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ON THE MEAN VALUE OF THE ENUMERATION
FUNCTION FOR MULTIPLICATIVE PARTITIONS

Cao Hui-ZonGg AND Ku TuNnG-HsIN

Let g(n) denote the number of multiplicative partitions of the natural number n.
We prove that

3" s(n) = 0. (" exp(~ (3 ~ ¢) VViog= Toglogz}), ¢ > 0.

ngz

Consider the set T(n) = {(m1, ma, -+, m,) [ n=mmy---m,&m; >1,1<i<
s}. where n and m;, 1 <1 < s,€ N, and identify those partitions which differ only in
the order of their factors. We define g(n) = |T'(n)|, » > 1, and g(1) = 1. For example,
g(12) = 4, since 12 =6.2 = 4.3 = 3.2.2.

The behaviour of g(n) is quite erratic, and apparently has not been previously
studied in this form [3]. In 1983, Hughes and Shallit [3] proved that g(n) < 2nv2, In -
1987, Chen Xiao-Xia [2] proved that g(n) < n. It is easily seen that g(n) = O(n®), a <
1 is not true.

In this paper, we discuss the mean value of g(n) and prove that

3 o(n) = 0. exp{~ (} - ) Viog= Toglog =} ).

ngz

Throughout this paper p(n) is the largest prime factorof n for n > 1, p(1) = 1.

For the proof of the result, we need the following lemmas.
LEMMA 1. Let ¢(z,y) =) ngz 1, then
p(n)<y

P(z,y) = O(z exp{—%ﬂlogﬂ}), for y = z*/5.

PROOF: See [1]. 0
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LEMMA 2. Let n > 1, then Y, d < 1/(p1 —1)n, where p, is the smallest
iy
prime factor of n.

T
PROOF: Let n= [] p{*, p1 <p2<--- < p,. When r =1, we have
i=1"

> a- Bt
d=0__ Pt
“1S il
=
When r > 2, we have
et —1pr -1
> d=
p_l pr—1
algmy =
1 peitl _ Tl pmtl
r—1) < pr <1 —1)n.
) —1 H Pi+1 — )< P —1 H Pi /(o= 1)

0

LEMMA 3. Let n> 1, then g(n)< Y g¢(d).
a|n/(p(n))

r .
PROOF: Let n = HP?” pr <p2 < - < pryo; 21,137 < r.
3
Consider the sets:
Tjisarie = {(pep P pg 7 gDy m, )i

ay an;tz—n .. ‘Ps.a'_l)—j'm2 ceemy,, My > 1’ 2 <1 < 8},

n =prPy
where 0 < j; € a4, for 1 i< r—1, and 0 € j, € a, —1; and where again we identify
those partitions which differ only the order of theu' factors.

We see easily that

ar—1

| Tjyi-ir| = 9 (php;z Pi-r) and T(n) = U U U T51 42+

71=0j3=0 Jr=0

So we have

ap—1

g9(n) = |T(n)| < ZE ZITM i

ap—1

S X ()

J1=0 j2=0 Jr=0

= E g(d).
a|#;
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COROLLARY. g¢(n) <n.

PRrOOF: We use induction on k. When k = 1, we have g(1) = 1. Suppose k > 1
and g(n) < n, for n < k. By Lemma 2, we have

gk+1)< Y gd)< Y d<1/(p-1)(k+1)<E+]1,
ol ey I ey
where p; is the smallest prime factor of (k+1). 0

The above proof is much simpler than the proof given in [2].

PROOF OF THE MAIN RESULT: In Lemma 1, put 8 = (logz/(loglogz))'~*,
0 < 5§ <1 and y = exp{(log z)s(loglog :!:)1_6}. Then we get

1-6/( loge 1-¢6
(1) Y(z,y)=0 (:c exP{_T (loglogz) (loglog =z — logloglog z)})

=0, (z exp{— W(log z)1_6(log log z)s}) .

Since g(n) < n, using Lemma 3 and (1), we get

Yam= 3 s+ 3 am=3+%,

n<z n<z nge
p(n)<y p(n)>y

where

@ X< % n<oble ) =0 exp{- L=V toga)“(oglog =)}

ngz
p(n)<y
and
®) Y Y Y=Y Y 1<y dw
2 n<z oa|-pA< n<z p(n) a]#—; yﬂ€=
p(m)>y P p(n)>y "

=0 (22 log z exp{—(log z)°(log log 2)1-6}) .
Setting 1 — 6 = §, we get § = 1/2. and by (2), (3), we obtain

Z g(n) =0, (zz exp{—(1/4 — €)+/log z - loglog z})

ngz

https://doi.org/10.1017/5000497270001827X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270001827X

410 Cao Hui-Zhong and Ku Tung-Hsin (4]

Forany k > 2, k € N, let (C(s))K = il 7k(n)n~*. Obviously, we have g(n) >
1/(kY)e(n) and 3 g(n) >1/(K!) 3 & (n).

n<z ngz

From Dk(z) = 3 Tk(n) = zpx(log z)+0(z‘"’/" log¥—? a:) [4, 263-264], where

pk is a polynomial of degree (K — 1), and the arbitrariness of K, we obtain that for
any given A > 0, there exists ¢(4) > 0 such that ¥ g(n) > ¢(4)zlog” z, when z is

n<z

sufficiently large.

So, for a lower bound of the mean vlaue of g(n), we conjecture that Y g(n) >
n<z

coz exXp (c1 logA z) » €0,¢1 > 0, 0 <A <1, when z is sufficiently large. 0
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