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Abstract

Hardy space theory has been studied on manifolds or metric measure spaces equipped with either
Gaussian or sub-Gaussian heat kernel behaviour. However, there are natural examples where one finds a
mix of both behaviours (locally Gaussian and at infinity sub-Gaussian), in which case the previous theory
does not apply. Still we define molecular and square function Hardy spaces using appropriate scaling, and
we show that they agree with Lebesgue spaces in some range. Besides, counterexamples are given in this
setting that the H” space corresponding to Gaussian estimates may not coincide with L”. As a motivation
for this theory, we show that the Riesz transform maps our Hardy space H' into L'.
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1. Introduction

The study of Hardy spaces originated in the 1910s and at the very beginning was
confined to Fourier series and complex analysis in one variable. Since the 1960s, it
has been transferred to real analysis in several variables or more generally to analysis
on metric measure spaces. There are many different equivalent definitions of Hardy
spaces, which involve suitable maximal functions, the atomic decomposition, the
molecular decomposition, singular integrals, square functions and so on. See, for
instance, the classical references [16, 18, 23, 37]. More recently, a lot of work has
been devoted to the theory of Hardy spaces associated with operators; see, for example,
[4, 5, 30, 40] and the references therein.

In [5], Auscher ef al. studied Hardy spaces with respect to the Hodge Laplacian on
Riemannian manifolds with the doubling volume property by using Davies—Gaffney-
type estimates. They defined Hardy spaces of differential forms of all degrees via
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molecules and square functions, on which the Riesz transform is H” bounded for
1 < p < co. Comparing with the Lebesgue spaces, we have H? C L” for 1 < p <2
and L” c H? for p > 2. Moreover, under the assumption of a Gaussian heat kernel
upper bound, H” coincides with L? for 1 < p < oo.

In [30], Hofmann et al. further developed the theory of H' and BMO spaces adapted
to a metric measure space (M, d, u) with the volume doubling property endowed with
a nonnegative self-adjoint operator L, which generates an analytic semigroup {e"%}-o
satisfying the so-called Davies—Gaffney estimate: there exist C, ¢ > 0 such that for any
open sets Uy, U, € M and, for every f; € L2(M) with supp f; c U;,i = 1,2,

_distz(Ul, Us,)

Ke™fi. /] < Cexp
ct

)Ilflllzlllelz, V>0, (1.1)

where dist(Uy, Us) := inf ey, yev, d(x,y). The authors extended results of [5] by
obtaining an atomic decomposition of the H' space.

More generally, instead of (1.1), if M satisfies the Davies—Gaffney estimate of order
m with m > 2: for all x,y € M and for all ¢ > 0,

m/(m—1)

d(xt, y)) ) (12)

L geeme ™ Lpimll,_, < Cexp (—c(
where the symbol 1g stands for the characteristic function of a Borel set E C M.
Kunstmann and Uhl [33, 40] defined Hardy spaces via square functions and via
molecules adapted to (1.2), where the two H' spaces are also equivalent. Here
and in the sequel, B(x,r) denotes the ball of centre x € M and radius r > 0 and
V(x,r) = u(B(x, r)). In addition, if the LP> — L off-diagonal estimates of order m
hold: for all x,y € M and for all ¢ > 0,

9 d(x,y)\"" )
—tL s

m m < - .
Iacerme™ Laguamll, oy < VUPo=1/p; (x, f1/m) eXp( c( t ) ) (13)

with pj the conjugate of py, then the Hardy space H” defined via square functions
coincides with L? for p € (py, 2).

However, there are natural examples where one finds a mix of both behaviours (1.1)
and (1.2), in which case the previous Hardy space theory does not apply. For example,
on fractal manifolds, the heat kernel behaviour is locally Gaussian and at infinity sub-
Gaussian (see Section 2.1 for more details). We aim to develop a proper Hardy space
theory for this setting. An important motivation for our Hardy space theory is to study
the Riesz transform on fractal manifolds, where the weak-type (1, 1) boundedness has
recently been proved in a joint work by the author with Coulhon et al. [14].

In this paper, we work in the metric measure space endowed with a measure which
satisfies the doubling volume property and a nonnegative self-adjoint operator which
satisfies the L? off-diagonal estimate with different local and global decays (see (DGp)
below). The specific description will be found below in Section 1.1. We define two
classes of Hardy spaces in this setting, via molecules and via conical square functions;
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see Section 1.2. Both definitions have the scaling adapted to the off-diagonal decay
(DG,).

In Section 3, we identify the two different H' spaces. The molecular H' spaces are
always convenient spaces to deal with Riesz transforms and other sublinear operators,
while the H?, p > 1, spaces defined via conical square functions possess certain good
properties like real and complex interpolation. The identification of both spaces gives
us a powerful tool to study the Riesz transform, Littlewood—Paley functions, boundary
value problems for elliptic operators and so on.

In Section 4, we compare the Hardy spaces defined via conical square functions
with the Lebesgue spaces. Assuming further an L” — [P off-diagonal estimate for
some 1 < py < 2 with different local and global decays for the heat semigroup, we
show the equivalence of our H” spaces and the Lebesgue spaces L? for py < p < pj.
We also justify that the scaling for the Hardy spaces is the right one, by disproving this
equivalence of H” and L? for p close to 2 on some fractal Riemannian manifolds. As
far as we know, no previous results are known in this direction.

In Section 5, we shall apply our theory to prove that the Riesz transform is H' — L'
bounded on fractal manifolds. The proof is inspired by [14] (see [24, 25] for the
original proof and the related Hardy spaces in the discrete setting), where the integrated
estimate for the gradient of the heat kernel plays a crucial role.

In the following, we will introduce our setting, the definitions and the main results
more specifically.

Notation. Throughout this paper, we denote u ~ v if v S u and u < v, where u < v
means that there exists a constant C (independent of the important parameters) such
that u < Cv.

For a ball B ¢ M with radius > 0 and given a > 0, we write @B as the ball with
the same centre and the radius ar. We denote C(B) = 4B and C;(B) = 2/+*1B\2/B for
j=2.

1.1. The setting. We shall assume that M is a metric measure space satisfying the
doubling volume property: for any x € M and r > 0,

V(x,2r) s V(x,r), (D)

and the L? Davies—Gaffney estimate with different local and global decays for the
analytic semigroup {e~"“},.o generated by the nonnegative self-adjoint operator L, that
is, for all x,y € M,

d(x, Bi/Bi—=1)
exp(—c( (xty)) ) if0<t<1,

—p(L
IL5ne ™ Laglly < d(x, y) /B (DGy)
exp o = ) ) ifr>1,
where 1 < 8 <8, and
B ifo<r<1,
1) = 14
A {tﬁz ifr>1. (1)
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Recall a simple consequence of (D): there exists v > 0 such that

Ms(f), VxeM, r>s>0. (1.5)
Vi(x, s) K
It follows that
d
V(x,r)s( . y)) Vy,r), YxeM,r>s>0.
Therefore,
1
f du(x)=~1, VYyeM,r>0. (1.6)
d(x,y)<r V(X l")

If M is noncompact, we also have a reverse inequality of (1.5) (see, for instance,
[27, page 412]). That is, there exists v’ > 0 such that

Ve, r) z(f)v, VxeM, r>s>0. (1.7)
V(x,s) s
Also notice that in (1.4), if necessary we may smooth p(¢) as
tP if0<r<1/2,
p(t) = {smooth part if 1/2 <7<2,
15 ift>2,

with p’(f) ~ 1 for 1/2 < t < 2, which we still denote by p(¢). Since p’(¢)/p(t) = 81/t for
0<t<1/2andp'(t)/p(t) = B/t for t > 2, we have in a uniform way
LAONUE
p(
We say that M satisfies an L7 — L? off-diagonal estimate for some 1 < pg < 2 if

d(x,y)\P/Bi-D
—,exp(—c(ﬂ) ) if0<r<l1,
Vpo=1/py(x, 1) t

Po—p; 1 d B2/(B2—1)
——————exp (—c( (x,y)) ) ifr>1
V1po=1/p5(x, 1) t

(1.8)

e POL

11B¢x0) Lgopll

(DG,")

and a generalized pointwise sub-Gaussian heat kernel estimate if for all x,y € M,

| B1/B1-1)
exp (—c(d(x’ y)) ) if0<r<1,

Vix,t t
pp(t)(x7y) < ( ) Ba/(Ba—1) (UEp)
d(x,y) " .
exp (—c( ) ) ifr>1.
V(x,1) t

Examples of fractal manifolds satisfy (UE,) with §; =2 and B, > 2; see Section 2
below for more information.
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1.2. Definitions. Recall that M satisfies (D) and (DG,). We shall define the H !
space via molecules and H? spaces via square functions for p > 1.

Dermvition 1.1. Let € > 0 and K be an integer such that K > v/28;, where v is in (1.5).
A function a € L*(M) is called a (1,2, €)-molecule associated to L if there exist a
function b € D(L) and a ball B with radius rp such that:

(1) a=LXb;
(2) wehave forevery k=0,1,...,Kandi=0,1,2,...,

Ie(rB)L)*bll2(cmy < PX(rp)27 5V (2'BY™/2. (1.9)

DerniTion 1.2. We say that f = 3" A,a, is a molecular (1,2, &)-representation of
fif (A)pen € I', each a, is a molecule as above and the sum converges in the L?
sense. We denote the collection of all the functions with a molecular representation by

H! where the norm of f € H! is given by

L,p,mol’ L,p,mol

1 f”H'L (o) = inf{ E [ f = E Aqa, is a molecular (1,2, s)—representation}.
£,MO
n=0 n=0

The Hardy space H i,p,m o(M) is defined as the completion of Hi’p’m o(M) with respect
to this norm.

Consider the following conical square function:
_ du(y) dt
Pf(x)— f f lp(Le Ot f(y)P? ”(yt) t) : (1.10)

where the cone I'(x) = {(y,1) € M X (0, ) : d(y, x) < t}.
We define first the L?>(M) adapted Hardy space H*(M) as the closure of the range
of L in L>(M) norm, that is, H*(M) := R(L).

DerinitioN 1.3. The Hardy space H, (M), p > 1, is defined as the completion of the

LS"
set {f € HA(M) : |IS" fllr» < oo} with respect to the norm ||S% fl|.». The Hpsp(M) norm

is defined by “f”HZSp(M) = ”SZf”LI’(M)-
“h

For p = 2, the operator ', ”is bounded on L*(M). Indeed, for every f € L*(M),

du@y) d
1S4 /1R 0 = f Il fr oLt ?(yt)) @ 1

- ff p(OLe O () du(y)—
Mx(0,00)

Hd
f f (O Le O £ dpa(y) 2L
Mx(0,00) (D)
d
- [ oty pEOE iy D
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Note that the second step follows from the Fubini theorem and (1.6) in Section 1.1.
The third step is obtained by using the fact (1.8): p’(¥)/p(¢) ~ 1/t. The last one is a
consequence of spectral theory.

Remark 1.4. The above definitions are similar to those in [30] (see also [5] for 1-forms
on Riemannian manifolds) and [33, 40]. The difference is that we replace ¢ or " by
p(t) in (1.9) and (1.10).

In the case when p(f) = 2, we denote S 'Z by Sy, that is,

,_ 2, 2L 2 GRO) dt\!?
Suf = f fr LR G z>7)

P P
and denote HL,S;’ by Hj g

1.3. Main results. We first obtain the equivalence between H' spaces defined via
molecules and via square functions.

THEOREM 1.5. Let M be a metric measure space satisfying the doubling volume
property (D) and the L* off-diagonal heat kernel estimate ( DG,). Then H meol(M) =

Hi S”(M)’ which we denote by Hzp(M). Moreover,
Sh ,
AWy, a0y = WU, -

Now we compare Hisp(M) and L? for 1 < p < co.
h

Recall that on a Riemannian manifold satisfying the doubling volume property
(D) and the Gaussian upper bound for the heat kernel of the operator, we have
HZ,S/,(M) =LP(M), 1 < p < o0; see, for example, [5, Theorem 8.5] for Hardy spaces of
0-forms on Riemannian manifolds. However, in general, the equivalence is not known.
It is also proved in [33, 40] that if the L — L0 off-diagonal estimates of order m (1.3)
hold, then the Hardy space p() = t" (see Remark 1.4) coincides with L? for p € (py, 2).

Our result in this direction is the following theorem.

THEOREM 1.6. Let M be a noncompact metric measure space as above. Let 1 < pg < 2
and p be as above. Suppose that M satisfies (D) and ( DG{:“ ). Then Hl’j (M) =L(M)

for po < p < pj.

P
B S h

If one assumes the pointwise heat kernel estimate, then Theorems 1.6 and 1.7 yield
the following corollary.

CoroLLARY 1.7. Let M be a noncompact metric measure space satisfying the doubling

volume property (D) and the pointwise heat kernel estimate (UE,,). Then H i o M) =
H) (M) and H} ., (M) = L"(M) for | < p < co.
" h " h

In the following theorem, we show that for 1 < p < 2, the equivalence may not
hold between L” and H” defined via a conical square function S, with scaling 2.
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The counterexamples we find are certain Riemannian manifolds satisfying (D) and
two-sided sub-Gaussian heat kernel estimates: (UE,) and its reverse, with §; = 2 and
B> = m > 2. Notice that in this case, L is the nonnegative Laplace—Beltrami operator,
which we denote by A. For simplicity, we denote (UE,) by (UE» ,,) and the two-sided
estimate by (HK>,,). Also, we denote by Hi’ the H' space defined via molecules

Hip’mol and by H}

m,mol

the H” space defined via square functions H?”

S LSy

THeEOREM 1.8. Let M be a Riemannian manifold with polynomial volume growth
Vix,r)=~rt, r>1, (1.12)

as well as a two-sided sub-Gaussian heat kernel estimate (HK»,,) with 2 <m < d/2,
that is, (UE, ) and the matching lower estimate. Then

LP(M) c HZS, (M)
does not hold for p € (d/(d — m), 2).
As an application of this Hardy space theory, we have the following result.

THEOREM 1.9. Let M be a manifold satisfying the doubling volume property (D) and
the heat kernel estimate (UE,,,), m > 2, that is, the upper bound of (HK3 ). Then the
Riesz transform VA~ is Hi,m — L' bounded.

Remark 1.10. Recall that under the same assumptions, it is proved in [14] that the
Riesz transform is of weak-type (1, 1) and thus L? bounded for 1 < p < 2.

2. Preliminaries

2.1. More about sub-Gaussian off-diagonal and pointwise heat kernel estimates.
Let us first give some examples that satisfy (DG,’)’") with 81 # §,. More examples of
this case are metric measure Dirichlet spaces, for which we refer to [8, 29, 38, 39] for

details.

ExampLE 2.1. Fractal manifolds.

Fractal manifolds are built from graphs with a self-similar structure at infinity by
replacing the edges of the graph with tubes of length 1 and then gluing the tubes
together smoothly at the vertices. For instance, see [10] for the construction of Vicsek
graphs. For any D, m € R such that D > 1 and 2 < m < D + 1, there exist complete
connected Riemannian manifolds satisfying V(x,r) ~ r” for r > 1 and (UE,) with
B1=2and B, =m>2in (1.4) (see [7] and [14]).

ExawmpLE 2.2. Cable systems (quantum graphs) (see [41] and [9, Section 2]).

Given a weighted graph (G, E, v), we define the cable system G¢ by replacing each
edge of G by a copy of (0, 1) joined together at the vertices. The measure y on G¢ is
given by du(t) = v, dt for t in the cable connecting x and y, and u assigns no mass to
any vertex. The distance between two points x and y is given as follows: if x and y are
on the same cable, the length is just the usual Euclidean distance |x — y|. If they are
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on different cables, then the distance is min{|x — z,| + d(zx, zy) + |z, — yI} (d is the usual
graph distance), where the minimum is taken over all vertices z, and z, such that x is
on a cable with one end at z, and y is on a cable with one end at z,. One takes as the
core C the functions in C(G¢) which have compact support and are C' on each cable,
and sets

&(f. f) 1= fG FOF duto.

Let L be the associated nonnegative self-adjoint operator associated with & and
{e71},50 be the generated semigroup. Then the associated kernel satisfies (UE,). For
example, the cable graph associated with the Sierpinski gasket graph (in Z2) satisfies

(UE»10g5/1082)-

The following are some useful lemmas for the off-diagonal estimates. We first
observe that (UE,) = (DG") = (DG,) for 1 < py < 2. Indeed, we have the following
result.

Lemmva 2.3 [13]. Let (M, d,u) be a metric measure space satisfying the doubling
volume property. Let L be a nonnegative self-adjoint operator on L*>(M, i1). Assume

that (DG ) holds. Then, for all py <u <v < py,

1 d(x, Bi/(Br1—1)
Wexp(—c( (x y)) ), O0<t<l,
\% (x,1) t

1 d(x, y)\Pe/ 6D

ST L

VITv(x, 1) ‘

Remark 2.4. The estimate (DG"") is equivalent to the L7 — L? off-diagonal estimate
1 d(x, y) P/ B=D)

—exp(—c( (xy)) ) 0<r<1,

Vl/Po—l/Z(x, 1) t

Po—2 S 1 d(x,y) B2/ (B2—1) -
VI/PO-I/Z(x,t)eXp(_C( t ) ) Pzt

We refer to [13, 20] for the proof.

—p(L
I1cne ™ Lgopll <

—p(OL
1Lpeene P L gl

In fact, we also have the following result.

Lemma 2.5 [13, 40]. Let (M, d, p) satisfy (D). Let L be a nonnegative self-adjoint
operator on L*(M, j1). Assume that (DG)") holds. Then, for all py <u <v < p, and
k € N, we have the following results.

(1) For any ball B c M with radius r > 0 and any i > 2,
115Gt e eyl 11em (L) e 1)l

u—v’ I u—v

2iv —c(21 A1 /l)l/(/31*1)

#I/T/V(B) l:f0<l‘<1,
2iv

< (2.1)

—c(2P2 P2 /[)l/(ﬁr” .
_ ift>1.
[n177(B) if

https://doi.org/10.1017/5144678871700012X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871700012X

170 L. Chen [9]

(2) Foralla,B>0suchthata+L=1/u—1/v,
IV C, D@L e POV, D, < C.

2.2. Tent spaces. We recall definitions and properties related to tent spaces on
metric measure spaces with the doubling volume property, following [16, 35].

Let M be a metric measure space satisfying (D). For any x € M and, for any closed
subset F C M, a saw-tooth region is defined as R(F) := | J,er ['(x). If O is an open
subset of M, then the ‘tent’ over O, denoted by 5 is defined as

0 := [R(O)] = {(x,1) € M X (0, ) : d(x, 0°) > ).

For a measurable function F on M X (0, o0), consider

. , duy) dry'”
ﬂF(x)_(ffm) FODF G z) '

Given 0 < p < oo, we say that a measurable function F € T g (M x (0, 0)) if
WFllz2ay == WAFLrany < o0

For simplicity, we denote T (M x (0, c0)) by T35 (M) from now on.
Therefore, for f € Hi,S/,(M) and 0 < p < oo, write F(y,t) = p(t)Le L f(y); then

”f“H’L’yS;:(M) = ||F||T§(M)'

Consider another functional

du(y) dr\!/2
CF(x) = sup( f f,g IF(y, ;>|2@) :

xeB

we say that a measurable function F € T;°(M) if CF € L*(M).

ProrosiTioN 2.6. Suppose that 1 < p < oo and let p’ be the conjugate of p. Then
the pairing (F,G) — fo(o o) F(x, HG(x, t)(du(x) dt/t) realizes Té’ (M) as the dual
of Té’ (M).

Denote by [, ]y the complex method of interpolation described in [11]. Then we
have the following result of interpolation of tent spaces, where the proof can be found
in [1].

Prorosition 2.7. Suppose that 1 < pg < p < py <cowith1/p=(1—-6)/po+ 6/p, and
0<6< 1. Then
[T5°(M), T3" (M)]g = T5 (M).

Next we review the atomic theory for tent spaces, which was originally developed
in [16] and extended to the setting of spaces of homogeneous type in [35].
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DermiTION 2.8. A measurable function A on M X (0, o) is said to be a Tzl—atom if there
exists a ball B € M such that A is supported in B and

dt _
f JACx, DI du(x)— < ' (B).
Mx(0,00) 4

Prorosition 2.9 [30, 35]. For every element F € T (M), there exist a sequence of
numbers {A ]} ell and a sequence of T -atoms {A } > Such that

F=> 4A;inTy(M) and a.e.in M x (0,0). (2.2)
j=0

Moreover, Z;’;O Aj = ||IF ”TZ‘(M)r where the implicit constants depend only on the
homogeneous space properties of M.
Finally, if F € T21(M) N T22(M), then the decomposition (2.2) also converges in
T2(M).
2

3. The molecular decomposition

In this section, we shall prove Theorem 1.5. That is, under the assumptions of (D)
and (DG,), the two H ! spaces H Lo, mOI(M )and H Sp(M ) are equivalent. We denote

H} (M) :=H) ,,(M) = (M).

LSp meol

Since Hl nor(M) and Hl p(M) are completions of ]HIl oM and HLS;,(M) N
H*(M), it is enough to show that H! Lomo(M) = H 1 (M) ﬂ HZ(M) with equivalent

norms. In the following, we will prove the two- sidec,l' inclusions separately. Before

proceeding to the proof, we first note the lemma below to prove the H meol(M) -

L'(M) boundedness of an operator, which is an analogue of [30, Lemma 4.3].

Lemma 3.1. Assume that T is a linear operator or a nonnegative sublinear operator
satisfying the weak-type (2,2) bound

p(x € M T f0)I>nh) s 720G, Yn>0
and that, for every (1,2, g)-molecule a,
ITall <C,
with constant C independent of a. Then T is bounded from Hi’p’mol(M ) to L"(M), with
N7 1z < M e

L,p,mol

(M)

Consequently, by density, T extends to be a bounded operator from H pmol(M) to
LY(M).

For the proof, we refer to [30], which is also applicable here.
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p,m

3.1. The inclusion 1}111 LMD Hi SP(M) N H*(M). We have the following
9 ) h

theorem.

TuEOREM 3.2. Let M be a metric measure space satisfying the doubling volume
property (D) and the heat kernel estimate (DG,). Then H! (M)CH z sP(M) N
O h

H*(M) and

L, p,mol

||f||HZ_S£(M) < C”f”HLp?mu,(M)‘

Proor. First observe that Hj pmol(M) CH 2(M). Indeed, by Definition 1.1, any (1,2, £)-
molecule belongs to R(L). Thus, any finite linear combination of molecules belongs
to R(L). Since f € Hz’p’mol(M) is the L*(M) limit of a finite linear combination of
molecules, we get f € R(L) = H*(M).

It remains to show that Hipmol(M) CH, ! (M) that is, S’ is bounded from

meol(M) to L'(M). Note that Sp is L? bounded by spectral theory (see (1.11));
it follows from Lemma 3.1 that it suﬁices to prove that, for any (1,2, £)-molecule a,
there exists a constant C such that ||SZa|| iy < C. In other words, one needs to prove
that ||A||T2|(M) < C, where

Ay, 1) = p()Le " a(y).
Assume that a is a (1, 2, £)-molecule related to a function b and a ball B with radius
r, thatis, a = LXb and, forevery k= 0,1,...,Kandi=0,1,2,...,
G LY bll2(c ) < P22’ B2,

Similarly as in [5], we divide A into four parts:

A = LopxoanA + Z lc.xonA + Z lexirannA + Z LyigxqiraininA

i~1 i1 i>1

=2A0+A1+A2+A3.

Here 1 denotes the characteristic function and C;(B) = 27'B\2/B, i > 1. It suffices to
show that for every j =0, 1,2, 3, we have ||Aj||721 <C.
Firstly consider Ap. Observe that

du(y) dt)

_ 2
A(Ag)(x) = (ffr(x) 1128%0,2n (v, DA, D) V(x, 1) t

is supported on 4B. Indeed, denote by xp the centre of B; then d(x, xp) < d(x,y) +
d(y, xg) < 4r. Also,

d d
ol = 1AG0IE < [ [ ptoner a0 L duto
T(x) Vix,1) t

< llalljagyy, < 17 (B).

https://doi.org/10.1017/5144678871700012X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871700012X

[12] Hardy spaces on metric measure spaces 173

Here the second and the third inequalities follow from (1.11) and the definition of
molecules, respectively. Now, applying the Cauchy—Schwarz inequality,

||A0||T2'(M) < ||A||T22(M)/.1(4B)1/2 <C.

Secondly consider A;. For each i > 1, we have supp A(1lc,px0,nA4) C 2*2B. In
fact, d(x, xg) < d(x,y) + d(y, xg) < t + 2*1r < 21*2r. Then

||1C,~(B)><(O,r)A||T2 = lAQc,yx0.nAll,

0L 2 AHO) dt
<([. ] fr e opLe a5 S duto)

dt 1/2
( f oL a) dun)
Ci(B)

< Le0t1 d
<ZO ([ [, bore o temant )

172

IA

1/2

8

= I[.
=0

We estimate [; with |i — | >3 and |i — /| < 3, respectively. Firstly assume that
li — 1] < 3. Using (1.11) again,

* - 2 dt Y
I < f f loLe " Lematl” dut) = 5 lalls e, < 2707 @'B).
0 Jum

Assume now that |i — I| > 3. Note that dist (C;(B), C;(B)) > 2™}y > ¢2irp. Then
it follows from Lemma 2.5 that

r (2ir) B2/(B2—1) dt
112 _f exp( ( (l) ) )”a”iZ(C[(B)) d:u(y)T

< e —1(213)f % % < 2—01'2—2[8#—1(21‘3). (3.1

The last inequality comes from (1.5).
It follows from the above that

Lemxondls € ), 27507 PQ@B + Y 2727w P(2'B) s 27 2B,
L|l-i<3 L|I-i>3

where ¢ depends on &, M. Therefore,

illzy < )" IlemxonAllsn' *QPB) s Y 27 < C.

i~1 i~1

We estimate A, in a similar way as before except that we replace a by LXb. Note
that for each i > 1, we have supp A(Lc,pyx(2+1/A) € 2742 B. Indeed,

d(x, xg) < d(x,y) + d(y, xg) <t + 2" r <212y,
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Then

||1C;(B)><(r,2i+1r)A||Tz2 = AL, myxir2+nAl,

du(y) dt 12
< Lemixorain(v, DAY, DI dx)
([, S meimcan0.oa0n 0P G duto

s 12
K+1 ,—p(0L
f fc oD e PO du()—5— 2K(Z))

o)

21+1 d
K+1 ,-p()L
s(;.} f fc L ROD e L b duty) s )

=: i J[.
=0

When |i — /| < 3, by the spectral theorem, we get J? < C27%V~!(2/B). And, when
li — 1| > 3, we have dist (C;(B), Ci(B)) > 2™}y > ¢2'r. Then we estimate J; in the
same way as for (3.1),

Qi+l i B2/ (Ba=1)
2 p(2'r)
‘][ S [ exp (—C( p(l) ) )“b“LZ(C,(B)) d/l(y)l ZK(I)

201y ¢ g
< K (22 (2141 By f (p?g)r)) = Kt(;)

172

S 2—ic2—l(28+v)ﬂ—l (le)

Here c in the second and the third lines are different. We can carefully choose ¢ in the
second line to make sure that ¢ in the third line is positive.
Hence,

2 —
||1c,-(B)><(r,2fr)A||Tzz <271 (2'B)

and
Mallry < D IlcmneanAllsn Q2B s Y 27 < C.

i~1 i>1

It remains to estimate the last term As. For each i > 1, we still have
i+2
supp A(Lyigxir2is1pA) C 27°B.
Then we obtain as before that

I :I-2"B><(2ir,2"+l r)A “7'22 = ”ﬂ(]-Z’ B><(2ir,2i+1r)A)| |2

du(y) dt 12
< 1, ity (Y, DAY, t g X)
(L+23ffr(x)| 2iBx(2rg, 201 1) (V> DA(Y, D) Vir.or 1 (x)

it . 1/2
K+1 _—p()L 2du(y) dt
<( f2 ] eon e s )
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co i+l 1/2
_ 2dp(y) dt
([ [ weorrer iombor Ees)
ZZ—(): 2y JoiB 8 10*K(1)
= Z Kl.
1=0
In fact, due to the doubling volume property, (1.11) as well as the definition of
molecules,
21+1 2i+lr
dt dt
K2 < 1 b 2 < 2K 2—218 -1 21B
; f2 el g st o e [

< 2—2182—1‘6#—1(2{3).
Hence,
||A3||T21 < Z ||12iB><(2i,y2i+lr)A”TZQMI/Z(ZHZB) < Z 2% < C.
21 =1
This finishes the proof. g

3.2. Theinclusion H 1 (M YN H*(M) C IBII Ol(M ). We closely follow the proof
h 7 ’m

of Theorem 4.13 in [30] and get the following result.

THEOREM 3.3. Let M be a metric measure space satisfying (D) and (DG,). If f €

L s*’(M) N HZ(M) then there exist a sequence of numbers {1 } 0 C 1" and a sequence

of (1,2, &)-molecules {a j};‘;o such that f can be represented in the form f = Z;’;O Ajaj,
with the sum converging in L>(M), and

Ifllsy on <C PITE Cllfllar o
J=0 o
where C is independent of f. In particular, H' Sp(M) NH>(M) C HL pmol(M)-

Proor. For f € H, SP(M) N H*(M), denote F(x,1) = p(t)Le L f(x). Then, by the
"M h
definition of HL S,,(M), we have F € T,(M) N T3(M).

From Theorem 2.9, we decompose F as F' = Z] o AjAj, where {1 } el {A }]. 018

a sequence of T -atoms supported in a sequence of sets {B | 20 and the sum converges
in both T (M) and T5(M). Also,

24 S IFlzyo0 = 1flly oy
Jj=0 i

For f € H>(M), by functional calculus, we have the following ‘Calderén
reproducing formula’:

f=cC f (L) e ‘2p<’)pr (t)dt —C f (LYK e POLE(., P4 (?)dt —. Crpu(F).
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Denote a; = Cmy1(Aj); then f = X%, a;.  Since F € T3 (M), we have
l7eh, (F)l 200y < C||F||T22(M)- Thus, we learn from [30, Lemma 4.12] that the sum also
converges in L>(M).

We claim thata;, j = 0,1,..., are (1, 2, &)-molecules up to multiplication by some
uniform constant.

Indeed, note that a; = LXb;, where

o' (t)dt
p®
Now we estimate the norm ||(p(rBj)L)kbjIILz(C[(B)), where rp; is the radius of Bj.

For simplicity, we ignore the index j. Consider any function g € L*(C;(B)) with
”g”Lz(C,'(B)) = ], then, fork = 0, ], ey K,

bj=C fo PX e DA (1)

' fM (p(rg)L)*b(x)g(x) du(x)

<

00 / d
fM ( fo (P P 00, 1)) e duo)

p()
o' (t)dt
o)

k
ﬁ (p (r5) ) PX A (x, D)LY e PV g(x) du(x)
B

p()
(P(FB)

ol ™)
<( fE 4,6 0P du(o ) f,; e

In the last inequality, we apply the Holder inequality as well as (1.8).

We continue to estimate by using the definition of T21—atoms and the off-diagonal
estimates of the heat kernel.

For i = 0, 1, the above quantity is dominated by

172

k 2 dt
) oLt g duo)

~1/2 & —p(n)L 2 dr\!'/? ~1/2
[ <B>p<r3)( fg (L) e PO g ()| d,u(X)T) < 1 2(B)p(rs).

Next, for i > 2, the above estimate is controlled:

. 5 0 o(rg)\ 2 o an"?
@) ], (S5 s omonte g g)

< i B)( fo " (/% )2kp21< (1) exp (—C(T%)T)%)m

S’u—l/z(B)(jo"B (%)ZkPZK(t)(i)gwth)
S PQRIBYK (rp)27.

12

In the first inequality, we use Lemma 2.5. Since k=0, 1, ..., K, the last inequality
always holds for any € > 0.

https://doi.org/10.1017/5144678871700012X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871700012X

[16] Hardy spaces on metric measure spaces 177

Therefore,

Io(r)L) bllzciy = sup . ‘ f;;; (o(rp) LY b(x)g(x) du(x)

81l22c;8)

<u @By (rp)27". =

4. Comparison of Hardy spaces and Lebesgue spaces
In this section, we will study the relations between LP(M), Hf, 5 (M) and H]’i s, (M)
under the assumptions of (D) and (DGE”). We first show that L”(M) and HZ s;j(M)
are equivalent. Next we give some examples such that L”(M) and Hf’ sh(M) are not
equivalent. More precisely, the inclusion L” C HZ s, may be false for 1 < p < 2.
4.1. Equivalence of L’(M) and H’L’ s (M) for py < p < p,. We will prove
Theorem 1.6. That is, if M satisfies (D) and (DG}"), then HZS;)(M) = LP(M) for

po < p <pp.
We first note that if M satisfies (D) and (DG.’) for some 1 < py < 2, then L is
injective. A similar result can be found in [15].

Levmia 4.1. If M satisfies (D) and (DG}’) for some 1 < pg < 2, then the operator L is
injective on L*(M). Consequently, H*(M) = L>(M).

Proor. For any f € N(L), thatis, Lf =0,
(1) o 0(1)
e~ f = —e M fds=- f Le™*'fds =0.
o Os 0

As a consequence of Lemma 2.3, we have that for all x e M and ¢ > 0,

1/p;
A —p(t)L 1/p,—1/2
(] ) S VO i,
X,

Now, letting t — oo, V(x, ) — oo because of the doubling volume property. Thus, we
obtain that f = 0.

Due to the self-adjointness of L in L>(M), we get L*(M) = R(L) D N(L), where the
sum is orthogonal. Hence, N(L) = 0 implies that H*(M) = L*(M). O

Our main tool is the Calderén—Zygmund decomposition (see, for example, [17,
Corollaire 2.3]).

TueorEM 4.2. Let (M, d, ) be a metric measure space satisfying the doubling volume
property. Let 1 < g<ooand f € L. Let 1> 0. Then there exists a decomposition of
L f=g+b=g+>,;b; sothat:

(1) |g(x)]| < CAfor almost all x € M;
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(2) there exists a sequence of balls B; = B(x;, r;) so that each b; is supported in B;,
f b: (0 du(x) < CA'u(By);

() Ziu(B) < (C/A9) [| (0l du(x);
@) Iblly < Cliflly and liglly < Clifllys
(5) there exists k € N* such that each x € M is contained in at most k balls B;.

Now we are ready to prove Theorem 1.6.
Proor or THeEorREM 1.6. By Lemma 4.1, it suffices to prove that for any f € R(L) N
LP(M) with po < p < p;,
1% Alle < 1 fllze- 4.1

With this fact at hand, we can obtain by duality that || f||.» < C||S ‘Z Sz for po < p < py.
Indeed, for f € R(L), write the identity

o' (t)dt
p(1)
where the integral C fs 1/E(p(t)L)ze‘zﬁ’(’)L f(o'(£)dt/p(f)) converges to f in L>(M) as

e—0.
Then, for f € R(L) N LP(M),

f=Cme0Mff““f
0

d
Al = sup Kfig)l =~ m>1f Fly.0G(y. ) du(yy 2L
ligh v <1 llgl, <1 1JJ Mx(0,00) p()

du(y) p'(1)dt
~ F ) G ’ J
”gﬁ;pﬁ fofr(x) 0, 0G0.0 Ve pn (x)'

S sup FligllGllyy = sup (IS5l lIS ngllor

llgll, <1 lgll, <1
< sup ISafllzellglly = 1S nfllz-
llgl,» <1

Here F(y,t) = p(t)Le DL f(y) and G(y, 1) = p(t)Le*PLg(y). The second line’s
equivalence is due to the doubling volume property.

By an approximation process, the above argument holds for f € L?(M).

For p > 2, the L” norm of the conical square function is controlled by its vertical
analogue (for a reference, see [3], where the proof can be adapted to the homogenous
setting), which is always L” bounded for py < p < p; by adapting the proofs in [12]
and [21] (if {e7"*};50 is a symmetric Markov semigroup, then it is L” bounded for
1 < p < o0, according to [36]). Hence, (4.1) holds.

It remains to show (4.1) for py < p < 2.

In the following, we will prove the weak (pg, pg) boundedness of SZ by using
the Calderén—Zygmund decomposition. Since S Z is also L? bounded as shown in

https://doi.org/10.1017/5144678871700012X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871700012X

[18] Hardy spaces on metric measure spaces 179

(1.11), then, by interpolation, (4.1) holds for every py < p < 2. The proof is similar to
[2, Proposition 6.8] and [3, Theorem 3.1], which originally comes from [22].

We take the Calderon—Zygmund decomposition of f at height A, that is, f =
g + 2. bi, with supp b; C B;. Since S, ”is a sublinear operator, write

s(>bi)=s (Z (1= =" 4 (1= ey,
< S’;(Z (I = (I - ") )bi) + S*;(Z (I - e—f’<’f>)Nb,-).

Here N € N is chosen to be larger than 2v/B;, where v is as in (1.5).
Then it is enough to prove that

A
pullx e M SEN0 > ) < uf{xe Mo > 1)

+ /,[({X EM: S’;(Z I-u- e*p(r,))N)bi)(x) > g})
e ilfre sy 0o o> 4)

1
< f O du).

We treat g in a routine way. Since S ’; is L? bounded as shown in (1.11), then
M:S” ) < 212 < 4 s
plyx e M: S5 (e)(x) > 3/)® llgll; < llgll,,, < 111 o -

Now for the second term. Note that I — (I — e ?L)Y = SN (=1 (ZZ)e‘kP(’f)L; it
is enough to show that for every 1 <k < N,

,u({xeM:S'Z(Z o) > 2ol < o [P du. @2

Note the following slight improvement of (2.1): for every 1 < k < N and for every
j=1,
2jv _Ckzjf(kp(r,-))

—k, i L
le™ b2 e, Ioillzon s, (4.3)

ulim12(B))
Here 7(r) = B1/(B1 — 1) if 0 < r < 1, otherwise 7(r) = 8,/(8, — 1). Indeed, it is obvious
forr;>1and 0 < r; < kP For k=P < r; < 1, that is, kp(r;) > 1,

B\ /B2
((ZJr i)ﬁz) w DI B/ B2=D) — o jrlkp(r))
kp(ri)

With the above preparations, we can show (4.2) now. Write

Pl 1
. lgP E —kp(ri)L § —kp(ri)L
”({x' Sh( l ’ b)(x) g 3N})s 24 e

‘2
2
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By a duality argument,

HZ iyl = sup f ‘Z k(L
- 2
14

||¢||z—1

=: sup Z ZA”

ligll =1

$ldu < sup ZZ Joo Je 01

ligll =1

Applying the Cauchy—Schwarz inequality, (4.3) and (1.5),

Aij < ||e_kp(ri)Lbi||L2(Cj(Bi))||¢||L2(C.,‘(Bl-))
3jv)2 —c2itketri) 1 Upo ) "
2% #(Bi) — Ib,»|P0 d/,[) inf (M(¢17)(»))
(B) YEB;
e u(B,) inf (Mo o'
Here M denotes the Hardy—thtlewood maximal operator

Mf(x)—SUPE f GOl du),

where B ranges over all balls containing x.

Then
kool N < 2 D (B i f (M P’’’
[Seomn] < s 355 s g aatarro
<1 sup | 2 1M dut

<A sup fU B_(M<|¢|2)<y>)”2du<y)

ligll,=1

12
< Jm) s a0 [ ag)

The third inequality is due to the finite overlap of the Calderén—Zygmund
decomposition. In the last line, for the first inequality, we use Kolmogorov’s inequality
(see, for example, [26, page 91]).

Therefore,
,u({x : Sﬁ(z e‘kp("')Lbl-)(x)
For the third term,

ul{xemsi(Ya e b > g})
< ,u(LjJ 4Bj) +,u({x € M\ LJJ4B]» : S’;(Z - e_P(ri)L)Nbi)(x) > g})

1 1
— )< — Po .
>3N})~/U’of|f| #
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From the Calder6n—Zygmund decomposition and doubling volume property,
W(J4B) < X uB) < 3 uB) < <l
J J J
It remains to show that
A u({x c M\ U 4B; S"(Z(l e b)) > ; })

<o f P du().

As a consequence of the Chebichev inequality, A is dominated by
= f (SP(Z(I AW )(x)) )
A2 M\U;4B;
2 f f f Zp(t)Le‘P@L(I e PN, (y)) du(y) dt e
M\, 4B; I'(x) 0 t
d dt
f f f Z 1og,()p(t)Le POL(I — e PN, (y)) u(y) e
M\U; 4B; T'(x) Vo) t

d d
f f f ZlM\ZB () Le POE(I - _P(rl)L) by )) u(y) )
M\, 4B; I'(x) Vixo) t

ﬁ(Aloc + Aglob)-

Now for the estimate of Aj.. Due to the bounded overlap of 2B;, we can put the sum
of i out of the square up to a multiplicative constant. That is,

A0C~
l <ZL\U]4B
- - dﬂ(y) dt
1 L p(H)L I — P(F,)L b = d
<ZfM\U]43 f2 fm( 25, (IPOLe VL i) G )
dp(x) oLy _ LN 2 dt
<3 fz fM fB g D e PO T = P b)) )

< Z foo f (p(f)Le POL(] — e_"(r")L)Nbi()’))z d/J(Y)d_t'
7 2r; 2B; t

d.U(Y) di
x, 0t

f f (Lo, (PO Le PDE(L — eIy by 7 M
B(x,1)

For the second inequality, note that for every i, x € M \ |J;4B; means that x ¢ 4B,.
Then y € 2B; and d(x,y) < t imply that ¢ > 2r;. Thus, the integral is zero for every i if
0 <t < 2r;. We obtain the third inequality by using the Fubini theorem and (1.6).
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Then, by using (4.3), it follows that

1/[70—1/23 VUpo=112(y 4 B o 2 dt
Mz Y[ f il O o Le O 1= by ) )

VUP12(y, 1) utim-112(B;) ¥

~ Vl/po—l/2(y 4r;) Vl/po—1/2(y ) N ? dt
s Al > —p(OL y_ ,—p(r)L . -
s fz fzg( VUn2(y, ) (g, PR T U= b’@)) WO

1 -2/po (B)) Z f
2
<u'=2r(B)) Z (= e—P<’f>L)Nb,~||,,O

< E) Y0, < Y ) < 2 Nz

For the second inequality, we use the reverse doubling property (1.7). The third
inequality follows from the L — L?> boundedness of the operator V!/Po=1/2(. f)
p(t)Le DL (see Lemma 2.5). Then, by using the L boundedness of the heat
semigroup, we get the fourth inequality.

Now for the global part. We split the integral into annuli, that is,

d d
Asglob < f ffr " Z Lanas, () Le PO — e PN bi(y )) i‘(yt)) t’ (%)
~p(OL (] _ ,~PrdL\N du(x) dt
< ](; jz\; fz; o Z Lano2s, M) Le POHI — P77 b,(y)) VoD du(y) t

00 2 d
< [ ] (Ztmenorprner =) dun .

4r V/@/po-1) B _ oI N . 2 dE
— VP2, Do Le T = ) il —

In order to estimate the above L? norm, we use an argument of dualization. Take
the supremum of all functions A(y, ) € L*(M x (0, o), du dt/t) with norm 1; then

1/2 ” —p(OL —p(r)LAN : dn\'"?
ARE([ [ (Xt 0poLe 0 - et ) du) T
M

= —p(r; d dt
Sllp fjﬁ‘/’ 020 ‘Z 1M\2B,-(y)p(t)Le P(I)L(I —e p( ’)L)Nb,-(y)hh(y, l‘)|#
X(0,00 1}

<sw ) | IpOLe O - )b . ) LD
i C(By)
1 />2
1/2
= P Z Z lo()Le DL — e PDLYN b (y) du(y) dt)
i j=2 Cj(By) p

du(y) dr\'"?
x f f iy, P L)
0 Ci(B)
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Denote
1/2

1=( f ) f o Le O = P by ) ) di 1)
0 C;(B;)

Let H, (0) = p(H)le P V(1 — e PN Then

~ 2 dr\'?
Il/ = (f “Hl,r,'(L)bi”LZ(C_(BA))7) . (44)
0 S

We will estimate ||H, ,,(L)b;| 12(Ci(B)) by functional calculus. The notation is mainly
taken from [2, Section 2.2].
For any fixed ¢ and r, H,, is a holomorphic function satisfying

|H ()] < |§|N+l(1 + |{|)—2(N+1)

forall{ € £ ={z € C*:|argz| < &} with any & € (0, 71/2).

Since L is a nonnegative self-adjoint operator or equivalently L is a bisectorial
operator of type 0, we can express H; (L) by functional calculus. Let 0 <6 < w <
¢ < m/2; then

H, (L) = f e Ini(z)dz + f e n_(2)dz,
r,

where I, is the half-ray R*e**/2=9 and
n=(z) = f ¢“H, () dl, VzeTy,
Y+

with y. being the half-ray R*e*«,
Then, forany z € 'y,

f egzp(t)é’e*p(’)g(l _ e*p(r)é“)N d¢

Ve

In+(2)| =

< [ 1S Xl - e 4P dg]
e

< f eI o1 — P4 d|

Y+
Cp(1)p™(r)
(Izl + p(e)N+2"

In the second inequality, the constant ¢ > 0 depends on 8 and w. Indeed, R({z) =
211z Re*/2=0+@) - Since 0 < w, 1/2 <7m/2 — 60+ w < 7 and |e¥] = e~ ¥l with ¢; =
—cos(/2 — 0 + w). Also, it is obvious to see that |e?V¢| = ¢=2PDIEl Thus, the second
inequality follows. In the third inequality, let = se*™; we have |d(| = ds. In addition,
we dominate |1 — e 4N by (o(r))N.

< f e=e3@@0) ) N (1) sV ds <
0
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We choose 6 appropriately such that |z| ~ Rz for z € I'.; then, for any j > 2 fixed,

p(1) P (1)
”H['ri(L)bi”LZ(C‘,-(B,-)) < (‘fr:r + jr\)”e b ”L (C (Bp)) (|Z| +p(t))2 (|Z| +p([))N |dZ|

p(0p" (r)
< [0t PO s

Applying Lemma 2.5,

271bill, e ()M (0))
IHer (Dbillizcy S =5 | €@ O

pl2=1eo(By) Jo (s + p(O)N+2
< _ 27Ul ( f o + f ) ooy _POP ) ds
T (B \Jo (1) (s + pO)N*2
27|1billp, . :
(H\(t, 73, J) + Ha(t, 73, ). (4.5)

2 (By)

In the second and the third lines, 7(s) is originally defined in (4.3). In fact, it should be
7(p7!(s)). Since p~'(s) and s are unanimously larger or smaller than one, we always
have 7(s) = (0~ !(s)).

Hence, by the Minkowski inequality, we get from (4.4) and (4.5) that

27|
lj 5 <7 1/1702703) f Hi(, r,,]) f H3(t,ri, )— ) ) (4.6)
It remains to estimate the two integrals fo le(t, ri, ))(dt/t) and fooo H3(t,r;, j)(dt]1).

We claim that
f Hit, 1, ]) f H3(t, 13, J)— < 27N 4.7

We estimate first fo HA(t, 1, j)(dt/1). Since p(Dp™ (1) (s + p(t)V2< pN (1) [p()VH,
(1)
B 271/ ()fz/(ﬁz 1) P (r,) —c(2 /t)/iz/(ﬂo l)p (rl)
thie.r D Sfo o ) ds et N

It follows that
e dt a dt
f Hi(, ri,j)T gf o2c@ninf? 2 v (1)
0

2N(t) t

<f2/ri( t )cpZN(ri)dt+f pZN(r,') dt

“do V) pN@0) 1 Ju o) 1
PZN(r_i) < 92BN

TN @iy T

In the first inequality, we dominate the exponential term by a polynomial one for the
first integral, where c in the second line is chosen to be larger than 26, N.
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We now estimate fow H3(t, ry, j)(dt]1). Write p(0)p™ () /(s + p()N*? < pt)p™ (r1)/
sN*2. On the one hand,

« J 7(s 3 i “ 3 N i N i
Hz(l,ri,j)zf o-c@rja(sy _P )N (rN)szf o( )ﬁ z(r)dS:CpN(r).
() (s +p@)N* @ S PN

(4.8)

On the other hand,

o —BINj o)
Hy(t,r, j) 279 p—(2jr,-)' 4.9)

In fact,
Hz(l 7 ]) < foo _0(21",/0'(3))52/(132 1) p(l‘)pN(rl) dS
s Iis = " SN+] s

< othi PO injotgpe p @) ds
N P2Ir) oy A g

< 0N PO

h p(2iry)’
Now we split the integral into two parts in the same way and control them by using
(4.8) and (4.9) separately. Then

o dt 2/r; B di ® 02N (r) dt
f H%(t, ro Y Sf 22BN f (1) +f ,DZN(V)_
0 t 0 p*(2ir) t 2ir, PN 1

< 2=2BINJ

Therefore, it follows from (4.6) and (4.7) that
u?
_HP@BIb, g
W ul/po(By)

Now for the integral ([ [ , (v, DP(du(y) di/0)'/2. Take h(y) = [ Ih(y, D
(dt/t); then

(4.10)

( f B f Ih(y, t )|2d“(y)d) < P BYinf MPRG),  (4.11)
0 Jcus) 2€B;

where M is the Hardy-Littlewood maximal function.
Following the route for the proof of (4.2), we get from (4.10) and (4.11) that

V

" 2701bill p, 2 BINj 221 By § 12,

Aglobssu ZZ ul/2- l/pO(B) HE B')zlglg-M "
l

< Asup f 3 L OIM ) du(y)
ho M
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< Asup f M2 h(y) du(y)
U; Bi

h

172
< ﬂu(U Bi) s/ll”(’/zflfl"” du.
i

Here the supremum is taken over all the functions i with [|4l|;2(gu 4 = 1. Since
N > 2v/By, the sum 3, 5, 27P1N7*37/2 converges and we get the second inequality. The
fourth one is a result of Kolmogorov’s inequality.

Thus, we have shown that Agep < A*7° f [P0 du. o

4.2. Counterexamples to Hp (M ) = L?(M). Before moving forward to the proof

of Theorem 1.8, let us recall the followmg two theorems about the Sobolev inequality
and the Green operator.

TueorREM 4.3 [19]. Let (M, u) be a o-finite measure space. Let T, be a semigroup on
L*, 1 < s < oo, with infinitesimal generator —L. Assume that T, is equicontinuous on
L' and L™. Then the following two conditions are equivalent.

(1) There exists C > 0 such that ||T,||| s < Ct™P forall t > 1.
(2) Ty isfrom L' to L™ and, for q > 1, there exists C such that

I£1l, < CAL > fll, + L2 11, f € DA,
where 0 <ag<Dand1/p=1/q—a/D.

THEOREM 4.4. Let M be a complete noncompact manifold. Then there exists a Green’s
function G(x,y) which is smooth on (M X M)\D satisfying

A, fM GO fO) du(y) = f(x), Vf €CS(M).

For a proof, see, for example, [34].
We also observe the following useful lemma.

Lemma 4.5. Let M be a Riemannian manifold satisfying the polynomial volume growth
(1.12) and the two-sided sub-Gaussian heat kernel estimate (HK,,,). Let B be an

arbitrary ball with radius r > 4. Then there exists a constant ¢ > 0 depending on d and
m such that for all t with ¥ /2 <t < 1",

f pi(x,y)du(y) 2c, VYxeB.
B

Proor. Note that for any x,y € B, we have t > " /2 > 2r > d(x,y). Then (HK;,,) yields

am 1/(m-1)
[ penduor> [ mexn(-c(=E2) T duo

cu(B) Py oD
> i exp(—C(T) )Zc. O
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With these preparations, we can prove Theorem 1.8.

Proor or Theorem 1.8. Let ¢, € C7(M) be a cut-off function as follows: 0 < ¢, <1
and, for some xy € M,
I, xe B(X(), I’l),
0, xe M\B(xq,2n).
For simplicity, we denote B(x(, n) by B,,.
Taking f, = G¢,, Theorem 4.4 says that Af, = ¢,.

Pn(x) = {

On the one hand, we apply Theorem 4.3 by choosing 7, = ¢, Indeed, ¢~

Markov and hence bounded on L?, equicontinuous on L', L= and satisfies
el e = sup pi(x,y) < CrPP2,
X,yeM
where D = 2d/m > 2. Then, taking @ = 2 and p > D/(D — 2), it follows that
Ifull, < CAIAS, + 1AL,

where 1/p=1/q —a/D, thatis, g = Dp/(D + 2p) = dp/(d + mp).

Using the facts that Af, = ¢, and ¢, < 1p(x, 20,

1ull, < Ubnllap)smp) + all,) S (VPP (x, 2m) + VP (xg, 2m)
S ("R 4 Iy < g p (4.12)

In particular, ||f, |, < n"*9/%.

On the other hand,

) 2 d dr\P?
IS LAl = f ffr PAe A 00 ﬂ@:) ) ducw

_ 2 A 2 du(y) dr\"?
- fM f fr R0l e ) duco.

Since ¢, = 1p, > 0, it follows from the Markovian property of the heat semigroup that

> d dr\"?
IS ll? > f f f Py I ”(yt) ) duco.
I'(x) )t

By using Lemma 4.5, we have ¢~ ng = Cif n"™?/2 <t <n™?. Then

/2 3 p/2

IS AL 2 f f f du)dt) )
P Isomm iy \wmrz o Jpcenns,, V0

Observe also that, for t > n?/2 and x € B(x,, n"?/4), we have B, C B(x, 1) as long as
n is large enough. Then the volume growth (1.12) gives us a lower bound in terms of
n. That is,

pl2

nm/Z B 3
IIShfnllz>f (f H(By)t dt) du(x) 2 n/DA=p/D ypsdp]2,
B(xo,n™/24) nm22 V(x, n’”/z)
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Comparing the upper bound of || f,ll,, in (4.12) for p > D/(D - 2),
||Shf;1|| > n(md/z)(l/p71/2)+m+d/2 > nd(m/Z—l)(l/p—l/Z)”fn” (4 13)
P~ ~ p° .

where p > D/(D - 2).
Assume that D > 4, that is, m < d/2; we have D/(D — 2) < 2. Then, for D/(D - 2) <
p<2,sincem>2,
pdm/2=DA/P=112) o0 as i s co.

Thus, (4.13) implies that L” C Hé’h is not true for p € (D/(D —2),2), that is, p €
(d/(d—-m),2), where 2 <m < d/2.

Our conclusion is: for any fixed p € (d/(d — m), 2), according to (4.12) and (4.13),
there exists a family of functions {g, = f,/n"™*%/?},>, such that ||g,1||p <C, lignll, <
n?=d/r 5 0 and IS ngall, = n¥/2=DU/P=1/2) — 4o as n goes to infinity. Therefore,
S, is not L? bounded for p € (d/(d — m),2) and the inclusion L? C Hg ,» does not hold

h

for p e (d/(d —m),2). O

More generally, a slight adaption of Theorem 1.8 plus Theorem 1.6 yields the
following result.

CoroLLARY 4.6. Let M be a Riemannian manifold satisfying (1.12) and (HK;,,) as
above. Let p € (d/(d — m),2). Then, forany 0 <m’ <m, LP(M) = Hgm, (M) if and only
h

ifm =m.

Proor. If m’ = m, Theorem 1.6 says that L C HY,,.

h
Conversely, by doing a slight adjustment for the above proof, we can show that
LP C H;’m, is false for p € (d/(d — m),2), where 2 <m < d/2 and m" < m. O
h

5. The H' — L! boundedness of Riesz transforms on fractal manifolds

This section is devoted to an application of the Hardy space theory we introduced
above.

Let (M, d, ;1) be a Riemannian manifold satisfying the doubling volume property
(D) and the sub-Gaussian estimate (UE,,,). Note that we could as well consider a
metric measure Dirichlet space which admits a ‘carré du champ’ (see, for example,
[6, 28]).

Recall that the Riesz transform VA™/2 is of weak type (1, 1) on M, as follows.

TueOREM 5.1 [14]. Let M be a manifold satisfying the doubling volume property (D)
and the heat kernel estimate (UE,,), m > 2. Then the Riesz transform is weak (1, 1)
bounded and bounded on L? for 1 < p < 2.

The proof depends on the following integrated estimate for the gradient of the heat
kernel.
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Lemma 5.2 [14]. Let M be as above. Then, for all y e M and all r,t > 0,

1 (r) 1/(m-1)
f |Vxht(X, y)I d,u(x) < — exp(_c(p_) ),
M\B(y.r) Vi t
where p is defined in (1.4).

Our aim here is to prove Theorem 1.9. More specifically, we will show that
the Riesz transform is Himmol(M) — L'(M) bounded. Due to Theorem 1.5, it is

H, (M) — L'(M) bounded. The method we use is similar to that in [32, Theorem
3.2]. Note that the pointwise assumption (UE,) simplifies the proof below.
Note first the following lemma, which is crucial in our proof.

Lemma 5.3. Let M be as above and let p € (1,2). Then, for any E, F C M and for any

neN,
o .
i VRN I fo<i<l,
VA "™ flllory S 4 1 P (5.1
—e(d™(E, .
ﬂl+_1/26 Wl =1,
where f € LP(M) is supported in E. Consequently,
_ _ 1/(m-1)
VA ™ flll oy S =g e COAEDD D) gy (5.2)

t"+ 1 / 2
RemMark 5.4. To prove the lemma, it is enough to show the following two estimates:

e—c(dz(E,F)/t)”f”U(E) if0<r<1,
e~ " EDDI g o if > 1

9™ Flllpry < {

and .
—c(d“(E,F :
“(IA)neitAfH < e e(d( )/t)”/f”{j(E) fO0<t<l1,
LP(F) ~ _(gm 1/(m-1) .
O e @ ERD £y i1 1

Then (5.1) follows by adapting the proof of [31, Lemma 2.3]. Note that the first
estimate can be obtained by using Stein’s approach, similarly to the proof of Lemma
5.2. The second estimate is a direct consequence of (UE,) and the analyticity of the
heat semigroup (see [24] for its discrete analogue). We omit the details of the proof
here.

Remark 5.5. Note that (5.1) implies (5.2) (see [14, Corollary 2.4]), which may
simplify the calculation in the subsequent proofs.

Finally we will give the proof for Theorem 1.9.

Proor oF Tneorem 1.9. Denote T := VA~'/2, It suffices to show that, for any (1,2, £)-
molecule a associated to a function b and a ball B with radius rp, there exists a constant
C such that ||Tal| 1) < C.
Write
Ta=TeP™2q+ T - e P,

Then
||Ta||L1(M) <|ITd - €_p(rB)A)a||Ll(M) + ||T€_p(rB)Aa||L1(M) = 1+1I.
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We first estimate /. We have

1< 3 ITA = e 1wl
i1
< AT = e Legyallypgeop + ITU = e e palgg)-
i1
Using the Cauchy—Schwarz inequality and the L? boundedness of T and e™*U#2, it
follows that
T - e_p(rB)A)lcl-(B)aHLl(2i+23) S V™ B)llall e,y S 27 (5.3)
Now we claim that

ITU = e "1 mallpappieg < 277 (54)

Combining (5.3) and (5.4), we obtain that 7 is bounded.
In order to prove (5.4), we adapt the trick in [14]. For the sake of completeness,
we write it down. First note that the spectral theorem gives us A™V/2f =

c fooo e*A f(ds/ +/s). Therefore,

A—]/Z(I _ e—tA)a - Cf (e—SA _ e—(s+p(r3))A)a£
0 Vs

. f M(L _ Xis>p(m) )e_sAa s
0 \Vs  \fs—p(rp)

Set
5>P("B)
ko) (5,9) = f ‘ IV s ()] ds.
\/_ s = p(rp)
Then
T = e 1epallyappig S fM e fc . Kot (6, )a(y)] du(y) dpa(x)

< f la(y)l - ko (X, y) dp(x) dpa(y).
Ci(B) d(x,y)>2'r

It remains to show that fd(x’y)zz,.r ko(rs) (%, y) du(x) converges uniformly. Indeed, Lemma
5.2 yields

f Vihy(x, )l du(x) ds
d(x,y)>2!

! X{s>p(rp)}
K ><x,y>du<x>=f | - e
«fd\(x,y)EZ"r o 0 \/E VS — p(rB)

1/(m—1)

ForlA) e

f ’ Xis>p(ra))
Vel Vi
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‘We now turn to estimate /I. We have

1=l f Ve-(torana , 45
0 \/E LY(M)
0(rp) ds 0 dS
< f [|[Ve(st0trsDAg| iy —= + f [||Ve(HoUsDAAK | iy —=
0 Vs Jp) Vs

L+ 1.

We estimate /1; as follows:

0(rp)
- A - A
ms}lf (Ve PDA L pyal |1 gy + 11V PPN gyl g 002)
0

ds
ey Vs
We estimate the first term inside the sum by Cauchy—Schwarz and the fact that

lle™l,, < 1/ Vt. Then

ds

Vs + p(re) Vs

0(rp) . A ds 0(rp) 12 nis2
f Ve (s+p(rs)) 1C,-(B)a|||Ll(2i+zB)$ Sf Ve B)||ll||L2(c,»(3))
0 0

. 0(rp) ds
<2l f e
o pre)Vs

< 2—i8

For the second term inside the sum, we use Lemma 5.2 again. Then

0(rs) " N ds
ﬁ ” |V€ (s+p(rs)) lC,-(B)al ”LI(M\Z"*zB)%

0(rp) ds
[ hes e namiduo) duo 2
0 M\2+2B) JCi(B) Vs
0(rp) ds

S f f f IV D50 (X Y| dp(0)la(y)| du(y) —
0 Ci(B) Jd(xy)=2+1B Vs

0(rp) ds

< llallzc,sy)
< 2*1’8

It remains to estimate /1. Using the same method as for /1,

— A — A
I SZ f ( )(|||Ve CHIDAARL )bl 13 iy + 11V PEAKL e by gy 3v2)
i>1 YPUB

ds
X —.

Vs
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For the first term inside the sum, we estimate by using the Cauchy—Schwartz inequality
and spectral theory. Then

. _ ds
f ” |VAK€ (S+p(rB))A1Ci(B)b| ||Ll(2[+23)_
p(rp) s

© ) B ds
< f WP QB VAR ] L
p(rp) \/E

© , ds
1/2 ~i+2
< ' =2TB)bl Ci(B
fp%) P s+ pra)F 12 s
. > ds .
< 2 zspK(rB) — < 2 18.
p(rp) S

For the second term inside the sum, we use Lemma 5.3; then

e ds

” |VAK3_(S+P(VB))A1Ci(B)b| ”Ll M\2i+2B) =

fp(m) W2TE) s
= e , ds

1 I+1 —(s A
<> f 7 B [VAKe PN bl ey —=
1=i+2 ¥ P(rp) \/E

[

a 1/(m=1)
< Z f 27 (27 By exp (_C(P(d(CI(B), Ci(B)))) ) 1Bl o (cmyds
i=ix2 V() s+ p(rp) V(s + p(rg))K+172
> 1/(m—1)

Sl [

e rs) s+ p(rs) V(s + p(rp) <172
< IZZH:Z e pK(rB)z(l—i)v/p’ j;( O:B) (p(erB) )C%
= . N 1
b Z;Q 2718/)]((”3)2([71)"/1) 0°2lrg)pK=<(rp)
<o,
This finishes the proof. m
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