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1. Let ft = Hi © ... ©//„ be an abelian group of permutations of a finite non-empty set
S. If Ht is generated by 4>i, let fy,(a) denote the length of the cycle of 4>i containing a. For
any function/on S, let A(J, ft) - {0 e ft \f(j> = / ) . In Theorem 2 we show that, if for every i i= j
and oceS, s^ip) and s^fct) are relatively prime, then A(J, ft) = A(f, i/i)© ... ®A(f Hn) for all
/ , while in Theorem 3 we prove the natural converse.

2. Let ft be a group of permutations of a finite non-empty set S. Let F be the set of all
functions from S into T where T is a finite set containing at least two elements. If/, geT,
then / i s equivalent to g relative to ft if there exists a (f>e ft such that/0 = g. We say that a
permutation <j> e ft is an automorphism of a function/relative to ft if/0 = /. Let A(f, ft) denote
the group of automorphisms of the function/relative to ft. For example, if K is the finite field
of order q, S = K' where r 2: 1, T = K and T = K[xu..., xr], then the above situation reduces
to that considered by Carlitz in [1].

If T= {<*!,...,av} and/eF, let St = {)SeS|/(j9) = a j . We define nf, the partition of/
to be the collection of non-empty Si's. If/, geF with nf = {S1;} and 7rg = {Tj, then / is
equivalent to g relative to Q if and only if there exists a <f> e Q such that 0(S() £ rf for i = 1,..., v.
If we let g = / w e may easily prove

LEMMA 1. Ifcj) is a permutation ofS, then (/> is an automorphism ofa function/ifand only if
the cycles of <f> (regarded as sets) form a refinement ofnf.

Suppose now that ft is abelian and that £2 = / / x © . . . @Hn where each Ht is cyclic gener-
ated by <f>i. If <j> e fi and a e S, let ff^(a) denote the cycle of <}> containing a and s^(a) the length
of <70(a).

THEOREM 2. Le/ ft Z>e as above. If for every i ^ j and cceS, s^,t(jx) and J^(a) are relatively
prime, then

A(f,n) = A(f,H1)®...QA(f,HJ (1)
for allfeT.

Proof. Clearly A(f / / J © ... ®A(f H,^zA(f, ft) and, if ^e#,- , ^}eHj, then ^ , ( a ) a n d

a) are relatively prime. Let aeS and \\ieA(J, ft) so tha t /^ = / ^ i . . . ij/n = / and hence
.. (/'{.(a)) =/(a) for any integer /. By hypothesis and the Chinese Remainder Theorem,

we may choose for each / an integer /, such that /,= 1 (mod^,(a)) and lt=0 (modj
for j ¥= i. Hence ^','... t/#(a) = ^(a) so that /(^,(a)) =/(a), which implies that \j/1 e /!(/,

THEOREM 3. IfQ is as above and(\) holds for allfeT, then for every i ̂  janda.eS,
and Sfjia) are relatively prime.
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Proof. Suppose that for some / ^ j and some a e S, Cfy,(a)> J>/a)) = s > 1. Let \J/i =
and \j/j = 0Jtf/a)/s so that \pieHh IJ/JGHJ and s^oi) - j ^ / a ) = s.

Case 1. <r^,(a) = °v / a ) ( a s sets). Then there exists an integer k such that \jti\l/J
k(ai) = a.

Let ^ = ^ji/'J* so that a^a) = (a). Let S t = {a}, S2 = 5 ^ , n = {Sj, 52} and / be any
function whose partition is n. Then by Lemma l,fi]/ =f4'ili'Jk —f so that ij/iipJkeA(f, Cl).
Since <fy,(a)$ S^ then \J/t4A(f, Ht) so that (1) fails to hold.

2. <r^(a) # <r^(a). Let \ji = \ji-jlij so that (ij/$j)s(a) = a which implies that ^(a) ^ s.
Hence cfy,(a) an(^ cr^(a) cannot both be contained in <r̂ ,(a), so that we may assume that
<fy,(a)$ o^(a). Let St — ff^(a), S2 = •S\S1, 7t = {Sj, S2} and / be any function whose par-
tition is 7r. Then \ji = \j/$yeA(f, Q); but ^^A(J, Ht), so that again (1) fails to hold.
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