b)=(d+2)(d—q+ b — (d+ 1)db*™" +2(d + 1)(q — 1)b,
Q'b)y=@d+2)d+1)(d—q+ l)bd —(d+1)d(d - 1)bd_2 +2(d+1)(g—1),

Q%mzdw+4m*3«w+mu—q+nw—wd—nu—2»,
Because d + 1 > k we find that forall b > 1
(d+2)d—q+ D —(d—1)(d—2)>(d+2)(d—q+1)—(d—1)(d—2)=(6—q)d —2q.

For g =3 this quantity is nonnegative for d > 2 and for ¢ =4 this quantity is nonnegative for
d > 4. So in our case we can conclude that Q//(b) > 0 for all b> 1. As we have Q'(1) =d(d +
1)>0, Q(1)=3d >0 and Q(1) =0, it follows that Q"”(b), Q'(b) and Q(b) are strictly positive
forb> 1. O

4.3 The inequality u(b) > I(b)
The following lemma contains a sufficient condition to prove this inequality. In the remainder of
the section we prove that this condition is satisfied.

Lemma 4.7. Suppose for all b > 1 we have
I'(b) h(b) b—1

W =~ b et (18)

Then u(b) > I(b) for all b > 1.
Proof. AsI(b) and u(b) are strictly positive for b > 1, we can define
E(b) = log(u(b)) — log(l(b))

for b > 1. Then we have

u'(b) U'(b) h(b) I'(b)
F(b)= — = —~= +log(b)W (b) — .
(b) 0 10 5+ og(b)h'(b) 0
For b > 1 we have that //(b) > 0 by Lemma 4.4 and log(b) > 2(b — 1)/(b + 1), therefore
h(b) b—1 I'(b)
Fb)> —+2——H(b)— —,
== 21" O " T
which is positive by (18). It is easy to see F'(1) = 0. Hence F has a global minimum in b =1. As
F(1) =0, it follows that u(b) > I(b) for all b > 1, which is what we wanted to show. O

This lemma is useful because proving the inequality u(b) > I(b) for all b > 1 can now be reduced
to proving inequalities involving rational functions and with some work to inequalities involving
only polynomials. The next lemma shows that (18) holds. For this to work we do need to restrict
tog=3andd>2orq=4andd>4.

Lemma 4.8. Forq=3 and d > 2 and for q=4 and d > 4 and any b > 1 we have
I'(b) h(b) b—1

— +2——H(b).

l(b)< b + b+1 ®)

Proof. We introduce the following polynomials
pb)=(d+ Db +d(g—1) -1, q(b)=(d — g+ D" + (d+1)(g — 1),

s(b) = dgb’(b — 1), ()= (b" 1) (@+ Db = 1) +9).
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Thus, I(b) = p(b)/q(b) and h(b) = s(b)/t(b). Furthermore, we define r(b) = q(b)p’(b) — p(b)q'(b)
and v(b) = t(b)s'(b) — s(b)t'(b). It is worth noting that r(b) simplifies to q*d> b4=1 The inequality
we want to prove can now be written as
r(b) - s(b) 5 (b —1)v(b)
pb)g(b) ~b-t(b) (b+ Dt(b)*

For b > 1 the quantity b(b + 1)117(h)q(b)l‘(b)2 is strictly positive and thus it is equivalent to prove
the inequality, where we have multiplied both sides by this term. We see that it is enough to prove
that the following polynomial is strictly positive for all b > 1

P(b) = (b + 1)s(b)p(b)q(b)t(b) + 2b(b — 1)v(b)p(b)q(b) — b(b + 1)r(b)t(b). (19)

It can be checked that the terms s(b), b - v(b) and b - r(b) all contain a factor qdbd and thus Py(b) =
P(b)/(kdb?) is a polynomial in b whose coefficients are polynomials in d. The remainder of the
proof will be dedicated to showing that Py(b) is strictly positive for b > 1.

To avoid ambiguity later, we prove this for g = 3 in the two cases d =2 and d = 3 separately.
For d =2 we have

Po(b) =54(b — 1)® +54(b — 1)°
and for d = 3 we have
Py(b) =16(b — 1)'2 4+ 212(b — 1M 4+ 1236(b — 1)'° + 4116(b — 1)° + 8793(b — 1)®
+12789(b — 1)7 4 12123(b — 1)° 4 6318(b — 1)° + 1458(b — 1)*.

In both cases all the coefficients of Py(b) are strictly positive when written as a polynomial in b — 1
and thus the polynomials are strictly positive for b > 1.

We will now assume that d > 4. It can be seen by cross-multiplying the terms in the individ-
ual polynomials in (19) that the only coefficients of Py(b) that can be non-zero appear in the
bi4t] terms where i,j € {0, 1,2, 3}. The exact coefficients are recorded in Table 1. For n € {1, 2, 3}
we inductively define the polynomials P,(b) = P,(;i)l(b) / b9=%. Note that in this way P,(b) is a
polynomial whose only non-zero coefficients appear in the b*#*/ term, where 0 <i <3 — n and
je{0,1,2,3}.

The values of P]@(l) as a polynomial in x = d — 4, up to a common positive multiplicative fac-
tor, for g=3 and g =4 are contained in Tables 2 and 3 respectively. These polynomials have
only nonnegative coefficients, from which it follows that their values are nonnegative for all
d>4.

The polynomial P3(b) is a cubic polynomial and thus its third derivative P§3)(b) is constant. Its
exact value, which is recorded in Table 2 for g = 3 and in Table 3 for g = 4, is strictly positive for all

x>0, i.e. for all d > 4. We claim that it now follows inductively that P;i)(b) is strictly positive for
all b > 1. Namely, suppose that for i € {0, 1, 2, 3} we have shown that P;i+1)(b) is strictly positive
for b > 1. Then it follows that P](i)(b) is strictly increasing. Because PJ@(I) > 0 (cf. Tables 2 and 3),
we can conclude from this that P](i)(b) is also strictly positive for b > 1. Furthermore, if Pj11(b) > 0

for b > 1 then the same follows for P;4) because b4 . Pjy1(b) = P](4)(b). In conclusion, it follows
that Py(b) > 0 for b > 1, which is what we set out to prove. O

We have shown the inequalities (1), (2), (3) all hold, thus the conditions in Lemmas 3.7 and 3.4
are satisfied.
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Table 1. The coefficients of Py(b) for d > 4

Term of Py(b) Coefficientg =3 Coefficientg =4

O (d—2)(8d° —3d?+2) (d —3)(18d° — &? +3)

‘51” - w—24d4+19d3+60d2—24d—14w - ”—54d4+67d3+173d2 39d — | 27
‘bz” e o150 1)(8d2 oot B v(d+ 1)(54d3 - 23d2 . 124d+33)
b3 —(d+ 1) (sd2 +3d-2) —(d+ 1) (18d2 +7d-3)

bd (d 2)(8d3 + 4d2 d— 6) (d 3)(12d3 + 3d2 —2d— 9)
bd“ (8d4 8d3 + 15d2 —19d - 14) —36d4 + 73d3 - 129d2 +99d+81
pa+2 (8d4 4d3 + 15d2 + zod — 16) 36d* — 47d° + 115d2 +163d — 99
pa+3 —(d+1)(8d® —8d%2 —d +6) —(d +1)(12d® — 19d% — 6d +9)
b2 2(d - 2)(d + 1)(d? — 2d + 3) (d —3)(d + 1)(2d% — 5d +9)
p2d+1 —3(2d4 - 4d3 + 3d2 + 14d + 14) —6d4 + 21d3 37d2 81d - 81
bZd“” . o o (2d4 2d3—7d+16) - 6d* —15d3+19d2—53d+99
bzm e (d 2)(d+1)(2az+2d+3) e ,.,.k.d 3)(d+1)(2d2+d+3)
b3f’ (d—2?(d+1) (d=3)(d+1)

b3"*1 (d 2)(d+1)(d+7) —(d—=3)(d+1)(d+9)
b3d+2 —(d 8)(d 2)(d+1) —(d—11)(d —3)(d+1)
p3d+3 (d— 2)(d + 12 (d —3)(d+1)?

5. Concluding remarks

We conclude with some remarks concerning the possibility of expanding our approach and with
some questions.

Generalisation. The biggest challenge to generalising our method to other values of (g, d) comes
from the fact that inequality (3) from Theorem 4.1 is not necessarily true for all b > 1. This sug-
gests that it might not be possible in all cases to find arbitrarily large log convex regions that
get mapped into themselves. We suspect that in general this is indeed impossible when one

requires the regions to have the symmetry that we use in this paper, that is regions 7 C RSI
with My(T) =T for all o € S;. A consequence is that in some cases we cannot make the region
large enough to start the induction laid out in Lemma 2.3. Fortunately, inequality (3) does hold
near b > 1 for all (g, d) with d > g — 1 and w > w,. This suggests that, at least when w, is close to 1,
i.e. when d is large enough compared to g, our methods could still be applied. Moreover, it might
be possible to find a separate argument to show that the ratios of ’ﬁ‘z get at least moderately close
to 1 for some n. This could then be used to bootstrap the induction in Lemma 2.3.

There are two more complications that prevent us from applying our method directly to other
values of (g, d). We suspect that these can be overcome with more thorough analysis. The first one
comes from the fact that inequality (1) from Theorem 4.1 is no longer satisfied for most values
of (¢, d) and w,. The precise form of this inequality highly depends on our method of proof and
specifically on our choice of upper bound for I, in equation (3.3). Computer analysis suggests
that by taking different upper bounds for I, 5, specifically taking tangent lines at different points,
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Table 2. The values of ij(l) for g =3 in the variable x = d — 4 divided by 6(x + 4)3(x + 5) fori,j € {0, 1, 2, 3}

Po(1) 0
(1) 0
PY() 0
PYD) 0
P1(1) (x + 2)
PO () (122)«2 + 759+ 1045)
P (1) 3(478)(3 + 50192 + 16831x + 17560)
PR (1) 4276x" + 6173Lc° 4 328134x° + T54415x + 623616
Py (1) (2864x +51218x* +36323L¢° + 1272211" + 2188942x + 1467858)
P (1) (8800X +200624x° + 1895748 + 9479789x° + 26371144x” + 38515725x + 22913226)
P (1) 4(6100X + 166078x5 + 1935943x° + 12502085x* + 48198140x3 + 110605547x2 + 139341417x +
| 73916010)
PR (1) (x + 2)(7948)( + 229772)(6 + 2871108)(5 +20093453x* + 85033465)(3 +217534941x2 + 311415975x
+192411450)
P5(1) 12(x + 2)(3324)( + 105498x7 + 1478477x° + 11945536x5 + 60841362)(4 + 199973638x3 + 414113609x>
+493884000x + 250667100)
Pé”(l) (x + 2)(x + 5)(2)( + 9)(3x +13)(372¢® 4 10607x° 4 124569x* + 775749)(3 +2712487x2
+5063412x + 3950100)
PR(1) (x + 2)(x + 5) (x + 6)(2x + 9)(3)( +13)(3x + 14)(12¢* + 368x° + 343L¢° 4 13148x + 18249)
P(33)(l) 36(x + 2)(x + 5)*(x + 6)(x + 7)(2x 4 9)(2x + 11)(3x + 13)(3x + 14)

the proof that 7, gets mapped into itself for a and b near 1 can be salvaged. The other compli-
cation appears when g > 5. In this case one obtains more inequalities analogous to inequality (4)
from Theorem 4.1. These are not all satisfied when we take a naive generalisation of the region
Tap- We suspect that this can be remedied by letting the regions depend on more than just two
parameters. This leads to the analysis specifically of the log convexity of the regions becoming
more involved.

The case (g,d) = (4,3). Unfortunately, our approach does not allows us to handle the case
(g, d) = (4, 3). We briefly explain the complications. In inequality (3.3) we use the tangent line
of I, (x) at x =1 to upper bound I, ,(x); this makes the calculus easier and this choice works for
q=4and d > 4. We have evidence that by using the tangent line at a different point in inequal-
ity (3.3) the calculations that follow from this upper bound also work for the case g=4 and
d = 3. However, we can show that inequality (3) in Theorem 4.1 fails when (¢, d) = (4, 3) and
b > 1is large enough, meaning that in that case the set 7, cannot both be log convex and satisfy
F(Tap) C Tap. For b > 1 close enough to 1 inequality (3) in Theorem 4.1 does hold. We suspect
that our approach can be tweaked to show uniqueness for all w € (0,1) when g=4 and d =3,
possibly by finding a separate argument to show that the ratios of ’ﬁ‘g‘ get at least moderately close
to 1 for some #, bootstrapping the induction in Lemma 2.3.

Zero-free region. Our final comment is related to the following question. Given g € N and d >

q — 1. Does there exist a region U in C containing the interval (1 — #, 1] such that for any
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Table 3. The values of P}i)(l) for g =4 in the variable x = d — 4 divided by 8(x 4 4)3(x + 5) for/,j € {0, 1, 2, 3}

Po(1) 0
P(1) 0
PP (1) 0
P (1) 0
P1(1) 48)(
P (1) (44x +215¢+ 135)
P (1) (709)(3 +6684x? + 18585x + 12690)
PR (1) 4134x" 4 55427 4 265045x + 515121x + 308889
P, (1) (2699x + 45392)(4 + 297314x + 933894x + 1366575x + 695142)
P (1) (sozox + 174193x + 1549849x + 7170108x + 17941968)( 22435155 + 10317699)
PR (1) 2(10878X +284024x° + 3149973x° + 19136364x* + 68251666x°> + 1411541102 + 153239211x + 64122030)
P(23)(1) 3(x + 1)(9316x7 + 267882x° + 3329185x5 + 23169850x* + 974890943 + 247912018x2 + 352706325x +
216527850)
P3(1) 2(x + l)(2889x8 +91143x7 + 1269517)(6 + 10192836)(5 +51576597x* + 168375593)(3 + 346232169x2 +
409934700x + 213929100)
PY(1) 3(x + 1)(x + 5)(2)( + 9)(3x + 13)(408)( + 11669x° + 136865x* + 848735x3 + 2949267x% + 5463996x +
4227300)
P(32)(1) 6(x + 1) X+ 5) (x + 6)(2)( + 9)(3x + 13)(3x + 14)(6)( + 193x3 + 1807)( + 6883)( + 9471)
PE (1) 27(x + 1) (x + 5)*(x + 6) (x + 7)(2x + 9)(2x + 11)(3x + 13)(3x +14)

we U and any graph G of maximum degree d 4 1 the partition function Z(G, g, w) # 0? (If so
this would yield an efficient algorithm for approximately computing Z(G, ¢, w) in this region by
Barvinok’s method [1] combined with [19].)

Following [3], to prove this, for say g = 3, we would essentially need to find a log convex set
S C C? such that the map F maps S into S and such that S satisfies some additional properties
that we will not discuss here. We suspect that the sets 7, we have constructed may be helpful in
determining whether such a set S can be constructed.
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A. Proof of Lemma 1.3

We provide a proof of Lemma 1.3 here closely following Brightwell and Winkler’s proof for the
case w = 0 modifying it where appropriate.

We start with the ‘if’ part. Fix d and w > 0 and let « be any Gibbs measure on T = Tj. Let U C
V = V(T) be a finite set. We aim to show that for any configuration v : U — [g], the probability

Pu[®lu= V] (A1)

does not depend on .

We may assume that U induces a tree with each vertex of degree d 4 1 or 1 by taking a larger
finite set if needed. Suppose that U has £ leaves; denote the set of leaves by L. Choose n large
enough, to be specified later, and let W denote the collection of all vertices of T at distance at most
n from U. The graph induced by (W \ U) U L is the disjoint union of £ copies of T" each rooted
ataleaf of U.

Now generate a random sample from the Gibbs measure u as follows: first take a random
sample @ from p, uncolor all vertices in W\ dW and then choose a random coloring of W\ 9 W
consistent with the coloring of 3 W from Pyy. This yields a valid way of generating a sample @’ by

the Gibbs property.
The probability that ® [ is equal to ¥ is then given by
Y. Pl®aw=p]-Pl®u=1 | ® [sw=pl. (A2)
p:0W—[q]
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The second probability can be rewritten as

P& [y= | @' [gw=p] =P[®'Ty=1 | &' lov= 1 lov] - PI® Tsu= lsu | &' Tyw=p].
(A3)
Now P[®' [5u= v [su ‘ @' [3w= p] is the product over the elements of dU = L of the probability
that the root vertex of a copy of T"” gets a particular color conditioned on the leaves having their
colors specified by p. By assumption, for n large enough this probability gets arbitrarily close to
1/q. Therefore (A.3) gets arbitrarily close to P[®’ [y= w| @' [yu= Y [sulg " as n — oo. Plugging
this back into (A.2) we obtain that as n — o0,

Ple'ly=v]— . Pl lw=p] P uy=y|® hu=1ylwlq
p:dW—[q]

=P[®'[y=V| ®'[su=VIsulg "
The latter probability is independent of . So this concludes the proof.

For the ‘only if’ part we merely sketch the argument. Suppose the limsup is not equal to 0
for some color ¢ € [g]. Then there must be distinct colors ¢ and ¢/, a number ¢ > 0, a sequence
{n;} of natural numbers and boundary conditions 7; on the leaves of Tgi such that the associated
probabilities of the roots getting color ¢ (resp. ¢’) are at least 1/q + & (resp. at most 1/q — ¢). Let t}
be the boundary condition on the leaves of T}’ obtained from ; by flipping the colors c and ¢’. By

symmetry, these respective probabilities are then reversed. We can then create two distinct Gibbs
measures with a limiting process using the boundary conditions 7; and ] respectively.
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