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Abstract. A groupiscalled a T-group if all its subnormal subgroups are normal. It
is proved here that if G is a periodic (generalized) soluble group in which all subnormal
subgroups of infinite rank are normal, then either G is a T-group or it has finite rank.
It follows that if G is an arbitrary group whose Fitting subgroup has infinite rank, then
G has the property 7 if and only if all its subnormal subgroups of infinite rank are
normal.
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1. Introduction. A group G is called a T-group if normality in G is a transitive
relation, i.e. if all subnormal subgroups of G are normal. The structure of soluble
T-groups has been described by Gaschiitz [11] in the finite case and by Robinson [12]
for arbitrary groups. It turns out in particular that soluble groups with the property 7'
are metabelian and hypercyclic, and that finitely generated soluble T-groups are either
finite or abelian. More recently, many authors have investigated soluble groups in
which normality is imposed only to certain relevant systems of subnormal subgroups
(see, for instance, [3, 4, 10]), and in most cases it turns out that if such groups do not
have the property 7', then they cannot be too large.

Recall that a group G is said to have finite ( Priifer ) rank r if every finitely generated
subgroup of G can be generated by at most r elements, and r is the least positive integer
with such a property. The investigation of the influence on a (generalized) soluble
group of the behavior of its subgroups of infinite rank has been developed in a series
of recent papers (see, for instance, [1, 2, 6, 7, 8, 14]). In particular, Evans and Kim [9]
have proved that if G is a (generalized) soluble group in which all subgroups of infinite
rank are normal, then either G is a Dedekind group or it has finite rank.

The aim of this paper is to provide further contributions to this topic, studying
groups in which all subnormal subgroups of infinite rank are normal. In fact, our main
result deals with periodic groups with such a property.

Theorem A. Let G be a periodic hyperabelian group whose subnormal subgroups of
infinite rank are normal. Then either G has finite rank or it is a T-group.
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Recall here that a group is called hyperabelian if it has an ascending normal series
with abelian factors. Suitable examples will show that Theorem A cannot be extended
to the case of non-periodic groups. On the other hand, for arbitrary groups the situation
is clear at least when the Fitting subgroup (i.e. the subgroup generated by all nilpotent
normal subgroups) has infinite rank. This is proved by our second main result.

Theorem B. Let G be a group whose subnormal subgroups of infinite rank are normal.
If the Fitting subgroup of G has infinite rank, then G is a T-group.

Most of our notation is standard and can be found in [13].

2. Proofs and examples. It is known that in any 7-group every nilpotent normal
subgroup centralizes the commutator subgroup. Our next two lemmas show that, in
the case of a group G in which all subnormal subgroups of infinite rank are normal,
this holds at least for nilpotent normal subgroups of infinite rank, and actually G is a
T-group, provided that it contains such a subgroup.

LEMMA 1. Let G be a group whose subnormal subgroups of infinite rank are normal,
and let N be a nilpotent normal subgroup of G. If N has infinite rank, then all subgroups
of N are normal in G. In particular, N is a Dedekind group and [N, G'] = {1}.

Proof. Since each subgroup of N is subnormal in G, we have that all subgroups
of infinite rank of N are normal in G, and in particular N is a Dedekind group (see
[9, Theorem C]). Then N contains an abelian subgroup A of infinite rank which is the
direct product of cyclic subgroups. Let x be any element of N so that there exists a
subgroup B of infinite rank of A such that BN (x) = {l1}. Consider the set £ of all
subgroups of finite index of B. For each element L of £, the product L(x) has infinite
rank, and so it is normal in G. Therefore, the subgroup

(x) =[] L{x)

Leg

is also normal in G. It follows that all subgroups of N are normal in G. Thus, the factor
group G/ Cg(N) is isomorphic to a group of power automorphisms of N, and hence it
is abelian so that G’ < Cg(N). O

LEMMA 2. Let G be a group whose subnormal subgroups of infinite rank are normal.
If the centralizer Cg(G') has infinite rank, then G is a T-group.

Proof. As Cs(G’) is nilpotent, it follows from Lemma 1 that all subgroups of C¢(G')
are normal in G. Let X be any subnormal subgroup of finite rank of G. Then Cg(G")
contains a subgroup A4 of infinite rank, which is the direct product of cyclic subgroups
such that 4 N X = {1}. Let £ be the set of all subgroups of finite index of A. For each
element L of £, the product LX is a subnormal subgroup of infinite rank of G so that
LX is normal in G, and hence the subgroup

X=()Lx
Leg
is also normal in G. Therefore, G is a T-group. O

COROLLARY 3. Let G be a group whose subnormal subgroups of infinite rank are
normal. If G contains a nilpotent normal subgroup of infinite rank, then G is a T-group.
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Proof. Let N be a nilpotent normal subgroup of infinite rank of G. Then N is
contained in the centralizer of G’ by Lemma 1 so that C(G’) has infinite rank and G
isa T-group by Lemma 2. ]

LEMMA 4. Let G be a periodic group of infinite rank whose subnormal subgroups of
infinite rank are normal, and let N be a normal subgroup of G contained in G'. If G'/N
is a Cernikov group, then G/N is a T-group.

Proof. The factor group G/Cg(G'/N) is isomorphic to a periodic group of
automorphisms of G'/N, and hence it is a Cernikov group (see [13, Part 1, Theorem
3.29)]). Thus, the centralizer C(G’/N) has infinite rank, and it follows from Lemma 2
that G/N is a T-group. ]

It is well known that any maximal abelian normal subgroup of a nilpotent group
is self-centralizing. Our next result shows that a similar property holds in hyperabelian
groups for maximal nilpotent normal subgroups with class at most 2.

LEMMA 5. Let G be a hyperabelian group, and let N be a maximal element of the set
of all nilpotent normal subgroups of G with class at most 2. Then Cg(N) = Z(N).

Proof. Assume for a contradiction that C5(N) # Z(N). As G is hyperabelian, there
exists an abelian nontrivial normal subgroup A/Z(N) of G/Z(N) such that 4 < Cg(N).
Then A’ is contained in Z(N), and hence

(AN) = A'N'[A,N] = AN’ < Z(N) < Z(AN).

Therefore, the normal subgroup AN of G is nilpotent with class at most 2 so that
AN = N and A4 is contained in N. This contradiction shows that C5(N) = Z(N). [

LEMMA 6. Let G be a periodic hyperabelian group of infinite rank in which all
subnormal subgroups of infinite rank are normal. Then G is soluble.

Proof. Let N be a maximal element of the set of all nilpotent normal subgroups
of G with class at most 2. If N has infinite rank, it follows from Corollary 3 that G is a
T-group, and so it is metabelian. Suppose now that N has finite rank. For each prime
number p, the unique Sylow p-subgroup N, of N is a Cernikov group, and hence the
factor group G/ Cg(N,) is finite (see [13, Part 1, p. 85]). Thus, G/ Cg(N,) is a soluble
T-group, and so it is metabelian. As

Ce(N) =) Ca(N,),
P

it follows that G/ Cg(N) is metabelian. On the other hand, C5(N) = Z(N) by Lemma
5, and hence G is soluble. O

Our next two results deal with the special cases of Theorem A in which the
commutator subgroup is abelian and nilpotent respectively.

LEMMA 7. Let G be a periodic metabelian group of infinite rank in which all subnormal
subgroups of infinite rank are normal. Then G is a T-group.

Proof. By Lemma 2 we may suppose that the centralizer Cs(G’) has finite rank
so that, in particular, the commutator subgroup G’ has finite rank. For each prime
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number p, write
G =K, x Ky,

where K, and K, are the p-component and the p’-component of G’ respectively. As
G /Ky ~K,isa Cernikov group, it follows from Lemma 4 that the factor group G/ Ky
is a T-group. Let x be any element of G’ of prime-power order p”. The subnormal
subgroup (x) K}, is normal in G, and it follows that (x) is normal in G, as the normal
closure (x)¢ is a p-group. Therefore, all subgroups of G’ are normal in G.

Let X be any subnormal subgroup of finite rank of G, and consider the normal
subgroup X N G’ of G. In order to prove that X is normal in G, we may replace G by
G/ X N G, and hence suppose that X N G’ = {1}. Then X is abelian, and it is enough
to show that all its primary components are normal in G so that it can also be assumed
without loss of generality that X is a p-group for some prime number p. In the factor
group G = G/ K,, the subnormal subgroup X is a Sylow p-subgroup of XG’ so that it
is normal in G, and hence X K, is a normal subgroup of G. On the other hand, the
factor group G/K,, is a T-group, and so also XK, is normal in G. It follows that

X =XK,N XK,
is normal in G. Therefore, G is a T-group. O

LEMMA 8. Let G be a periodic group of infinite rank in which all subnormal subgroups
of infinite rank are normal. If the commutator subgroup G’ of G is nilpotent, then G is a
T-group.

Proof. Assume for a contradiction that G is not a T-group so that by Lemma 7 the
subgroup G’ cannot be abelian. Then it follows from Lemma 1 that G’ has finite rank.
For each prime number p we have

G =K, x Ky,

where K, is a p-group and K, is a p’-group. As G'/K, ~ K, is a Cernikov group,
Lemma 4 yields that G/K, is a T-group, and, in particular, it is metabelian. On the
other hand,

(K = {1},
V4

and hence G is metabelian. This contradiction proves the lemma. 0

We are now ready to complete the proof of our main statement.

Proof of Theorem A. Assume for a contradiction that the statement is false. In
particular, the group G has infinite rank and so it is soluble by Lemma 6. Thus, the
counterexample G can be chosen with a minimal derived length. Let A be the smallest
nontrivial term of the derived series of G. It follows from Corollary 3 that A has finite
rank so that G/ A has infinite rank and hence it is a 7-group by the minimal choice of G.
In particular, G’/ A is abelian and 4 = G”. Let p be a prime number such that 4 contains
elements of order p, and let 4, be the p’-component of 4. Then G/A, is likewise a
counterexample, and hence without loss of generality we may suppose that 4, = {1}
and 4 is a p-group. It follows that G/ Cg(A) is finite and K = Cg(A4) has infinite rank.
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As K'A/A is abelian, the subgroup K’ is nilpotent, and it follows from Lemma 8
that K is a T-group. Then Cg(K’) coincides with the Fitting subgroup of K, and it
is a Dedekind group. On the other hand, the centralizer Cs(A4) is a nilpotent normal
subgroup of K so that Cs(A) is also a Dedekind group. Since the index |G’ : Cg(A4)|
is finite, it follows that G’ contains an abelian subgroup of finite index. Then G’ also
contains an abelian G-invariant subgroup B of finite index, and another application
of Corollary 3 yields that B has finite rank. For each prime number ¢, let B, be the
¢'-component of B. Then G'/By is a Cernikov group, and so G/By is a T-group by
Lemma 4. In particular, G/B, is metabelian so that G” is contained in B, and hence
G is metabelian because
() By = {1}.
q

This contradiction proves the theorem. ]

The following example shows that the statement of the main theorem becomes
false for non-periodic groups, even in the metabelian case.

Let 4 be the additive group of rational numbers, and for each prime number p
let x, be the automorphism of 4 defined by setting ax, = pa for each element a of 4.
Then

X=D
pr<xp)

is a free abelian subgroup of infinite rank of the full automorphism group of 4, and
the semidirect product

G=XxA

is a torsion-free metabelian group. Clearly, A is a minimal normal subgroup of G,
and so G is not a 7-group. On the other hand, it is easy to show that any subnormal
subgroup of G either is contained in A or contains A; in particular, all subnormal
subgroups of infinite rank of G contain 4 and hence they are normal in G.

As the above example is torsion-free, one could ask whether our main theorem
could be generalized to arbitrary soluble groups, looking at the behaviour of periodic
subnormal subgroups. However, our next example shows that there exist metabelian
groups containing a periodic subnormal non-normal subgroup, but in which all
subnormal subgroups of infinite rank are normal.

Let p be an odd prime number, and let P be a group of type p*°. If U is the full
automorphism group of P, the semidirect product H = UX P is a soluble T-group
of infinite rank. Now consider a cyclic group (x) of order p, and the direct product
G = H x (x). Then every subnormal subgroup of infinite rank of G contains P, and
so it is normal in G; on the other hand, if a is an element of order p of P, the finite
subnormal subgroup (ax) is not normal in G. Note also that the group G is residually
T.

In order to prove Theorem B, we need the following classical result of Carin
concerning normal subgroups of finite rank in locally nilpotent groups (see, for
instance, [13, Part 2, Lemma 6.37).

LEMMA 9. Let G be a locally nilpotent group, and let A be a torsion-free abelian
normal subgroup of G of finite rank r. Then A is contained in the rth term Z,(G) of the
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upper central series of G, and the factor group G/ Cg(A) is a torsion-free nilpotent group
of finite rank.

A group is said to be Aypercentral if it coincides with the last term of its upper
central series. Then any nilpotent group is hypercentral, and all hypercentral groups
are locally nilpotent. Moreover, since in a group with torsion-free centre all factors of
the upper central series are likewise torsion-free (see, for instance, [13, Part 1, Theorem
2.25]), it follows from Lemma 9 that in any locally nilpotent group G each torsion-free
nilpotent normal subgroup of finite rank is contained in some term with finite ordinal
type of the upper central series of G.

LEMMA 10. Let G be a torsion-free hypercentral group whose subnormal subgroups
of infinite rank are normal. Then either G has finite rank or it is a T-group.

Proof. Let A be a maximal abelian normal subgroup of G. If 4 has infinite rank,
then the group G has the property T by Corollary 3. Suppose that 4 has finite rank.
As Cg(A) = A, it follows from Lemma 9 that G/A has finite rank, and hence G itself
has finite rank. O

Recall that the group G is called a Fitting group if it is generated by nilpotent
normal subgroups, or equivalently if G coincides with its Fitting subgroup. Clearly,
any Fitting group is locally nilpotent, and all its cyclic subgroups are subnormal.

LEMMA 11. Let G be a Fitting group whose subnormal subgroups of infinite rank are
normal. Then either G has finite rank or it is a T-group.

Proof. Assume that the statement is false, and let G be a counterexample. Then all
nilpotent normal subgroups of G have finite rank by Corollary 3. If  is the subgroup
of G consisting of all elements of finite order, it follows from Lemma 9 that the torsion-
free group G/ N is hypercentral, since it is generated by torsion-free nilpotent normal
subgroups. Moreover, G/N is a T-group, because if N has infinite rank, the property
T is a direct consequence of the hypothesis, whereas if N has finite rank, we can
apply Lemma 10 to G/N. Therefore, the Fitting group G/N is abelian, and hence G’
is periodic. If G’ has a infinite rank, it follows from Theorem A that it is a T-group;
then G’ is a Dedekind group, and so G is a T-group by Corollary 3. This contradiction
shows that G’ has finite rank, and so G/ G’ has infinite rank.

Let K be any G-invariant subgroup of finite index of G'. Then G/K is a nilpotent
group of infinite rank so that it is a Dedekind group and hence |G’ : K| < 2. It follows
that G’ = P x Q, where P is an infinite p-group and Q is a p’-group. Moreover, P is
nilpotent and satisfies the minimal condition on subgroups so that P/Z(P) is finite (see
[13] Part 1, Theorem 3.14) and there exists finite characteristic subgroup Py of P such
that P/ Py is the direct product of n subgroups of type p> for some positive integer 7.
The factor group G/ Py Q is clearly a counterexample, and hence replacing G by G/PyQ
we may suppose without loss of generality that G’ is the direct product of n groups
of type p>. Let X be any nilpotent normal subgroup of G. Then the product XG’ is
nilpotent, and so

/ —
(G X, X] =11}
As G is generated by its nilpotent normal subgroups, it follows that

https://doi.org/10.1017/5S0017089513000323 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089513000323

NORMALITY IN GROUPS OF INFINITE RANK 393

so that G is nilpotent, and this last contradiction completes the proof of the
lemma. O

Our second main result is an almost obvious consequence of Lemma 11.

Proof of Theorem B. Let F be the Fitting subgroup of G. Then F is a Fitting group,
and so it follows from Lemma 11 that F is a T-group. In particular, F is nilpotent, and
hence G is a T-group by Corollary 3. O
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