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COMMUTATIVE COHERENT RINGS 

EBEN MATLIS 

Throughout this paper R will be a commuta t ive ring with 1. T h e 
purpose of this paper is to provide two new characterizations of coherent 
rings. The first of these characterizations shows tha t the class of coherent 
rings is precisely the class of rings for which certain dual i ty homomor-
phisms are isomorphisms. And the second of these characterizat ions shows 
tha t the class of coherent rings is precisely the class of rings for which 
the endomorphism ring of any infective module is a flat module. We can 
show as a consequence t ha t the endomorphism ring of a universal in
fective i^-module is a faithfully flat i^-module whenever R is a coherent 
ring. 

Definition. We shall say t h a t an i^-module £ is a universal infective 
i^-module if E is an injective i^-module, and if given an i?-module A 
and non-zero element x £ A there exists an i^-homomorphism / : A —> E 
such tha t fix) ^ 0. I t is easily seen tha t the following s ta tements are 
equivalent: 

(1) £ is a universal injective i^-module. 
(2) £ is a injective i^-module, and if * is the functor H o m K ( —, E), 

then the canonical m a p A —>^4** is a monomorphism for all i^-modules 
A. 

(3) E is an injective /^-module, and every i^-module can be embedded 
in a direct product of copies of E. 

(4) E is an injective J\-module, and E contains a copy of every simple 
i^-module. 

I t is easily verified t h a t if Z is the ring of integers and Q is the field 
of rational numbers , then H o m z (R, Q/Z) is a universal injective R-
module. Fur thermore , it follows from (4) t h a t the injective envelope of 
the direct sum of one copy of each of the simple i^-modules is a universal 
injective i^-module t ha t is isomorphic to a direct summand of every 
other universal injective i^-module. 

PROPOSITION 1. Let E be a universal injective R-module and H = 
Horn R (E, E). Then: 

(1) E is a faithful, R-module so that R C H. 
(2) If I is an ideal of R, then HI C\R = I. 
(3) H is a flat R-module <=> H is a faithfully flat R-module <̂> H/R 

is a flat R-module. 
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Proof. (1) Let a be a non-zero element of R. Since £ is a universal 
injective 7^-module, there exists an 7^-homomorphism/ : R —* E such that 
f{a) 9e 0. Since/(a) = a/( l) , we see that aE ^ 0. Thus £ is a faithful 
7^-module. 

(2) Let I be an ideal of R, r £ HI P\ R, and suppose that r Q I. 
Then we have an exact sequence 

0 -> Horn* ( £ / ( / , r), £ ) -> Horn, (7?//, £ ) 
- ^ H o m « ( ( / , r ) / / , £ ) - > 0 . 

It follows from this exact sequence that 

Ann*, (I, r) £ Ann# (I). 

Thus there exists x £ E such that 7x = 0 and rx 9^ 0. 
Now 

n 

r = X 0«A<! 
2 = 1 

where at £ I and hi £ H. Thus 

0 ^ rx = ^ a,ihi(x) = X^ hMi%) = 0. 
i=i <=i 

This contradiction shows that H I C\ R = I. 
(3) Let I be a proper ideal of 7?. Then # 0 * (7?//) 2ÉH/HI, and 

hence by (2), 77 <g) B (J?//) ^ 0. It follows that 77 is a flat 7?-module «=» 77 
is a faithfully flat 7?-module. Furthermore, if H is flat, then 

T o r ^ (H/R, R/I) ^ Ker (7?/7 -* 77/777) = (77/ r\R)/I = 0, 

showing that 77/7? is also flat. 

LEMMA 1. Le/ {Aa}, a Ç 7r, 6e a family of R-modules. 
(1) If I is a finitely generated ideal of R, then 

\ a / a 

(2) Suppose that each Aa is aflat R-module, and that Ba is a submodule 
of Aa such that Aa/Ba is flat. Then\\a Aa is flat <^\\a Ba andY[a (Aa/Ba) 
are flat. 

Proof. (1) Let I = Rax + . . . + Ran, where at £ R. Let y £ / ( I L Aa) ; 
then 

y = aix1 + . . . + anx
n, where xl = (xa

l) £ ]~J ^4a. 
a 

Let 

ya = ^î^a1 + . . . + anx0
n G 7^4«. 
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Then 

y = <y-> 6 n HA,). 
a 

Conversely, let y G[]« ( ^ 4 « ) Ï then ? = (?«)» where ya € L4«. We 
have 

ya = ûiXa1 + . . . + <VaW 

where xa
J G -4. Hence 

ax{xx) + . . . + an(xn) 6 I ( U Aaj . 

(2) Assume that JX* ̂ 4« is a flat i^-module. Then it is sufficient to prove 
that IX* (Aa/Ba) is flat. Let / be a finitely generated ideal of R. Then 

TorfyUWa/Ba^R/I) 

^[UBani[]jAa)]/ l[UBa) = (by (1)) 

= n Ba n n (̂ «) /nus«) = n (̂ « n LO/^OB,,) 
L a a J ' a a 

2£lll(Bar\IAa)/IBa]. 
a 

Hence it is sufficient to prove that Ba C\ IAa = IBa. But 

(Ba r\ Ia)/IBa ÊË T o r ^ (Aa/Bai R/I) = 0 

because Aa and ^4a/-#« are flat. 

Definition. R is called a coherent ring if every finitely generated ideal 
of R is finitely presented. S. Chase has proved the theorem that the 
following statements are equivalent [2, Theorem 2.1]: 

(1) R is a coherent ring. 
(2) Every finitely generated submodule of a free i^-module is finitely 

presented. 
(3) Any direct product of flat i£-modules is flat. 
(4) Any direct product of copies of R is flat. 

Definition. Let A, B} C be i^-modules. Then there is a natural map: 

(TO : Horn* (J5, C) ® R A -» Horn* (Horn* (A,B), C) 

defined by cr 0 ( /® a)(g) = / (g(a)) , where/ G Horn* (£, C), flfi, and 
g G Horn* {A, B). It follows readily [1, Chapter VI, Proposition 5.2] 
that Co induces natural homomorphisms: 

an : Tor*» (Horn* (5 , C), 4 ) -> Horn* (Ext«" 04, J5), C). 
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THEOREM 1. The following statements are equivalent: 
(1) R is a coherent ring. 
(2) an: T o r / (Horn* (B, C), A) -» Homfl (Ext«w (A,B), C) is an iso

morphism V n whenever C is infective and A is finitely presented. 
(3) Horrid (B, C) is a flat R-module V infective R-modules B and C. 

Proof. (1) => (2). The proof in [1, Chapter VI, Proposition 5.3] that 
(2) is true for Noetherian rings only requires that A have a projective 
resolution of finitely generated free i^-modules. But such a resolution 
exists for a finitely presented i?-module A when R is a coherent ring by (2) 
Chase's Theorem. 

(2) => (3). Let B and C be injective i?-modules and / a finitely gener
ated ideal of R. Because <rn is an isomorphism we have that 

T o r / (Horn* (B, C),R/I) = 0. 

Thus Horn/2 (B, C) is a flat jR-module. 
(3) => (1). Let £ be a universal injective i?-module and 

H = Horn/2 (£> £)• Since R C H and, by assumption, H is flat, we have 
by Proposition 1 that H/R is flat. Let 21 be an index set, Ha = H, 
Ra = R and Ea = E V a g 21. Now 

ntfa^HomJ^n^) 
a \ a / 

is flat by assumption. Hence it follows from Lemma 1 that \\a Ra is 
flat. Thus R is a coherent ring by Chase's Theorem [2, Theorem 2.1]. 

COROLLARY 1. Let Rbe a coherent ring, E a universal injective R-module 
and H = Horrid (£, E). Then 

(1) E is a faithful R-module so that R C H. 
(2) / / I is an ideal of R, then HI C\R = I. 
(3) H is a faithfully flat R-module. 

Proof. Use Proposition 1 and Theorem 1. 

Remarks. (1) Let R be a commutative Noetherian local ring with 
maximal ideal M; let E be the injective envelope of R/M; and let 
H — Hom/2 (£, E). A straight forward and simple argument shows that 
H is ring isomorphic to Ry the completion of R in the ikf-adic topology; 
(see also [4, Theorem 3.7]). Since £ is a universal injective .R-module, 
Corollary 1 provides a new and efficient way of showing that R is a 
faithfully flat i?-module, and that RI C\ R = / for all ideals / of R. 
Since Hom/2 ( —, E) preserves finite lengths, we can use the isomorphism 
cro of Theorem 1, and Corollary 1, to show that if / is an M-primary 
ideal of R, then R/RI ^ R/I. Many other elementary facts about R 
can also be obtained by these methods. 
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(2) As a further example of the power contained in the homomorphisms 
an we will demonstrate a short elegant proof of the following well known 
result (see [3, Corollary 11.30]): Let A be a finitely presented flat left 
module over a ring R (not necessarily commutative), then A is a pro
jective jR-module. 

Since A is finitely presented it is easy to see that 

en: Ton* (Horn, (B, Q/Z), A) -> Horn, (Ext*1 (A, B), Q/Z) 

is an epimorphism for all left /^-modules B. Since A is a flat 7^-module, 
the left hand side of this homomorphism vanishes. Hence so does the 
right side. Since Q/Z is a universal injective Z-module, it follows that 
Ext*1 (A, B) = 0. Thus A is a projective i^-module. 
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