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ON THE MEAN VALUE OF THE ENUMERATION
FUNCTION FOR MULTIPLICATIVE PARTITIONS

CAO HUI-ZONG AND KU TUNG-HSIN

Let g(n) denote the number of multiplicative partitions of the natural number n.
We prove that

Consider the set T{ri) — {(mj, mz, • • • > "»,) | n = m1m2 • • •mt &n»i > 1, 1 ^ » ^
s}. where n and mi, l ^ i ^ s ^ N , and identify those partitions which differ only in
the order of their factors. We define g(n) = |T(n)|, n > 1, and g{\) = 1. For example,
</(12) = 4, since 12 = 6.2 = 4.3 = 3.2.2.

The behaviour of g(n) is quite erratic, and apparently has not been previously
studied in this form [3]. In 1983, Hughes and Shallit [3] proved that g(n) < 2 n ^ . In
1987, Chen Xiao-Xia [2] proved that g(n) < n. It is easily seen that g(n) = O(na), a <
1 is not true.

In this paper, we discuss the mean value of g(n) and prove that

X) S{n) = Ot ( x
2 exp{- ( - - ej ^/logx log logs} J.

Throughout this paper p(n) is the largest prime factor of n for n > l , p ( l ) = l .

For the proof of the result, we need the following lemmas.

LEMMA 1 . Let if>(z, y) = Y, n*i* l,then
()

rj)(x, y) = 01 xexp{—— /31og/?} I, for y = .

P R O O F : See [1].
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LEMMA 2 . Let n > 1, then £) d ^ l / (pi — 1)», wiere pi is the smallest

prime factor of n.
r

PROOF: Let n = J[ p " ' , pj < p2 < • • • < p r . When r = 1, we have
t=i

When r ^ 2, we have

4
Pi 1 r_i Pi+i 1 pi 1 Pi

D
LEMMA 3 . Let n > 1, then 5(n)< £) g(d).

a|n/(p(n))

PROOF: Let n = Up"', pi < p2 < ••• < p r , a,- ^ 1, 1 < j < r .
i=i

Consider the sets:

-m., rm > 1, 2 < i < «},

where 0 < j j < a<, for 1 < t < r — 1, and 0 < jT < a r — 1; and where again we identify
those partitions which differ only the order of their factors.

We see easily that

Q X(n)= Q
h=0Jl=0 Jr=0

So we have

ii=o«=o

9(d).
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D
COROLLARY . g(n) < n.

PROOF: We use induction on Jb. When k = 1, we have </(l) = 1. Suppose k > 1
and g(n) ^ n, for n < A:. By Lemma 2, we have

where pi is the smallest prime factor of (Jfc + 1) . U

The above proof is much simpler than the proof given in [2].
1"*PROOF OF THE MAIN RESULT: In Lemma 1, put /? = ( logz /^oglogz) ) 1 "* ,

0<6 < 1 a n d y = exp{(logx)*(loglogx)1~*}. Then we get

(1) iK*. y) = O ^ e x p { - l ^ ( i ^ l g ^ ) (loglogx - log log log*)} J

Since g(n) ^ n, using Lemma 3 and (1), we get

where

( 1 ~E n < ,^(x, y) = Og(s2exp{-
n«Jz \

and

2 <
p(m)>y

Setting 1 — S = S, we get £ = 1/2. and by (2), (3), we obtain

3{n) = Oe (x
2 exp{-(l/4 - eWlogx • log log a;}).
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For any k > 2, k G N, let (((s)) = £ Tic(n)n~*. Obviously, we have g[n)
n = l

and rK{n).

FiomDK(x)= X) rK(n)^xPK(logx)+o(x1-1/KlogK-2x\ [4, 263-264], where

PK is a polynomial of degree (K — 1), and the arbitrariness of A", we obtain that for

any given A > 0, there exists c(A) > 0 such that 53 ff(n) ^ c(/l)zlog z, when z is

sufficiently large.

So, for a lower bound of the mean vlaue of g{n), we conjecture that

cozexp lei log* xj , Co,Ci > 0, 0 < A < 1, when x is sufficiently large.
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