
MAXIMAL SUBGROUPS OF INFINITE SYMMETRIC GROUPS 

F r e d R i c h m a n 

( r ece ived D e c e m b e r 12, 1966) 

The p u r p o s e of th is p a p e r i s to extend r e s u l t s of Ba l l [ l ] 
c o n c e r n i n g m a x i m a l subg roups of the g roup S(X) of a l l p e r m u 
ta t ions of the infinite se t X . The b a s i c idea i s to c o n s i d e r 
S(X) a s a group of o p e r a t o r s on ob jec t s m o r e compl i ca t ed than 
X . The ob jec t s we c o n s i d e r h e r e a r e s u b s p a c e s of the Stone-
Cech compac t i f i ca t i on of the d i s c r e t e s p a c e X and the Boo lean 
a l g e b r a of "big s e t o i d s " of X . 

In [ l ] B a l l exhibi ted s e v e r a l c l a s s e s of m a x i m a l s u b g r o u p s , 
to wi t : 

I . All p e r m u t a t i o n s which fix ( se twise ) a f ini te s u b s e t of 
X. 

I I . All p e r m u t a t i o n s which " a l m o s t " fix an infinite s u b s e t 
A of s m a l l e r c a r d i n a l i t y than X . 

III . All p e r m u t a t i o n s which e i the r a l m o s t f ix or a l m o s t 
i n t e r c h a n g e two c o m p l e m e n t a r y s u b s e t s of X of the s a m e c a r 
d ina l i t y . 

In th is p a p e r we sha l l extend c l a s s e s I and III . 

Be fo re s t a r t i n g we fix s o m e nota t ion and t e r m i n o l o g y . If 
A and B a r e s e t s A + B m e a n s the s y m m e t r i c d i f fe rence of 
A and B , | A | i s the c a r d i n a l i t y of A . The symbo l < > i s 
used to denote the group gene ra t ed by w h a t e v e r i s p laced wi th in . 
A p e r m u t a t i o n cr a l m o s t f ixes an infini te s e t A if | A + O " A | < | A | . 
A l m o s t i n t e r c h a n g e and a l m o s t p e r m u t e then have the obvious 
m e a n i n g s . A group of o p e r a t o r s G is t r a n s i t i v e on s e t s of type T 
if any 1-1 c o r r e s p o n d e n c e be tween two s e t s of type T i s r e a l i z a b l e 
by (the r e s t r i c t i o n of) an e l e m e n t of G . S m a l l G r e e k l e t t e r s 
wi l l d e s i g n a t e o p e r a t o r s ( e . g . p e r m u t a t i o n s ) , s m a l l R o m a n l e t t e r s 
the e l e m e n t s they ac t upon. 
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1. A change of scene. To extend class I we change the 

domain of S(X) from X to suitable subspaces of the Stone- Cech 

compactification of the discrete space X . The relevant theorem 

concerns maximal subgroups of groups acting on sets. 

THEOREM 1. Let G be a group acting on an infinite set 
S . Suppose G is transitive on finite subsets of S . If J is a 
nonempty finite subset of S , set H = { T T € G | T T J = J } . Then H 
is a maximal subgroup of G . 

Proof. Let TTÉGVH . We first show the existence of a 
cr € < H, TT > such that J 0 cr J = 0 . Choose cr ç < H, TT > mini
mizing | jflcr J| . If cr is not as desired then there exist 
x, y e J such that crx ^ J , cry € J . Choose r e H such that T(cry) = x 

and f (crz) ̂  cr J for all z e J such that crz ̂  J . Then CTTCT €<H,TT > 
contrary to the minimality of cr . 

We now show that G = <H, cr> . Let p e G . Choose X € H 
-1 -1 

such that (X cr J) O (p J) - 0 and JJL e H such that \xp Xcr J = cr J . 
Then cr jjLp Xcr e H and so p€<H,cr> . 

Observe that distinct finite sets J give rise to distinct 
maximal subgroups H . 

If X is an infinite set let pX be the set of all ultrafilters 
on X , i .e . the Stone-Cech compactification of the discrete space 
X . We note that S(X) acts on pX in a natural way. Two points 
of pX are said to be equivalent if there is an element of S(X) 
taking one to the other. 

THEOREM 2. If S is an equivalence class of ultrafilters 
then S is infinite and S(X) is transitive on finite subsets of S . 

Proof. Let ^ e S , Ae 3 . If ? is fixed (i .e. is an 
element of X) the theorem is trivial. Otherwise A = BIJ C , 
BDC = 0 , |B | = |C | = | A | . Then, say, B € ? , C ^ 3 . 
Partition C into an infinite number of copies B. of B . Clearly 

there exist IT. € S(X) such that TT.B = B. and so TT. 3 are all 
l i l l 

distinct and in S ; hence S is infinite. 

Now suppose *J J , . . . , cf are distinct elements of S and 
1 n 

s i m i larlv je Jf Choose A.€ J. such that A.O A. = é 
I n J J i J Y 
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for i i j . Le t IT . € S(X) be such tha t TT . 3 . = <$ . . We m a y 
J J J J 

a r r a n g e to have TT .A.H TT.A. -as for i i j and | X \ M A . I = 
J J i i r i 

IXXll-n-.A. I • Choose TT € S(X) such that TT I A. =TT . I A. , 
i i J J J 

j = 1, . . . , n . Then TT J. = ^ . , j = 1, . . . , n . 

COROLLARY. If J i s a finite se t of equ iva len t u l t r a -
f i l t e r s on X then the s e t of a l l TT € S(X) such tha t TTJ = J i s a 
m a x i m a l subgroup of S(X) . 

2 | x | 
COROLLARY. T h e r e a r e 2 m a x i m a l subg roups 

oî S(X) . 

2 . Another v iew. In th i s s ec t ion we take a look at our 
extended c l a s s f r o m another angle and o b s e r v e s o m e of the 
l i m i t a t i o n s to f u r t h e r ex t ens ion . If TT e S(X) we denote by f s TT 
the fixed se t of TT , i . e . the e l e m e n t s x e X such that TTX = x . 
We u s e the no ta t ion spt TT to stand for the s u p p o r t , X \ f STT , of TT . 

PROPOSITION 1. Le t J be an u l t r a f i l t e r on X . Then 
TTJ = 3 < = > fsiT € of . 

P roof . < = If F e ? s o i s F p | f STT . But F O f s T r C - r r F . 
Thus TTF € 7 . 

= > If fsTT^GF then sptTT€jF . By examin ing the 
c y c l e s of TT it i s c l e a r that we can b r e a k up spt TT into a d i s 
jo in t union A U B U C w h e r e TTA = B , T T B C C U A and i r C C A . 
Since exac t ly one of A , B and C i s in cf th i s c o n t r a d i c t s 
TT 3f = Î . 

By an n - p a r t i t i o n of X we m e a n a p a r t i t i o n of X into s e t s 
of c a r d i n a l i t y n . If {X .} , ie I , i s an n - p a r t i t i o n of X and Z 

i s an u l t r a f i l t e r on I we can define a subgroup H of S(X) a s 
{TT 6 S(X) I 3 F € 2t , TTX. = X. for a l l i € F } . 

i l J 

PROPOSITION 2 . H i s a subgroup a s s o c i a t e d with an 
n - p a r t i t i o n of X <—> H - {TT € S(X) |TT J = J } w h e r e J i s a s e t 
of n d i s t i n c t equ iva len t points of p X . 

P roof . =S> Labe l the poin ts in X., x. , , . . . ,x. . L e t 
l i l m 

f x . . = x . . . JV (mod n in the second index) . Le t *J t be the 
ij i ( j + l ) 1 

u l t r a f i l t e r on X g e n e r a t e d by the u l t r a f i l t e r induced on {x. . ) 

by the u l t r a f i l t e r ? on I . Set 3f . = T J " J for j = l n 
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and le t J = { *$. } . We sha l l show tha t u J = J i m p l i e s TT € H 

and by the m a x i m a l i t y of {TT | IT J = J } and the p r o p e r n e s s of H 
we a r e d o n e . 

If TT 4 H then { i TT X. i X . j e 3f and t h e r e f o r e t h e r e i s a j 
l l J 

such tha t { i l T T X . e X j e ï and t h e r e f o r e i s a j such tha t 1
 IJ i J o 

{i ITT x. . = x. . for s o m e i i i\ = F € 7 . C l e a r l y TT 7 . = 3. 
U i o J o o T j J O 

Cons ide r the funct ion g : F - > I , g(i) = i . Le t A C F be m a x i m a l 

wi th r e s p e c t to g(A) f lA = 0 . Then F = A U (g(A) 0 F ) U ( g ~ 1 ( A ) O F ) . 
Now A ^ T l e s t a l s o g(A) e J . On the o the r hand g(A) (f J b e 
c a u s e F ^ A and t h e r e f o r e g ( F \ A ) i s in Gf (note tha t g is 

- 1 . 
1-1) . F i n a l l y g (A) $ 7 l e s t A € J- , comple t ing the c o n t r a 
d i c t i on . 

< = Let J = {ir, 3 , . . . , TT 7 ) , T T . € S(X) , 3 an u l t r a f i l t e r 
1 n J j 

on X . Choose F e 5 such tha t the TT.Ffs a r e m u t u a l l y d i s jo in t 

and the i r union has inf ini te c o m p l e m e n t . F o r x . e F se t 

X. = {TT , x . , . . . , TT x. ) and e n l a r g e to an n - p a r t i t i o n of X . j 
l L 1 l n lJ 

i nduces an u l t r a f i l t e r on th is n - p a r t i t i o n and we get an a s s o c i a t e d 
p r o p e r subgroup H . Again, i t suff ices to show tha t TTJ = J 
i m p l i e s TT e H and the proof is the s a m e a s a b o v e . 

O b s e r v e tha t we ga in no g e n e r a l i t y by c o n s i d e r i n g p a r t i t i o n s 
of X into s e t s of c a r d i n a l i t y £ m for if 3* is an u l t r a f i l t e r on 
such a p a r t i t i o n we m a y a lways find an n and an F e *J such tha t 
e v e r y s e t of the p a r t i t i o n indexed by F is of c a r d i n a l i t y n . On 
the o the r hand we d a r e not a l low unbounded p a r t i t i o n s in v iew of: 

P R O P O S I T I O N S . Le t J be an u l t r a f i l t e r on the i ndex 
s e t of a p a r t i t i o n of X such tha t if F € 7 then the s e t s X. , 

1 1 

i € F , a r e not of bounded f ini te c a r d i n a l i t y . Then the subgroup 
H = {TT6 S(X)1 for s o m e F € 7 , TTX = X. for a l l i c F ) is not 

l l 

m a x i m a l . 

P roo f . Le t H = {TT € S(X) | for s o m e F € 5T and n , 
ITTX. + X. I < n for a l l i e F ) . It i s r e a d i l y ve r i f i ed tha t H i s 
' l i — J 

a subg roup and H ^ H S; S(X) . 
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3 . O p e r a t o r s on Boo lean a l g e b r a s . In o r d e r to extend the 
th i rd c l a s s of m a x i m a l subgroups we view S(X) as act ing on the 
Boo lean a l g e b r a of s u b s e t s of X modulo the idea l of s u b s e t s of 
c a r d i n a l i t y l e s s than X . Th is puts the not ions of " a l m o s t 
f ix ing" and " a l m o s t i n t e r c h a n g i n g " in the i r p r o p e r s e t t i ng . The 
r e l e v a n t t h e o r e m c o n c e r n s m a x i m a l subgroups of g roups act ing 
on Boo lean a l g e b r a s . R e c a l l that a Boo lean a l g e b r a B i s 
a t o m l e s s if whenever b c B and b | 0 t h e r e ex i s t s an a e B such 
that 0 ̂  a ^ b . 

THEOREM 3 . Le t B be an a t o m l e s s Boo lean a l g e b r a 
and G a group of o p e r a t o r s on B which i s t r a n s i t i v e on finite 
s e t s of n o n z e r o d is jo in t e l e m e n t s whose s u p r e m u m is 1 . Let 
a . , . . . , a be such a set , n > 2 . Let H = {IT € Gl for al l i t h e r e 

1 n -" ' 
ex i s t s a j , ira. = a . } . Then H is a m a x i m a l subgroup of G . 

P roof . We f i r s t t r e a t the c a s e when n = 2 . Let T T € G \ H 

We wish to show tha t G = <H, TT> . P a r t i t i o n G \ H into five 
c l a s s e s of e l e m e n t s : 1. ira < a ; 2 . ira, < a : 3 . ira > a j 

1 1 1 2 1 1 
Tra, > a : 5 . a l l o t h e r s . 

1 2 
If i s in a c l a s s C it is c l e a r 

tha t C C <H, TT > . T h e r e f o r e we need only show that if IT i s in 
a c l a s s C and D i s any c l a s s then t h e r e is a f e D such tha t 
Te <H, TT> . We employ a s e m i - c i r c u l a r proof. 

Let 

C = 1, D = 2 

C = 2, D = 3 

C = 3, D = 4 

C = 4, D = 1 

C = 1, D = 5 
- 1 

a ^ y\ TT a = z 
2 1 

Let T = (TTT w h e r e era 

Le t T (O-TT) 
- 1 

1 

cr as above . 

Le t T = CFTT , c as above . 
- 1 

Let T = (cr-rr) , cr as above . 

Le t Tra = xs / y w h e r e x, y £ 0 and x ^ y = 0 

v x w h e r e x , zt i 0 and x A Z = 0 . Le t 
1 1 1 1 1 1 

- 1 
a \ T T a = z v y w h e r e y , z ^ 0 and y A Z = 0 ( these s t e p s 

£ J. £ j. J. ^ j. £* 

a r e just i f ied by the fact that B i s a t o m l e s s ) . Choose cr such tha t 
Set r = TTCTTT . crx = x , cry y , cr(a \ ita ) = z v z and era = a 

1 1 1 1 2 2 1 

^2 2 

C = 5, D = 1: Le t x. , v. , z. , u i 0 be such tha t u A u^ = 0 , 
l l l l ' . 1 2 

- 1 
0 , Tra = x v y- , x < a , y < a , TT a 

1 1 1 1 1 1 2 1 
x v y v z 

2 y2 2 
X 2 < a i ' ( Y2^ 

z ) < a , a \ y 
2 ; 2 2 y l 

u v u 
1 2 

crx. X , cry 
2 y l 

y , cru = z , cru = a \ ( y ^ < y2 1 2 2 2 y 2 

Choose cr such tha t 

z ), cr(a \ x ) = a \ x 
2 1 1 1 2 
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N o t e t h a t era = a . S e t ** = ITCTTT . 
1 1 

F o r n > 2 t h e p r o o f b r e a k s i n t o t w o p a r t s : 

(i) If T T ^ H t h e n t h e r e i s a T € < H , T T > s u c h t h a t r ^ H a n d 
T a . = a . f o r s o m e i and j ( and w e m a y j u s t a s w e l l a s s u m e 

I J 
i = j = 1 ) . 

( i i ) If r i s a s a b o v e t h e n , b y i n d u c t i o n , < H , f > c o n t a i n s 

a l l (T s u c h t h a t f o r s o m e i and j , era. = a. . U n d e r t h i s a s s u m p 

t i o n w e s h o w t h a t a n y TT i s a n < H , T > . 

- 1 
(i) P r Q Q f • IT a . h a s n o n t r i v i a l m e e t w i t h t w o a . ' s f o r 

s o m e j l e s t TT € H . W i t h o u t l o s s of g e n e r a l i t y w e m a y a s s u m e 
t h a t i ra^ and u a , h a v e n o n t r i v i a l m e e t s w i t h a t . L e t 

2 3 1 
a A ira = x v y , a A Tra = z v w, x , y , z , w , f 0, x A y = z A W = 0 . 

L e t cr f i x a l l e l e m e n t s a. A Tra., ( i , j ) f ( 1 , 2 ) , ( 1 , 3 ) , i n t e r c h a n g e 
1 J - 1 

x and z and f i x y and w . S e t ** = TT CTTT . T h e n a e H and 
l ' a = a b u t T a m e e t s a and a^ and h e n c e T 4 H . 

I I 2 2 3 T 

( i i ) P r o o f . L e t x . . = TT a . A a , y . = a A ira = TTX 
i j j i i j j i i j 

- 1 \ / 
O b s e r v e t h a t a . = \ / x . and TT a . = V x . . . 

i j i j J i i j 

(1) We m a y a s s u m e t h a t Tra, < a and i r a , > a j . F o r 
1 -+• 1 1 •+" 1 

c o n s i d e r i ra . v i s à v i s a . We c a n n o t h a v e Tra. < a , f o r a l l j . 

If Tra. _> a s i m p l y c h o o s e s o m e o t h e r j . We m a y a s s u m e t h a t 
j = 1 s i n c e i t w i l l s u f f i c e to p r o v e TT cr i s i n < H , T > w h e r e 
era, = a . . 

1 J 

(2) We m a y a s s u m e t h a t x f 0 . F o r if i r a . <̂  a f o r 

a l l j \ 1 , r e v e r s e t h e r o l e s of 1 and 2 . O t h e r w i s e u s e s u i t a b l e 
i n t e r c h a n g e s f i x i n g a . 

(3) C h o o s e X s u c h t h a t 

\ x . . = y . . f o r i, j H ( i , j ) \ ( 2 , 2 ) 

X y i l = Y i l 

Y, '"il = Y22 
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22 X , ' l j 

Note tha t Xa = a 
1 1 

- 1 
(4) Cons ide r cr = X. ir 

°"Xij = X i j f ° r i , j * 1 ( 1 , j ) * ( 2 ' 2 ) 

°"x. . = y 
i l i l 

<rx = V x 
22 . + 1 i l 

« l j £ X22 j * * 

We can conclude 

c a . < a v a^ 
1 — 1 2 

era. < a , v a. i i 1, 2 . 
l — 1 l ' 

If era f a v a ^ w e c a n find p fixing a , . . . , a such tha t 

ptra, = a, . If era, = a v a^ then da o i a v a0 and so we can K 1 1 1 1 2 3 T 1 3 
find p fixing a . a . . . . , a such that per a^ = a^ . In any event 

2 4 n 3 3 
- 1 

p \ IT f ixes an a. as do p and \ . 
J 

COROLLARY. If X i s pa r t i t i oned into a f ini te n u m b e r of 
s e t s of equa l c a r d i n a l i t y then the subgroup of S(X) which a l m o s t 
p e r m u t e s t h e s e s e t s i s m a x i m a l . 
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