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Abstract. We study an interesting class of Banach function algebras of infinitely
differentiable functions on perfect, compact plane sets. These algebras were introduced
by H. G. Dales and A. M. Davie in 1973, called Dales-Davie algebras and denoted by
D(X, M), where X is a perfect, compact plane set and M = {M,}72 is a sequence of
positive numbers such that My = 1 and (m + n)!/ M, < (m!/M,,)(n'/M,) for m, n €
N. Letd = limsup (n!/M,)"/" and X; = {z € C : dist(z, X) < d}. We show that, under
certain conditions on X, every f € D(X, M) has an analytic extension to X;. Let Dp
[Dr] be the subalgebra of all /' € D(X, M) that can be approximated by the restriction
to X of polynomials [rational functions with poles off X]. We show that the maximal
ideal space of Dp is X, 4, the polynomial convex hull of X, and the maximal ideal space
of Dy is X;. Using some formulae from combinatorial analysis, we find the maximal
ideal space of certain subalgebras of Dales-Davie algebras.

2000 Mathematics Subject Classification. Primary 46J10, 46J15. Secondary 46J20.

1. Introduction. Let X be a compact Hausdorff space. We denote the space of
all continuous complex-valued functions on X by C(X). For f € C(X) and a closed
subset £ of X, we denote the uniform norm of f on E by |f|g. A function algebra on
X is a subalgebra 4 of C(X) that separates the points of X and contains the constant
functions. If there is an algebra norm on A such that 4 is complete under this norm,
then 4 is a Banach function algebra on X, and if the given norm is the uniform norm
on X, then 4 is a uniform algebra on X.

We denote by M(A), the maximal ideal space of A. Clearly, for each x € X, the
map ¢, : A — C, defined by &,(f) = f(x), is a non-zero complex homomorphism on
A called the evaluation character at x. The map J : X — M(A), defined by J(x) = ¢,
is injective and continuous, and so X is homeomorphic to a compact subset of M(A).
If the map J is surjective, then A is a natural Banach function algebra on X.

If A is a Banach function algebra on X, then A, the uniform closure of 4 in C(X),
is a uniform algebra on X and, clearly, M(A4) € M(A). The following result in this
area is proved in [5].

THEOREM 1.1. Let X be a compact Hausdorff space and let A be a Banach function
algebra on X. Then M(A) = M(A) if and only if |f |my = |f |x, for all f € A, where f
is the Gelfand transform of f.

For a compact plane set X, we denote the set of all functions on X that are
analytic on int(X) by A(X), and the set of all functions on X having an analytic
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extension to a neighborhood of X by Hy(X). We denote the set of the restriction to
X of rational functions with poles off X by Ry(X), and the set of the restriction to
X of polynomials by Py(X). The polynomial convex hull of X is denoted by X. By
the coordinate functional on X we mean the function z on X that maps any point to
itself.

Let X be a perfect, compact plane set. We say that a complex-valued function f
on X is complex-differentiable at a point a € X if the limit

f'(a) = lim {M z—>a, z€ X}
z—a

exists. We call f/(a) the complex derivative of f at a. We denote the nth derivative of f
at a € X by f"(a). We denote the set of n times continuously complex-differentiable
functions on X by D"(X), and the set of infinitely complex-differentiable functions on
X by D®(X).

Let M = {M,};2, be a sequence of positive numbers such that M, = 1. Then M
is an algebra sequence if, for all m, n € N, we have

(m+n)! - m! n!
Mm+n _Mm Mn.

M is an analytic sequence if d(M) = limsup,_, . (n!/M,)"" > 0. If d(M) =0, the
sequence M is non-analytic.

For a perfect compact plane set X and an algebra sequence M = {M,}72,, a
Dales-Davie algebra associated with X and M is defined by

= ||
DX, M) = {feD"o(X) : ZTX <oy,
k=0 Kk

where the norm on D(X, M) is given by

%,
Ilfll—;—Mk :

Since M is an algebra sequence, D(X, M) is a normed function algebra on X.

A compact subset X of the complex plane is connected by rectifiable arcs if any two
points of X can be joined by a rectifiable arc lying within X. For such a set, let §(z, w)
denote the geodesic distance between z and w; that is, the infimum of the lengths of the
arcs joining z and w. Clearly § defines a metric, the geodesic metric, on X.

DEerFINITION 1.2. Let X be a compact plane set which is connected by rectifiable
arcs, and suppose that 8(z, w) is the geodesic distance between z and w in X.
(1) X is regular if for any z € X there exists a constant C, such that §(z, w) <
C.lz—w|, forallw € X.
(i1) X is uniformly regular if there exists a constant C such that §(z, w) < C|z — w|,
forallz, w € X.

The following result is proved in [4, Lemma 1.5(ii1)] for uniformly regular sets. An
examination of the proof shows that it is also valid for regular sets.
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LEMMA 1.3. Let X be a regular set and let z € X. Then, for all f € D"(X) and every
{eX,

AR
(n—1)!

(C)'g —2I",

n—1 (k)
p(c)— > <
k=0

where C. is the constant in Definition 1.2.

Dales and Davie in [4] proved that if X is a finite union of uniformly regular sets
then D(X, M) is complete. In fact, if X is a finite union of regular sets then D(X, M) is
complete. For some further results see [2]. Throughout this note, we assume that X is
such a perfect compact plane set so that D(X, M) is complete.

We need the following result about an algebra sequence M; see [3, Pro-
position A.1.26].

LEMMA 1.4. Let M = {M,};2, be an algebra sequence. Then

d(M) = nlirgo(n!/Mn)l/” = inf {(n!/M,)"" : n e N}.

NOTATION. Let X be a compact plane set. For a point ¢ € C, the distance between
¢ and X is defined by dist(¢, X) = inf{|¢ — z| : z € X}. For a non-negative real number
d,weset X;={¢ € C: dist(¢, X) <d}. If d =0 we set Q; = int(X), and if d > 0 we
setQy={¢ e C:dist(¢,X) <d}.Forze Candr > 0,D(z,r)={¢ €C:|¢—z| <r}
and A(z,r) ={¢ € C:|¢ — z| < r}, are the open and closed disc with center at z and
radius r.

2. Certainsubalgebras. Clearly, for any algebrasequence M = {M,,}72, and every
perfect compact plane set X, D(X, M) contains the polynomials on X; that is, Py(X) C
D(X, M).

PROPOSITION 2.1. Let d = d(M). Then D(X, M) contains Hy(X ;) and, moreover, the
embedding of Hy(Xy) in D(X, M) is continuous in the sense that if (f,) € Hy(Xy) and
fn = f uniformly on a neighbourhood of X4, then f,, — f in D(X, M).

Proof. For f € Hy(X,) there is a neighbourhood U of X; such that f is analytic
on U. Choose p > d so that X, € U. By the Cauchy integral formula

! d
f(n)( )_ 27[1/ f(;) ¢ (Z c X),

cep) (& — Z)"“

where C(z, p) is the circle with center at z and radius p. Therefore,

Uf(ﬂ)(Z)| - lf|X,, 2mp _ [f|)(/7

nl = 27 pn+1_ o

’

and

= | 1l
EDS VM‘X %D o 7 ! @.1)
" n=0 P

n=0 n
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Now, suppose that f,;, — f uniformly in some neighbourhood of X,;. We can choose
p > d such that |f, — f|y, — 0. Similarly, we have

. . =1 m
lim [If, = fIl < Iim |f, = flx, ) — —— =
n—00 n—00 om M,

m=0

O

PROPOSITION 2.2. Suppose that d is a non-negative real number. Then D(X, M)
contains Ry(Xy) if and only if d(M) < d.

Proof. If d(M) < d then, by Proposition 2.1, Ry(X;) € D(X, M). Suppose that
Ry(Xy) € D(X, M). Let p > d be arbitrary, and let ¢ € C be such that p = dist(¢, X).
By the assumption, if f(z) = 1/(¢ — z) for z # ¢, then f € D(X, M). Therefore

- - V(n)}x !l
V=2 7% =23 5o <
n=0 " n=0 "

This implies that d(M) = limsup,,_, . (n!/M,)"/" < p and, since p > d is arbitrary, we
have d(M) < d. O

COROLLARY 2.3. Ry(X) € D(X, M) if and only if lim,,_, .o(n!/M,)'/" = 0.

DEFINITION 2.4, Let d = d(M). We define Dp(X, M), Dr(X, M), and Dy(X, M)
to be the closure of Py(Xy,), Ro(X,) and Hy(X,) in D(X, M), respectively. These algebra
are simply denoted by Dp, Dg, and Dy.

COROLLARY 2.5. Let d = d(M). Then
() Ho(Xa) € Dp,
(it) Ho(Xy4) € Dg and, consequently, Dr = Dp.

Proof. Forf e Ho(X, 4), thereis p > d such that f € HO(X/ »)- By Runge’s theorem,
there is a sequence (p,) of polynomials such that |p, — f|x, — 0 asn — oo. By (2.1),

1 n!

(o]
12w =Sl < lpn =[x, ﬁ E — 0.

n=0
The proof of part (ii) is similar. O
3. Extension of infinitely differentiable functions. Throughout this section, we

assume that M = {M,,};, is an analytic algebra sequence with d = d(M) > 0, and we
write D for D(X, M). For f € D and for ¢ € X, by Lemma 1.4, we have that

o 5
Ee =Y ¢ o G.1)
k=0 ’

is uniformly convergent in A(z, d), and so the function F. : A(z, d) — C is continuous
on A(z, d) and analytic on D(z, d). A natural question arises here.

Does f € D have an extension in A(Xy)?
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It seems that the answer to this question depends on X. Dales in [3, Theo-
rem 4.4.16 (1)] has answered this question for X = [0, 1] as follows.

THEOREM 3.1. Let X = [0, 1], and let M be an analytic algebra sequence. Then D is
isomorphic to a natural Banach function algebra D on Xy, and D is contained in A(X ).

We answer this question in more general cases.

THEOREM 3.2. Let X be a perfect, compact plane set. Then every f € Dy has a
unique extension F in A(Xy) and |F|x, < |f].

Proof. Let f € Dy. There is a sequence {f,} in Hy(Xy) such that ||f, — f|| — 0. In
particular, {f,} is a Cauchy sequence in D. We show that {f,} is a Cauchy sequence in
C(Xy). Let ¢ € X;. Then there is z € X such that | — z| < d. Since every f, is analytic
in a neighborhood of X, we have

(k)
fn(;)—zf”@—z)k (neN).

Consequently
(k) (k)
— fm
m(o—fm(cn_zv A g -
k=0
V(k) (k)‘x M,
=y P
<|lfn Sl

This shows that |f,, — fiu|x, = 0 asm,n — oo. Let F € C(X;) be the uniform limit of
{ﬁ1} on Xd; then F € A(Xd)aFlX =f> and |F|X4 = hmn—>00 V;fthd =< 11mn—>oo ”ﬁl” = “f”

Suppose that F; € A(Xy,) and Fi|y = f. Since X is perfect, it has a limit point and
this implies that F; = F. ]

COROLLARY 3.3. Let X be a perfect, compact plane set. Then every f € Dp(X, M)
has a unique extension F in A(X4) and |F|5, < |[f|l.

Proof. Letf € Dp. There is a sequence {p,} of polynomials such that ||p, — f| —
0. Asin the proof of Theorem 3.2, |p,, — p|x, — O0asm, n — oo, so that |p,, — p.lg, —
0 as m,n — oo. Let F € C(X,) be the uniform limit of {p,} on X,. Clearly F €

AXg), Fly =f and |Fl3, = iMoo |Palg, = liMysseo [palx, < 1Moo lpall = I£11-
The uniqueness of F follows from Theorem 3.2. ]

In the rest of this section, we try to find sufficient conditions on X to guarantee
that every f € D can be extended to a function F in A(Xy).

LEMMA 3.4. Suppose that X is regular and f € D. Then for every z € X, there exists
r=r(z) > 0 such that f(¢) = F.(¢) for ¢ € D(z, r) N X. In particular, f has an analytic
extension on D(z, r).
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Proof. Letz e X, and let r = d/C., where C. is the constant in Definition 1.2. If
¢ € X,and [¢ —z| < r, then forsome 8 > 1, |¢ — z| < d/(BC.). By Lemma 1.3,

n—1 (n)
tim 1100~ L2 | < pim (L ol
m=0 e ( 1)'
(n)
< lim ((lf |1);,( /,3)”) =0.
This shows that f(¢) = F.(¢), forall ¢ € D(z,r) N X. O

COROLLARY 3.5. Let X be a regular set. Then D C Hy(X).

Proof. Let f € D. By Lemma 3.4, since X is regular, for each z € X, there is
r(z) > 0 such that f = F, on D(z, r(z)) N X. There exist zy, ..., z, € X such that X C
= U]’;l D(zj, r;/2), where r; = r(z;). Define F : U — C by F(¢) = F.,(¢), where ¢ €
D(z;, r;/2). Suppose that D(z;, r;/2) N D(z;, r;/2) # @, for some i,j. Then |z; — z;| <
max{r;, r;} and, therefore, E = D(z;, r;) N D(z;, r;) N X # . Since F,, = F,, on Eand E
has a limit point, F., = F., on D(z;, ri/2) N D(z;, r;/2). Hence, F is an analytic extension
of fon U, and so f € Hy(X). Il

COROLLARY 3.6. Let X be a regular set and a € X. Suppose that f € D and f®(a) =
0, fork > 0. Thenf = 0.

THEOREM 3.7. Let X be aregular set, andlet Q = {(z, w) € X x X : |z — w| < 2d}.
If Q is connected then every f € D has an analytic extension to Q4. Moreover

sup{|F(¢)l : ¢ € Qa} = IIf Il

Proof. Define S = {(z, w) € Q: F.(¢) = Fy(¢), forall ¢ € D(z, d) N D(w, d)}. We
show that S is an open and closed subset of Q.

Let (z, w) € S. By Lemma 3.4, there exist positive numbers r(z) and r(w) such
that F.=f on D(z,r(z))NX, F,=f on D(w,r(w))NX, and moreover, if z; €
D(z, r(z)) and w; € D(w, r(w)) then D(z, d) N D(w, d) N D(zy, d) N D(wy, d) # @. Set
V=D(z, r(z)) x D(w, r(w)),andlet(z;, w;) € VN Q. Then F., = F. =f onD(z, r(z)) N
X and F,,=F,=f on D(w,r(w))NX. Thus F, =F. on D(z,d)ND(z;,d)yNX
and F,,, =F, on D(w,d) ND(w;,d)N X. This shows that F., =F,, on D(z;,d)N
D(w;, d)N X, VN Q C S and, therefore, S is an open subset of Q.

We now show that S is a closed subset of Q. Let (z, w) € @\ S, and let V' be
the neighborhood of (z, w) given in the proof of openness of S in the last paragraph.
Let (z1, w1) € VN Q. Using the same argument, if F. = F,, then F. = F,,. Since
(z,w) € Q\ S, F. # F,, and so F., # F,,. This shows that N Q € Q\ S, and thus
0\ Sisopenin Q.

Therefore, S is a non-empty closed and open subset of Q and, since Q is connected,
we conclude that S = Q, and hence F is the desired extension of f to Q. O

We do not completely know for which X every f € D can be extended to a function
in A(Xy). One may think that if X is a set with the property that each pair z, w of
points in X can be joined by a sufficiently smooth curve within X, then every f € D
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has an analytic extension on €2,. The following example shows that this is not true in
general.

ExXAMPLE. For ¢ > 0 small, let X = {Zeig . —m 4+¢e <60 <m—e¢}. Suppose that
M, =n!and

f(z) =Log(z) =In|z| + 10 (—m <6 <m).

Then f € D and d = 1. Clearly, for ¢ small enough, / has no analytic extension on ;.

4. Maximal ideal space. Dales and Davie in [4] proved that if d(M) = 0, then
M(Dgr) = X and M(Dp) = X. We have the following result.

THEOREM 4.1. Let X be a compact, perfect plane set such that D(X, M) is complete.
Then M(Dg) = X4 and M(Dp) = X4, where d = d(M).

Proof. Let¢ € X;. Wedefine h, : Dp — Cby h:(f) = F(¢), where F is the unique
extension of f/ in A(Xy) given by Theorem 3.2. Theorem 3.2 shows that #, € M(Dpg).

Let h e M(Dg) and ¢ = h(z), where z is the coordinate functional on X. If
. ¢ Xa, — ich 1 4. It is easy to
see that A(f) =f(¢), for all f € Ry(X,). For f € Dg, there is a sequence {f,} in
Ry(Xy) such that |f, — f|| = 0. Again, by Theorem 3.2, ,(¢) — f(¢) and therefore
h(f) = Timy o0 h(f3) = limy 0 fu(8) = f(£).

Similarly, for ¢ € X, define h; : Dp — Cby h;(f) = F(¢), where F is the unique
extension of f in A(X «4) given by Corollary 3.3. By Corollary 3.3, i, € M(Dp).

Let h € M(Dp), and ¢ = h(z), where z is the coordinate functional on X. If ¢ ¢ X4
then E € Dp, which is a contradiction, so that ¢ € X. It is easy to see that h(p) =
p(¢) for all polynomials p. For f € Dp, there is a sequence {p,} of polynomials such
that ||p, — f|| — 0. Again, by Corollary 3.3, p,(¢) — f(¢) and A(f) = lim,_, », h(p,) =
limy,— 00 pu(¢) = f(2). 0

To continue we need some formulae from combinatorial analysis. For m, n € N
with n > m, we take S(m, n) as the set of all (a1, as, ..., a,) € (Z*)" such that a; +
a~+---+a,=m and a; +2a; + - -- + na, = n. For any m € N and any sequence
{Ay} of positive numbers, by [1, Formula B3, p. 823],

<Z Ak) = m! Z Y= H ]_[(Ak)“" @.1)

n=m

where the inner sum is taken over all (a;, az, .. ., a,) € S(m, n). The following equality
for higher derivatives of composite functions is known as the Faa di Bruno’s Formula
(see [1, p. 823]):

n (k) \ %
(F Of)(n) ZF(m)(f)Z l_[a ' l_[ (f ) , (4.2)

m=0

where the inner sum is taken over all (a;, az, . .., a,) € S(m, n).
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LEMMA 4.2. Let K > 0 and {¢,,,} be a sequence of positive numbers such that ¢,, — 0

asm — oo. Then
p » l/p
lim su ) KPP < K.
p (Z (m) (6n) ) <

p=o0 m=0

Proof. Without loss of generality, we may assume that K = 1. For ¢ > 0 there is
N € N such that ¢, < ¢, forany m > N. For p > N we have

P N p
> (D) <2 (2)enr+ 2 (2)e

m=0 m=N+1

N
<" (en)"+ (1 +ey

m=0

N
< 20N+ ) (em)™.

m=0

Hence limsup, (30 _o(2) (ex)™'”? < 1+&, which implies the required
in equality. Il

LEMMA 4.3. Let X be a perfect compact plane set, and let M = {M,};2, be an
algebra sequence. Suppose that A = {f € D*(X) : f € D(X, M)}.

(1) The set A is a subalgebra of D(X, M).

(i) If d(M) =0, then |f|x = |f |sm) for all { € A.

Proof. (i) Let f € A. Since ”“ < W, we have

i V‘(n-H)} g Z V(n+l)| 1 i )(n)|

M1 M, (n+1D)M; ~

n=0 n=0 M,

Hence f € D(X, M), and A € D(X, M). It is easy to see that 4 is, in fact, a subalgebra
of D(X, M).
(ii) Let f € A. For p € N, by the Faa di Bruno’s formula (4.2) we have

B (V0 PR I (L)
KRR 3 3 (7)1 Zw,ﬂ( k!)

n

After interchanging the order of summation, we have

pm 1 1_[ 1(P 1)* V(k)|x "
(m) s 'Zznak' S H(kMkl)

0 n=m

P -m 1 P,y lf(k)| “
(m) it ;Z fai 7, 1] (kMle)
®) \*
(:’l) If'l;( m;/fn Z Z Hak' l_[ (Ljfwk—|i(>

n=m

Mm

I =

3
Il

M~

0

3
I

M~

=<

0

3
Il
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By Formula (4.1),

P

VA=Y (”; ) 1" (/P 1)

m=0

Applying Lemma 4.2, with &,, = ||f||(m!/M,,)"/", we have [7|M(D) < |flx. U

THEOREM 4.4. Let M = {M,},2, be a non-analytic algebra sequence (d(M) = 0),
and let X be uniformly regular. Then B = A, the closure of A in D(X, M), is a natural
subalgebra of D(X, M).

Proof. Since d(M) =0, Ry(X) € B C D'(X). By [4, Lemma 1.5(iv)], D'(X) C
R(X). This shows that B = R(X), where B is the uniform closure of B in C(X). Using
Theorem 1.1, it is enough to show that |f | yp) = |f]x, for all f € B.

Letf € B. Then there exists a sequence {f,} in 4 such that ||f, — fI| — 0asn — oo,
Since |fy — flx < lfu —f Imw) < fa —f1l, we conclude that |f,|mp) = If [me) and
Ifulx = |flx. By the previous result, |/, sy = |fulx and so |f | mp) = If|x- U

Question. Is the subalgebra 4 = {f € D*°(X) : f' € D(X, M)} dense in D(X, M)?
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