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Steady-state thertnotnechanical tnodelling of ice flow near 
the centre of large ice sheets with the finite-eletnent 

technique 
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De/Jartmellt rif Geo/Jh)'Sirs, Ullil'eJ"si{)1 III COPeJI/zagell, ] u!ialle .Haries I'd 30, f) 1,--2100 COjJeJlhagell, Denmark 

ABSTRACT. A finit e-clement model is d eveloped in order to ca lcula te th e 
coupled ice a nd hea t now a nd the surface topograph y in cold , steady-s tate ice shee ts. 
The model deco upl es th e hea t-n ow equa tion and th e surface mass-ba la nce conditio n 
from th e rest of' th e eq ua tions a nd so lves th e problem by a n itera tive method. The 
model is used to examin e th e thermomcchanics of ice di vides . Initi a l studi es of a 
symm et ric, pla ne ice divid e and an ax isymm etri c ice di vid e have led to th e [oll owing 
conclusions, which are consistent with previous results. Th e ice-diyide zo ne is a narrow 
region , onl y a few ice thi ckn esses wide , where the surface slopc drops to ze ro and th e 
now solutio n cha nges . The lo ngitudina l stra in rate is hig h, espec ia ll y in th e upper 
layers, a nd th e \ 'erti ca l \·e locit y is smaller th a n away from the divide, This ca uses th e 
basal tempera tures to increase and th e isochrones to rise . Diverge nt-Qow conditions 
widen th e ice-di vid e zone, whereas th ey do no t innuen cc th c solution a t th c ice divid e. 

INTRODUCTION 

Th e ice-divid c region of large icc shee ts is a zone of specia l 

interest. Lt is rega rd ed an optimal sit e for ice-co rc drilling, 
since th e ice stra tig raph y is minim a ll y di sturbed by th e 
no lV Uohnsen a nd o th ers, 1992 ), Furthermore, th e ice
diyide region prQ\'id es a simpl e no\\' regim e, which is 
uscful for testing now la ws o[ ice. Several m od els have 

been used to ana lyse the conditions close to th e divide in 
large, plane-now ice shee ts (e.g, Raymond , 1983; Hutter 
a nd o th ers, 1986; Pa terson a nd W add ing toll , 1986; Dahl
J ensen, 1989a, b; Hindmarsh and o th ers, 1989; Szidar
ovszky a nd o th ers, 1989; Firestone and oth ers, 1990 ), 
l\Iodelling th e ice diyide is found to be compli cated for 

seve ral reasons: th e longitudin a l stress deviators cannot be 
di sregarded compa red to the shear st resses, which is ofte l1 
d one to simplify th e eq ua ti o ns (sce, for exa mple, 
discuss ion by Hu ller ( 1993 )) ; th e thermodynamics a nd 
th e stress-equilibrium equations are coupled ; ge nerall y, 
th e now pattern is threc-dimensiona l. 

I n this paper, a new model is presented, which sok es 
the ge nera l th erm omecha nicall y co upl ed ice-no", (coupled 
ice a nd hea t now) problem \\·ith a ri'ee su rface for cold 
steady-state ice shee ts using a finite-element techniqu e, 
The model is capable of trea tin g a general plane-now ice 
sheet or a n ax isymmet ri c ice shee t. The finit e-clement 

method has been used previously for modelling ice no\\' 
(e.g . H ooke a nd ot hers, 1979; R aymond, 1983; Pa terson 
and \\'addington , j 984; Hodge, 1985; Ha nson, 1990, 1995; 
Schott a nd ot hers, 1992 ) but none oC thc-se models has 
consid ered the coupled thermomechanical ice-nO\\, pro
bl em. Axisymmetric ice sheets haye been exam in ed 
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pre\'iously U ohnson, 198 1; H utter and others, 1987 ) bu t 
without spec ial emphasis on th e divid e zo ne. H ere, the 

cq ua tions are so lved by d ecoupling the hea t-now eq ua tion 

from the o ther equ a ti ons, as sugges ted by Hutter (1983 ) . 
Furtherm o re, the surface mass- ba lance co ndition is 
decoupled and the surface ca lcula ti on is formul a ted as a 
time evo lution . The capa bility o f the mod el is d emon
stJ'ated by some initi a l mod el experiments, which compare 

th e stead y-sta te now a nd temperat urc fi elds 0(' a symmetri c, 

plane-now ice divide a nd an axisymmetric ice dome. 

THE FLOW MODEL 

Th e model consid ers the slQ\\", incompressible thermo
mechanical now of a la rge, steady-state ice sheet. 

Fig . i, The coordillate .~)'s tell/ seenjioll/ the side . . \ ·otatioll 
iJ fI/Jlaillpd ill th!' tell. I II the lIIodel eI/Jerilllellts !if this 
/Ja/)eJ". Oll()' the j70ll' close to Ihe dit'ide i.1 collsidered 
(illdi{([ted ~J ' the shaded areas) . 
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Governing equations 

Planl' ire J70ll' 
Th e m ode! uses a C a rtes ia n coordin a te sys tem (.L Y. z) 
(F ig. I ) .. r and .Ij a rc th e ho ri zo nta l coo rdin a tes \\' ith the 
. r -a~ i s in th e direcri o n o f" th e Oo \\' a nd z is the \"(' rti ca l 

coo rdin a te . The co rres po ndin g \ 'e loc it y compo nents a re 

d eno ted (n. l' , w) \\'here v = O. \\' hen res tri cted to pl a ne 

11 0\\', th e gO\'(' rning equ a ti o ns a re as fo ll o \\·s. The st ress

eq uil ibri um equa ti o ns a rc 

a nd 

Eh.l : fJa : 
-+--pq=O D./; Dz . ' 

(1) 

\\' here ai a rc the norm a l s tress compo ne nts. Tij a re th e 

shea r-stress com po ne n ts, 9 = 9 .8 1 m s 2 is th e g ra\'i t)' a nd 

p=9 17 kg m :' is th e ice d e nsit y, w hi c h is ass um ed 

co nstan t. Th e st ra in-ra te co m po nen ts a re 

Dw 
f 0 = Dz a llcl f " = ~ ( Dll DW) . 

.1 , 2 D + D 
uZ .1' 

(2) 

w here El a re th e no rm a l s tra in-ra te compo ncll ts, fij a rc 

th e shea r-stress compo nen ts . The loca l mass ba la nce is 
ex pressed b y th e incompress ibilit y equ a ti o n 

Du Du' 
-;:) + -;::) = 0 . 
u:r u Z 

(3) 

Th e iec is ass um ed to d e fo rm as desc ribed h\· Gl en 's 
( 1955 ) ge nera li zed 0 0\\' la\\' 

(4) 

\\ 'here a;j a re th e d e\,ia to ri e s tress compo ne nts, defined b y 

CJ~r == a ,1" + p. a~=ao +p a n d 
, 

a .,. :; == T.r ::. (5) 

I\'here all' is a n a hhre \ 'ia ti o n o f" a',..,., etc., and th e pressure 

p = - ~ (a.,. + az) is th c m ca n compress i\ '(' stress . T" is th e 

efkc ti \,(, stress w here 

(G) 

Th e Il o l\'-I a w expone nt 71 is se t to 3 (Pa t('J'so n, 1994 ) , th e 

Il o ll'-I aw ra le fac lo r A(T*) is a fun c ti o n of tempe ra lure 

T ' = T -7;IlPit measured rela ti\ ,(, to th e pressure-melting 

point 7;1If'it a nd T is tempe ra ture. Fo ll o l\'ing D a hl-J ense n 
( 1989a ), A(T') is se t to 

A(T* ) =(0 .2071 expO:iD7KT' 

+ 0.09833 expo 11717T ' )10- 1.) a- J Pa- 3 (7) 

w ith T * in un its 0 (' c:. Eq ua ti o n ( 7) is a li t to th e 
, \rrh e nius rc la ti o n recomm cnd ed b\' Pat c')'so ll ( 199+) . 

The s tead\,-sta te hea t-n ow equ a ti o n m ay he l\Titt en 

(D a hl-J r nse n , 1989a ) as 

DT DT 1\ ( U2T fJ
2T) 2. 

IL-D +w-D =- ~+ D .) +-(1':7.1'0' 
.1' z pc U.r- z- pc 

(S) 

H l'idberg: Slear(J'-slale I/u'nllollleclialliw/ lIIodelling ~l iccflOl(, 

w here th e th erm a l-h ea t conduct iv it y f: a nd th e spec ifi c

heat ca pac it\ , c o r ice a rc tempe ra ture d e pend e nt ( Fire

sto ne a nd o th ers, 1990 ): 

f{ = 9.S28 exp ( - 0.005 7(T + 273.15)) \\' m - I E - I . 

c = (2098 .1 + 6.9792ST) J kg- I lC I 
. (9) 

Equ a ti o ns ( I )-( 6) a nd (8 ) a rc th e gOI'(:' rnin g eq ua ti o ns fo r 

th e fi e ld s o r l'(' loc it y, st ress, pressure a nd te mpe ra ture of 
stcad y-s tate, pl a ne ice n O \\· . 

A l iJ)'l/1l1le l ric ice .flOll' 

The m od e l uses a cv lindri ca l coo rdin a te sys tem (,i'. e. z) 
(Fig . 11 .. 1' a nd e a re th e ho ri zo nt a l coo rd ina tes . \I·here .r is 

th e rad ia l coo rd in a tc, a nd z is the \ '(' rti ca l coo rdin a te. 

Th e co rres po ndin g \ 'e loci t\' compo nc nts a re ( 1I , 1' ,11 '), 
wh ere /J = O. All ph ys ica l \ 'a ri a b les arc independent o f" B 
a nd th e shea r stresses a lo ng th e B di rcc ti o n a rc ze ro. \\' hen 

res tri c ted to ax isymme tri c 11 0 11', the gOlT rning eq ua ti o ns 

a rc as [o ll oll's II'i th no ta ti o ns a nd definitio ns as a bO\'C. The 

stress-equilibrium equ a ti o ns a re 

VU. r + 07.1' .: + U. r - Uo = 0 
D.l' Dz R 

a n d 

fJT.r: oa: T.ro 
-+-+--pg=O. 
Eh fJ z R 

(10) 

\\ 'he re R = .. t'. The s trai n rate com po ne nt s a re 

Du . 11 . Dw 
f.r fll = -. 

u:r ' R 

f . = ~ (uu fJW ) . 
, - 2 vz + Dz 

E, =-. - UZ 
(11) 

(1'0 = ill: = O. 

Th e loca l mass ba la nce is ex pressed b y th e In com p reSS I

bilit yequ a ti o n 

(./' + f () + fo = 0 
Du u all! 
-+-+-= 0. 
D,r R Dz 

(12) 

The ice is ass um ed to d efo rm as d esc ribecl by G lcn 's 

ge ne ra li zed nOI\ la ll' (Eq ua ti o n H )) , II·ilh th e d C\ 'iato ri c

stress eom po ne n ts de fi ned b y 

alr=a.r+p. all/=ao+p .. a' : =ao +p. 

a' ,l' :; == 7.1' :; et c. (13) 

II'here th e press ure is ]J = -1 (a r + ao + a:), a nd th e 

e fTec ti\ 'e s tress is 

(1-1) 

Th e s tead y-sta te hea t-n OlI' equ a ti o n is here 

DT DT A- ( D2T D2T 1 UT) 2. 
lI -v + (1'-;:;-=- ~+-v·) +-n -v. +-(1':7.1' : ' 

./' uZ pc u.l'- z- ./' pc 

(15) 

Eq uat io ns -+ a n cl 10 1 15 a re th e gOI'(' rn ing equa ti o ns 

lo r th e fi e lds o f \·e!oc it\·, stress , press ure a nd tem pera ture 

o f" steach '-s tate a xi s\'mm e tri c ice Oo\\,. The pa ra m e ter 1/ R 
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H vidberg: Steady-slate tlzermomeclwnical modelling of ice flow 

controls th e effec ts from th e three-d imensiona l stresses . It 
m ay be interpre ta ted as th e radius o f c un'cllure of surface 
conto ur lin es o f' a n ax isymmetri c ice shee t centred a t 
x = O. At th e limit o f 1/ R -7 0, w hi ch co rres ponds to 

pla ne fl ow, Eq ua tio ns (10)-( 15) red uce to th ose for pla ne 

fl ow. 

Boundary conditions 

A kin ema ti c conditi on a t th e s urf~lce is ex pressed as 

8S 8S 
8t = a + W s - Us 8x ' (16) 

where S = S (t , x) is th e ice surface , t is tim e a nd a = a(x) 
is th e acc umula tio n ra te . Equa ti on (16) d e termines th e 

evo luti o n of th e surface to pog ra ph y. T he ice -fl o w 

bound a ry conditi ons at th e free surface a re 

85 85 
O'./, ox = T./' z> T.r z 0.7: = O'z (17) 

w hi ch expresses th a t no stresses a re imposed a t th e 

surface, i. e . th e a tm os ph e ri c pressure is neg lec ted 

com pared to th e stresses in th e ice. At th e surface, th e 
tempera ture 1'., is ass umed LO be a fun c ti on of surface 
elevat ion a nd 

T = 1'., (S(t ,x)). (IS) 

rf th e bedrock tempera tu re is below th e meltin g point 
T,nell, th e hea t-[l ow bound a ry conditi on a t th e base 
B =B(x) is 

8T 
8z 

Q gl'O 

K ' 1i,asc < T melt , (19) 

w here Qgeo is th e geo th erm a l hea t nu x. In thi s case, th e 
ice-now bound a ry conditi o ns at th e base a re ass um ed to 
be 

U=w= O. (20) 

If th e basal tempera tures exceed a tempera ture of a few 
d egrees be low T,,,cit, this no-slip conditi on is LOO str ic t, as 
sliding m ay occ ur a t sub -freez ing tempe ra lUres . N o 

existing th eor y ye t d esc ribes this sliding rea li ·ti ca ll y (see 

disc uss io n in Pa terson (1994)) . H ere, basa l sliding is 
neglected, as th e basa l tempera tures of th e mod el studi es 
prese nted be low we re seve ra l d egrees bel ow T,,,011. 

Bo und a ry conditi ons fo r T> 1';,,<'11 a re no t o f present 
interes t in th e mod el studi es presented in thi s pa per. 

In thi s pa per, on ly th e fl ow close to a n ice-sheet di vide 

is exa mined. Therefore, bounda ry condit ions must be 

specifi ed a t th e ve rti ca l bounda ri es of th e solution d oma in 
(Fig. I ) . The fo ll owin g a p proach is a pplied (W addin g ton 
a nd o th ers, 1986): simp le [l ow conditions a re ass umed a t 
th e ve rti cal bounda ries. The error introdu ced by th e 

d iffe rence be tween th ese profi les a nd th e real fl ow 

condi tions wi ll propaga te severa l ice th ickn esses bac k into 
th e so luti on do ma in. The so lut ion d oma in is th erefore 
ex tended. Once th e now has bee n mod ell ed , only th e [l ow 
in th e o ri g ina l no t th e ex tended region can be considered. 
The hori zo nta l ice-flow bounda ry conditi on is 

11 8 

n + 2 ( (5 -z) 11 + I) 
l£(X, z ) = U11I(X) n + 1 1 - --S (21) 

where 1llll(X) is the d ep th- a \ 'eraged hori zo nta l ve loc ity a t 

th e bound ary obta ined from a g lo ba l m ass-ba la nce 
calc ul a ti on , a nd n is th e now law ex ponent. Th e ve rti ca l 
ice fl ow bo und a ry conditi on is 

as 
T.ro = -pg(S - z) -;:;- . 

ux 
(22) 

Th e sha pes of Equ a ti ons (2 1) a nd (22 ) co rrespo nd to 
th ose of " Ia mina r now" o f iso th e rm a l ice (Pa te rson , 
1994). F o llowing Fircs tone and o th ers ( 1990), th e ap p lied 

hea t flu x is ass umed to be ze ro a t th e ve rt ical bo und a ries , 

i.c. th e hori zonta l tempera ture g radi ent is neglec ted . H ow 

fa r th e effec t from th e bound a ry conditi ons can p ropaga te 
bac k in to th e g rid d epends on th e qua lity of th ese. With 
th e bo unda ry cond itions in Equ a t ions (2 1) a nd (22 ) , a nd 
co u pled ice a nd hea t fl ow, it is necessa ry to ex tend th e 
g ri d 10- 15 ice thi ckn esses (H " id berg, 1993 ). 

Nutnerical solution technique 

T he prob lem is fo rm u la ted in terms of th e \'e loei ty, 
press ure a nd tem per a ture fi e ld s, toge th e r w ith a n 

unkn own surface to pogra ph y. Th e finite-element model 

is based o n th e G a le rkin me th od (Zienki ewicz a nd 

T aylo r, 1989 ) a nd it consists o f three sub-m od els: a 
surf"ace-c\'o luti on sub-mod el, a n ice-llow sub-m od el a nd a 
hea t-now sub-mod e l. The m od el uses nine-nod e, two
dim ensio na l, qu a dri la te ra l e lem ents with a curved , 

iso par a metri c m a pping. The tempera tu re a nd ve locit y 

"ary biquadra ti call y within each element. Th e pressure 
\'a r ies bilinea rl y with in each element. The ice-flow sub
m od el uses 4 x 4 Ga uss ia n q uadra ture a nd a sta nda rd 
Ga le rkin we ig hting . Th e hea t-now sub-m od el uses 3 x 3 
Ga ussia n qu adra ture a nd opt imized Pe t ro,,- Ga lerkin 

weigh ting. 

Th e fl ow solution is found by a n ite ra tive procedure, 

whi ch is fo rmu la ted as a lime evo luti on. A t each time 
step, th e surface is d evelo ped o ne time step a nd th e 
co rres ponding ice- fl ow pa tte rn is calcu la ted , whi le th e 
corres pond ing stead y-sta te [em pera ture fi eld is calcu la red 
a t longe r time inte rva ls. The ite ra tio n is continued unti l 

T able I . T able wilh parameters lIsed in lite model sludies. 
T he parameters njlecl central Greenland conditions 

Initi a l ice thi ckn ess 
Acc umu la ti on ra te 

T henllomechallical models 
Surface tempera ture a t 

3000 m eleva tion 

Surface la pse ra te 
Ceo therma l hea t nu x 

fsolhemza! lIIodels 
l ee telll pe ra tu re 

H 
a 

3025 m 
0 .2m a I 

- 30D C 
- 0 .0 I DC m I 

40 my V m 2 
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Surf. long. stress deviator 
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Distance from divide (m) 
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Fig. 2. LongitudillaL variatiolls of modeL resuLts: SllIface 
slo/Ye (a), basaL temprratures (b), basal shear stress (c) 
and slllface LongitudinaL-stress deviator (d). Dashed lilies 
(A) are Jar the Ihermomeclzanical pLane-flow model. 
Dolled lines (B) are for tlte thermomedzanical ax/sym
metric jlow model. Long-dashed Lines (C) are Jor the 
isothermaL /JLane:flow model. Chain-dashed lilies ( D) are 
Ior Ihe isolhermaL axis),11ll1zetric flow modeL. 

th e surface a nd now soluti o n h ave co nverged into a stead y 

sta te . Initi a l fi e ld s a re se t up a prio ri fro m sim p le a na ly ti c 
profi les in ord e r to speed up th e itera ti o n toward s s tead y 
s ta te. The initi a l surface is a Vi a lov p ro fil e (Pa te rson , 
1994) . Initi a l h o ri zo nta l vel oc iti es a re set up fro m 

E qua ti o n (21). The initi a l verti cal velociti es a re d eri\"Cd 

from Equa ti o n (21) throug h th e incompressibility equ a 

ti o n. T he em e rging matrix equ a ti o ns a re symm etri c in 
pl a ne now bu t t he r eC] ui red process i ng ti m e is ye t 
re lati\'e ly hi g h . 

SYMMETRICAL ICE DIVIDES 

Fo ur symm e tric ice di vides h ave bee n m od e ll ed: a pl a ne
now ice di \· ide a nd a n ax isymmetri c ice d o m e, bo th unde r 
iso th ermal condi tio ns a nd co u pled th erm o m ec ha n ica l 

co nditi o ns. T he purpose of th ese ex pe rim ents is to 

exami ne th e th ermo m ec ha nica l conditio ns in th e \'icinit y 
o f th e ice di vide a nd to o bta in insight into rh e effec t o f" a 
third dim ensio n. T he iso th erm a l m od els a re included fo r 
compa riso n with pre\'io us ice-di vide m od els . Th e mod e ls 

Hvidbelg: Stead),-slate thermomechanical modelling oJ ice flow 

ass ume a ho ri zo nta l bed roc k to pogra ph y, B (x) = 0, a 
co nsta nt geo therm a l h eal nu x a nd a uniro rm acc umula 
tio n rate . T a bl e I co nt a ins th e m od el in p ut. Th e pro fIl es 
a re symm e tric a nd ex tend to a bout 20 ice thi c kn esses 

(70 km ) to bo th sid es o f the di\ ·ide . Th e m od els used 

28 x 7 elem e nts w ith a h orizonta l dim ensio n fro m 100 m 

a t th e di\ ·ide 10 10 km at th e sid es . The soluti o n ca n be 

1.0 "'---'--""'-'---,--,--y---r--,--.--, 
a 

c 
o 
~ 
> 
Q} 

w 

.8 

.6 

.4 

.2 .4 .6 .8 1.0 
Stress 

1.0 "'---'--""'-"'--,-""--..,r-"""-,---'--' 
b 

.8 

.6 

.4 

.2 .4 .6 .8 1.0 
Stress 

Fig. 3. De/Jth pro}tles oI shear-slress and lOllgitudinal-slress 
del'iator for the /JLa lle isothermaL flow model (a) alld tlte 
/Jlalle IhennomechaniraL flow 1II0del (b). The JHo.fiLes are 
sllOwnfor seven locations: 0, one-quarter, one-half, one, Iwo, 
fOllr and len ice Ihickllessesjiom Ihe divide . The profiles al 
Ihe divide are for Ihe limit oJ x ---> O. T he slresses ale 
nonnaLi<:ed, the shear stress with -pg(S - B )oS/ox, alld 
the longiludinal-stress del'iator ~)' lite sll1face longiludinaL
stress del'iator cr~rS' 
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Hl'idberg: Sle(l([J'-slale IlIerll7 olllec/wl/ica/ lIIodellillg oJ ice/70ll' 
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FI/; . 4. Delllll IJroji"le.1 (if hori::,olllal alld l'er licall,pfO(l~J ' cOllljJo ll elltsfor Ihe isolhall/al (lIiJ)'lII lI7elrirj7ow lIIodel (a) . Ihe 
isolhel'llw/ jJlalle-jlow lIIode! (b) alld fo r the Ilu'l'IIlO lIlechallical jJla lle-jlow model (c) . 01 .lfVfII lora liolls: O. olle-quorler . 
olle-Iwlj; olle. Iw(}.j!)//r alld ten ice IhicklleJJes ./roll7 1111' dil'ide . T he Imijdes allhe dil'ide are fo r Ihe !illlil OfT ---> O. The 

jJroji/es (Ire 11 0 rill (Ili:;.eri ~J ' Ihe surfaCl' l'e/ocilies. 

used on ly within a bo ut ten ire thickn esses to each sid e or 
th e di, ·ide. C lose r to th e ' '(' rti cal bo u nd a ri es, th e so lut ion 

is innu enced by th e sim p le sha pe of th e bo unda ry 

conditi ons, as mentioned a bO\·e . 

Th e su rface slo pes (Fig. 2a ) drop sha rpl y a t the d i\'id e. 

as th e rounding a ppea rs w ithin onc ice thi ckn ess from the 
di"ide. This was a lso obse l"\'ed by Da hl-.J ense n ( 1989 b ) 
a nd Sz id a rO\ 'sky a nd o th ers ( 1989 ). The pro b le m o r th e 
sha rp d ro p or th e slope has been recogni zed pre" io usly 

(e.g . :\ l o rl a nd and J ohnso n , 1980; R a )'m ond. 1983; 

Hu tt er a nd o th ers. 1986; H ind m a rsh a nd o th e rs, 1989 ) 
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and is du e to th e use o f' C lcn 's fl ow la w (sce di sc uss ion in 
HUller ( 1993 )) . Th e pl a ne-flo\\' ice d i" id e is stee pe r a nd 
na rrower th a n th e ax isymmetri c ice d om e. The iso th e r

m a l m od e ls ha \ '(' a sha rper di\'id e th a n th e co rres ponding 

th erm om ec ha n ica l m od els due to th e 10 \\'e r tempera ture 

in th e basal laye rs. Basa l tempera tures a re shown ill 
Fig' ure 2b. I n agree m ent \\'ith prev io us m od els, a basa l 
" ho t spo t" is seen a t th e di"icl e (Da hl-Jense n 1989a. b; 
P a te rso n a nd \\'addi ngLO n , 1986; Fires to ne a nd o th e rs. 

1990 ) , which is clue to th e ra pid cha nge o f th e ve rti ca l 

ad\'Crti o n close to the di"id e (sce Fig ure 4 bela y,, ). Th e 
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Fig , 5, , lge de/Jilt relaliolls al Ihe riil'idefor Ihl' isolhermal 
/J/({lIe j70w ({lid ({ l iJ),lII l1let ric lIlodel.l ( bollt dolled lilies) 

({lid Ihe Iliermomec/wlli(({1 fJlalle-jlow alld (lIis),lIllllelric 
lIIodels ( bolh fill! /illes) , 

\I 'id th of' t he- zo ne \I'i th i ncre-ased tem pera t u res is t\l'O to 

three ice thi ckn esses, \I'id es t in th e ax isy m me tri c m od el. 

Th e three-dim ension a l effec ts d o no t innu ence th e bo ttom 

tempera ture a t th e divide, onl y at d ownstrea m pos iti ons, 
Th e bo ttom shea r stresses d ec rease ra pidl y c lose to th e 
di\'ide (Fi g , 2c ) , The d ecrease occ urs o \'(' r t\\'o to three iee 
thi ckll esses, which is a wid e r di\'ide zo ne th a n th a t o f th e 

surface slope, Th e surface long itudina l-stress de \'ia tor 

ri ses a t th e di\'ide (Fig , 2d ) , 

i'\orma li zed d ep th pro fil es at se\ 'C' ra lloca ti ons o f shea r 

stress T.I'Z a nd longitudina l d n' iatori c stress (J" ), (Fig, 3 ) a nd 
0(' \ 'eloc it y (Fig , 4) a re sho \\'ll fo r so m e o r th e m od e ls in 
o rd er to sce how the sha pe o f th e pro fil es cha nges \I'ith 
di stance from th e di vid e, Th e pla ne-now res ults a re 

co nsistent with pre\'io us res ults fo r iso th e rm a l now 

(R ay mo nd , 1983; R ee h, 1988; fo r th e di\ 'id e ) and fo r 

therm o m ec ha nica l now (D a hl-.J ense n , 1989a : Sz id a r
o\'s ky a nd o th e rs, 1989 ) , G enera ll y, the sha pe o f th e 
profiles cha nges fas t close to th e di\'ide b u t. as a /)OI,(" th e 

zo ne \I'ith di \'ide conditi ons is \\'id er in ax isymme tri c nO\l' 

th a n in pla ne no \\" The profil es of \'e rti ea l \'C loe it y displ ay 

th e g rea tes t d iffe rence: in pl a ne nO\l' th e zo ne \\'ith di\ 'id e 
co nd iti ons is a bout onc ice thi ckn ess wiel e, \\'hil e in 
ax isymmetri c now it is m ore th a n fo ur ice thi ckn esses 
w id e, Th e profiles 0 (' shea r s tress a rc dif1('I'l' nt [i'o m th e 

usua l linea r \ 'a ri a ti o ll , whi ch is due to th e rapid cha nge of 

th e long itudin a l st ress d n' ia to r nea r th e di \'id e , It is m os t 

prono unced in th e th erm om ec ha ni ca l m odel , due to th e 
re la ti \'(' ly lI'a rm er tempera tures in th e 101l'(' r pa rts of th e 
ice, Th e no rm a li zed shea r st ress approac hes zero a t th e 
d i\'idc, con t ra ry to th e res ults of Da hl-J ense n 1989a l. 

Age dep th re la ti ons at the di\ 'ide a rc identi ca l 1'0 1' 

pl a ne no\\' a nd axisymmetri c no\\' (Fig, 5 ), The three

dim ensio na l stresses do not a ffcc t th e \ 'lTt ica l \ 'e loc it y 
pa tt e l'll a t th e d i\ 'id e, not e\'(' n w hen d o \\,n strea m 
co nd iti ons o r tem pe ra ture a nd \'(' Ioc it\, a re di[I(· rcllt. 
AII ' a~ ' f'ro m th e di \'ide . th e three-d imcnsio na l eflCc ts 

influcnce th c no\\' pa tt ern a nd th e s urf~lce to pogra phy , 

impl yi ng th a t the co urse o f th e isoc hrones are d ifTc rent fo r 

pl a n e fl o\\' a nd ax is\'mm e tri e fl oll' Fi g , 6a, Th e 

I h idberg: Sle({d)'-sla le Ilienllolllecltalli[([l model lil/g of ice jlolf.' 

isoe h ro nes ri se a t th e d i \ 'ide as [ClLlIld by Da hl-J ense n 

1989 b ). th e rise being sha rpes t in th e pla ne-no\\' m odel. 

i\t th e d i\ 'id e, th e isochrones co inc id e a nd all'ay ri'om th e 

di\'id c th e isoc h ro nes o f th e pla ne-fl o\\' m od e l a rc fo und a t 
d epths g rea ter th a n the co rres ponding is()c h ro nes 0 [' th e 
ax is),mm e tri e fl o \I' m od el. The la rges t differenccs occ ur a t 
a bo ut o nc to tw o ice thi ckn esses fi 'o lll th e d i\ 'id e as a res ult 

o f' a wid e r zo ne \\'ith di\'id c conditi o ns in th e ax isy m 

m ctri c m od e l. '1'0 tes t th e influ ence ('rom a no n-unifo rm 

acc umul a ti on ra te, t\I'O m ode ls \\'ere se t up \\' ith linea rl y 
\ 'a rying acc umulati on ra te be t\I'('en O,2 m a I a t th e d i\' ide 
a nd \, 0 m a I a t di sta nces 0 1' 70 km from th e cli\'id e a nd a ll 
o th e r pa ra m e ters as before, The res ultin g isoc h ro nes fo r 

th ese m ode ls a rc sh o \\'n a t Fig ure 6 b, A ga in , th e 

isoc hro n es co in cid e a t th e di\ 'id e, d Oll'nstrea m ih c 

isoc hro nes diffe r a nd it is seen th a t di\ '(' rgent-n o \I' 
co nditi o ns increase th e e[lcT t fi'o m th c acc umul a ti o n-ra te 
\ 'a ri a ti on , \\'hi ch Il'as a lso pointed o ut b )' R ee h (1989 ) , 

CONCLUSION AND DISCUSSION 

,\ co upl ed icc- and hea t-fl o \l' m odel is d escribed , \I 'hi eh 
m od els th e fl ow of s tead y-sta te, pl a ne a nd ax is\'mmnri c 

ice shec ts, Th e m odel trea ts th e ge nera l se t of equ a ti ons 

desc ribin g th e co upl ed nO\I' o r icc a nd hea t nO\I' \\'ith a 

frce s url~lce by using a finite-c lem ent technique, Th e 
pro blem is formula ted in terms o f' th e fi elds o f \ 'e loc it)', 
press ure a nd tempera ture, a nd a n ice surface in ba la nce 
with th c unkn ow n fi elds, Th e se t o r eq u a ti o ns is 

d eco u p led , a ll o\\'ing threc sub-mod els to be fo rm ed : a n 

ice-nolI' m od e l. a hea t-now m od el a nd a surf'acc-c\'o luti on 

mod el. The so luti on is fo un d by a n ite ra ti\ 'e procedure 

bc twee n th c sub-mod e ls, w hi ch is fo rmul a ted as a t im e 
e\'o luti on , 

The ice-di\'icl e region has bec n exam ined fo r d om es 
di spl aying \'a ri o us d egrees o f di\'(' rge ncc: a symm etri c, 

pl a ne-fl o\\' ice di\ 'id e a nd a n a xi sy ml11 e tri c ice d ome, 

\\' iihin a fe\\' ice thickn esses ('ram th e di \' id e, th e fl o\l' 

pa tte rn a nd th erm a l conditi ons diffe r qu a lit a ti\ '(' I ~' fram 
th e co nditi ons f'urth er d ow nstream: th e longitudin a l 
st ra in rate is hi g h, es pec ia l'" in the uppe r laye rs: th e 

hori zont a l \,(, Ioc it y a nd th e shear stresses \'a nish: th e 

\ 'erti ca l \ '(' Ioc it\, is sm a ll er th a n compa red to th e sid es: due 

to th e d ec rcascd dO \l' ll\l'a rd tra n spo rt of ice , t he 

isoc hro ncs rise a t th e di\'id e, a nd a " ho t sPOt" is fo rm ed 
\) cloll' th e cli\ 'id e \I'ith tempera tures se \ 'e ra l d eg r(, (,s 
wa rm('\' th a n a t th e sides, Th ese res ults a rc all kn o \\'n 

from pre\'ious pla ne-no \\' m od e ls, Othe r res ults a re: 

Di \T rgent-no\I' condi tions o nl y influence th e condi

tions a t elO\l'nstrca m pos iti ons no t a t th e d i\' ide, 
Di \'l'J'gc nt-[lo \\' condi tions \I'icle n th e iee-d i\'ide zo ne: 
\I 'ith res pcct to th e \'C rti ca l \'(' Ioc it\" it is a bo ut onc ice 
thi ckn ess fo r pl a ne nOlI- b ut abo ut :) to 10 ice 

thi ckn csscs fo r ax is),m Jllc tri c fl o \\', 

Th e age d ep th rel a ti onship a t th e di\ 'icl c is ind epen
d ent 0 [' th e three-d im ensiona l s tresses , Th e isoc h ro nes 
r ise a t th e cli \' ic! e. m os t sha rpl y Il'ith p la ne [l o\\', " ' ith a 
unil c) rm acc llmul a ti o n ra te, the isoc h ro nes 0 [' th e 

p la nc-n O\\, 111 0d el a rc fo un d a t g rea ter d epths th a n 

th ose of the ax is\'mme tri c m odel , \\' ith th e la rges t 

diffe rcJl ees a t one to t\l'O ice thi ckn t'sscs from th e 
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Fig . 6. ( a) Th e del) I" o[ eighl selected isoch rolles ( 1.2.5. 10,20, 50, lOO alld 200 k)Iem) .Jor Ihe Iherlllolllech(lIIical plalle

flo w model (filll lilies) alld .Jar the Ihennomechallical a \i~)Immelric flo w model ( dolled lilles) . The models assume a uniform 

accumulation rate at 0.2 III a l (b) Same isoc/irolles as in (a) Jar a Ihermomeclianical plane-flow model (full lines ) and a 
thennomechallical axis..ymmelric flo w model (dolled lines) . The models assume a linear val}ing aCClIlIIlI/atioll ra te between 
0.2 m a - / at the divide and 1.0 III a / at distallces oJ 70 kill Fa}]} the dil'ide. Other model /Jarameters are as ill ( a) . 

di vid e. Di verge nt-Oow condit ions in crease the eITec l of 

upstream va ri a tio ns of the acc umu la ti on ra te. 
It1crease consid era b ly. Furth ermo re, th e mod el is a 

stead y-sta te model. Wh en realisti c ice shee ts a re mod

ell ed , the three-dim ensiona l struc ture of the bedroc k, the 
acc umula tio n ra le pa ttern , e tc. m ay be of grea t im
porta nce a nd tra nsient eflec ts must be considered . Th e 
clim a te condit ions, ex pressed by lempera ture, precipita -

The model in its present form does no t consid er the 
three-dimensiona l se t of equ a ti o ns, mainly beca use th e 
required C PU lime is ye t rela tivel y high a nd it wo uld 

122 https://doi.org/10.3189/S026030550001332X Published online by Cambridge University Press

https://doi.org/10.3189/S026030550001332X


tion , dust, e te. change with time and determine the 
tra nsient varia ti on of the ice th ickness, fl ow pattern and 
temperature fi eld. The historic variations of the climate 

conditions have an important eITec t on the present 
condi tions in the large ice shee ts, as exp ressed by, for 
exampl e, th e age- depth rel a tion (D a hl-Jensen and o thers, 
1993) or the temperature fi eld (D a hl-J ensen and J ohnsen , 
1986; Ritz. 1989) . The model is partl y ca pable of trea ting 
tim e-dependent conditions; th e ca lculation of the free 
surface is formulat ed as a time evolu tion, whi le the 
th ermal inerti a of th e underl ying rock still needs to be 
included in the hea t-flow part . 
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