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Coupled Vortex Equations on Complete
Kahler Manifolds

Yue Wang

Abstract. In this paper, we first investigate the Dirichlet problem for coupled vortex equations. Sec-
ondly, we give existence results for solutions of the coupled vortex equations on a class of complete
noncompact Kihler manifolds which include simply-connected strictly negative curved manifolds,
Hermitian symmetric spaces of noncompact type and strictly pseudo-convex domains equipped with
the Bergmann metric.

1 Introduction

The Hermitian—FEinstein equation is of great importance in the study of holomorphic
vector bundles over Kdhler manifolds. The main result due to Donaldson [2] and
Uhlenbeck—Yau [14] is the Hitchin—Kobayashi correspondence relating the stability
of the underlying bundle over closed Kéhler manifold to the existence of Hermitian—
Einstein metric, i.e., a Hermitian metric H solving the Hermitian—FEinstein equation

(1.1) V—1AFy = \1dg,

where Fy is the curvature of the Chern connection of the metric H, A is the contrac-
tion with the Kdhler form of M, and A is a real number determined by the topology
of the underlying bundle. The classical Hitchin—Kobayashi correspondence has many
important generalizations, for example: Higgs bundles by Hitchin [8] and Simp-
son [12], the vortex equation by Bradlow [1], and the coupled vortex equation by
Garcia-Prada [4].

Let M be a Kdhler manifold, E; and E, holomorphic vector bundles over M, and
¢ a holomorphic morphism from E, to E;, 7 = (11, 72) € R?. Then H = (H,, H,)
is a Hermitian metric on bundle E = E; & E,, where H; is a Hermitian metric on E;.
We say H satisfies the coupled vortex equations if

(12) \/—IAFH1 +%¢O¢*H =T IdE1 \/—IAFH2 — % *HO¢:TzldEz,

where i = 1,2 and ¢*! is the adjoint of ¢ taken with respect to metric H. The
coupled vortex equations can be seen as a generalization of the Hermitian—Einstein
equation and the vortex equation. For example, if there is only one holomorphic
vector bundle and ¢ is trivial, then (1.2) is just the Hermitian—Einstein equation
(1.1). If E; = Oy, i.e., the canonical line bundle over M, then (1.2) is just the vortex
equation which was discussed by Bradlow [1].
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In this paper, we want to consider the solution of coupled vortex equations over
complete Kdhler manifolds. We would like to point out that Ni [10], Ren [11], and
Zhang [15] discussed the existence of Hermitian—Einstein metrics and vortices met-
rics over complete Kdhler manifolds, and we will adapt the techniques used by them.

The corresponding Dirichlet boundary value problem for the Hermitian—Einstein
equation was done by Donaldson [3]. Moreover, Zhang [15] solved the case for the
vortex equation. In this paper, we first consider the Dirichlet boundary value prob-
lem for the coupled vortex equations. We obtain the following theorem.

Theorem 1.1 Let E = E1®E, be a holomorphic vector bundle over the compact Kihler
manifold M with non-empty smooth boundary OM, where E;, E, are two holomorphic
bundles on M with holomorphic morphism ¢: E, — E,. For any Hermitian metric
© = (@1, ¥2) on the restriction of E = E; @ E, to OM, there is a unique Hermitian
metric H = (Hy, H,) on E such that H satisfies the coupled vortex equations and the
Dirichlet boundary condition:

1 1
vV —IAFHl + Egbogb*H =T IdEl \/—IAFHZ — E¢ Hg (ZS =T IdEz H,“(C)M = ©;

wherei =1,2.

We will use the heat equation method to prove Theorem 1.1, and adapt the tech-
niques which already appear in the literature on the Hermitian Yang—Mills flow [3,
12,13]. Using the above solubility of Dirichlet problem, we can study the existence of
the solution of coupled vortex equations over a class of complete noncompact Kihler
manifolds, under some assumptions on the initial metric and the holomorphic mor-
phism ¢. We obtain the following.

Theorem 1.2 Let M be an m-dimensional complete noncompact Kihler manifold
without boundary, let E = E| ® E, be a holomorphic vector bundle over M with initial
Hermitian metric Hy = (H}, H3), where H}, Hi are Hermitian metrics on E;, E,
respectively, and let ¢: E; — E; be a holomorphic morphism . Let

1 N 2 1. 2
@2:‘\/—IAFH[I]+5¢O¢HO—TIIdEllHé'l"\/—lAFHg—E(b HOO¢—T21dEZ‘H§

Assume that A\; (M) > 0, where X\, (M) denotes the lower bound of the spectrum of the
Laplacian operator, and that ||©||pa < oo for some p > 1 and real numbers 1,
Ty. Then there exists a Hermitian metric H = (Hy, H,) on E such that H satisfies the
coupled vortex equations:

1 1
(1.3) \/—IAFHl +E¢O¢*H =T IdE1> \/—IAFHZ — E¢*HO¢ZTZIdEz'

The examples satisfying the assumption of Theorem 1.2 include simply-connected
strictly negative curved manifolds, Hermitian symmetric spaces of noncompact type,
and strictly pseudo-convex domains equipped with the Bergmann metric. According
to [6, Theorem 1.4.A], the universal cover of any Kéhler hyperbolic manifold (in the
sense of Gromov) satisfies the assumption of Theorem 1.2, too. Therefore Theorem
1.2 is applicable to a relatively broad class of Kahler manifolds.
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2 Preliminary Results

Let M be a compact Kédhler manifold and E = E; @ E, a rank r complex vector bundle
over M. Denote by w the Kahler form, and define the operator A as the contraction
with w, ie., if a € Q"(M, E), then Aa = (v, w). Let H = (H,, H,) be a Hermitian
metric on a holomorphic vector bundle E = E; @ E,, and denote the holomorphic
structure by Jg. Then there exists a canonical metric connection which is denoted
by Ap. Taking a local holomorphic basis e,(1 < a < r), the Hermitian metric H
is a positive Hermitian matrix (H,3)1<a < Which can also be denoted by H for
simplicity; here H,; = H(ea,es). In fact, the complex metric connection can be
written Ay = H'OH and the curvature form as Fy = Ay = O(H '0H). In the
literature, sometimes the connection is written as (OH)H ! because of the reversal
of the roles of the row and column indices.

It is known that any two Hermitian metrics H and K on bundle E are related by
H = Kh,whereh = K~'H € Q% M, End(E)) is positive and self-adjoint with respect
to K. It is easy to check that

Ay — Ax = h™'oxh
(2.1) Fy — Fx = O(h™'oxh)

Let H(0) = K be a Hermitian metric on E. Consider a family of Hermitian metric
H(t) = (H(t),H,(t)) on E with initial metric H(0) = K. Denote by Ay and
Fpy(pthe corresponding connections and curvature forms and let h(t) = (h,(¢), ho(t))
be a 2-tuple of endomorphisms #; = K; 'H;, where i = 1,2. When there is no
confusion, we will omit the parameter ¢ and simply write H, h for H(t), h(t). We
consider the following heat equations of (1.2)

Hfl% = —2(v/—1AFy, + lgzb o¢*f — 7 1dg,),
ot 2
(2.2)
—1 6H2 1 «H
H, el —2(V—=1AFy, — E(b o ¢ — 7 1dg,),

It is completely equivalent to the following evolution equations:

% = —2v/—1Adg, Ok, hy + 2/ —1A(Og, hihy 'Ok, 1)
— 2 —lhlAFKl + 27’1]’11 - h1¢h;1¢*Khl>
(2.3)
h _ -
% = —2/—1Adg, 0k, hy + 27/ =1\ (O, hyhy 'O, hy)

— 2\/ _thAFKZ + 27'2]’12 + ¢*Kl’l1¢,
where we have used the formula (2.2) and the identity

(2.4) ¢ = hy 1o Fh,.
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We know that the above equations are a nonlinear parabolic system; as in [2], h;(¢)
are self-adjoint with respect to H; for t > 0 since h;(0) = Idg,. We denote

1 . 1
©? = |[V/—1AFy, + Eqbo o — 1 1dg, |3, + |V —1AFy, — 5¢*H o ¢ — 1, 1dg, |f,.

Proposition 2.1 Let H(t) = (H(t), Hy(t)) be a solution of heat flow (2.2), then

(2.5) (A—g) 0 >0,
(2.6) (A _ g) Te(0, + 0,) = 0,

where we denote
1 1
(27) 91 =V —IAFH1 + Ed) o ¢*H — T IdEI, 02 =V _IAFHZ — E(b*H o gf) — T2 IdEz .

Proof By calculating directly, we have

a, _ydhy LFVIRY PRI Sy ,ldhl
09 o= N (0070 ) — o g o,
o) _ dh2 1 dhz U R dh1
o202 = V=100, (00, (07" 22) ) + S 6— S0 o,
and
A|0i]F, = 2Re(—2v/—1A0g, 01,05, 0i)
+R€< 2\/ AFH 5 >H +2‘8H9 |H +2\859 |H'

Using the above formulas, we have

(A_ ) ‘ZZ'V“H (601> = 206,07, 6*161) + 020" )

+ (02| — 2(610, 962) + 619])
> 0.

The formula (2.6) can be deduced from (2.8) directly. [ |

Proposition 2.2 Let H(t) = (H,(t), Hy(t)) be a solution of heat flow (2.2). Then
there exists a positive constant Cy such that

0
(a- a) |6l > 2(0uel + Ciloly — Ima — nillofh

https://doi.org/10.4153/CMB-2008-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-047-0

Coupled Vortex Equations 471

Proof By calculating directly, we have

0
(A - a) |61F = 210udli; + 2|¢6™ | + 2(r — m)| 6],

where we have used [95; oK ® = 0, and equations (2.3). On the other hand, one can
easily check that

. 1
|60 |, > E|¢|}§z-

From the above equalities we have

0
(&= 5;) l6lh = 21009 + Ciloll — Ir2 = ]|l "

Next, we will introduce Donaldson’s distance on the space of Hermitian metrics
as follows.

Definition 2.3 For any two Hermitian metrics H, K on a vector bundle E set
o(H,K) =TrH 'K + TrK~'H — 2rankE.

It is obvious that o(H,K) > 0 with equality if and only if H = K. The function
o is not quite a metric but it serves almost equally well in our problem. In particu-
lar, a sequence of metrics H; converges to H in the usual C° topology if and only if
sup,, o(H;, H) — 0.

Let H = (H;, H,) and K = (K}, K3) be 2-tuples of Hermitian metrics. We define
Donaldson’s distance of 2-tuples as:

2

o(H,K) =} o (H;, K.

i=1
Denoting h = (hy, h,), where h; = Ki_lHi, applying —v/—1A to (2.1), and taking
the trace in the bundle E;, we have

Tr(v/Thi(AFY — AELY)) = —%A Te by + Tr(— V= TA hih O ).

Let H(t), K() be two solutions of heat flow (2.2). Using the above formula, we have

o 2 .
(A - 5) (Te (1) + Trha(6) = 23 Tr(—V/=TADg hily ' O hy)

i—1
+ Tr(hiohy '¢™ by — hy ™)
+ Te(h¢™ d — ™ hyp)
2

=2 Tr(—v/=1Adg hih; 'O i)

i=1

+ Tr(hyohy ' ¢* by — 2k 0™ + hyp™ ).
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In the similar way, we have

9 -1 —1 : A 7—1 —1
(A—a) (Tehy () + Tehy (1) = 23 Te(—v/= 1A b iy b7 ")

i=1

+ Tr(h '™ — 281" Ko + hy Thy T h ).
On the other hand, it is not hard to check that

Te(hohy '™ hy — 2™ + hyp™Xp) > 0,
Te(hy '™ — 205 '™ ¢+ by 'hy 19K i) > 0.

Using the above formula and the facts [2, 13]
Tr(—V/—1Adg b 'Ok h) > 0, Tr(—v/—1A0gh; ' hidyh™") > 0,

we have proved the following proposition.

Proposition 2.4 Let H(t), K(t) be two solutions of the heat flow (2.2). Then

(A - g) o(H(t),K(1)) > 0.

Corollary 2.5 Let H and K be 2-tuples of Hermitian metrics satisfying the coupled
vortex equation (1.2). Then Ao(H,K) > 0.

3 The Dirichlet Boundary Problem for Coupled Vortex Equations

In this section we will consider the case when M is the interior of the compact Kihler
manifold M with non-empty smooth boundary M, and the Kéhler metric is smooth
and non-degenerate on the boundary. The holomorphic vector bundle E = E, & E,
is defined over M. We will discuss the Dirichlet boundary problem for the coupled
vortex equations by using the heat equation method to deform an arbitrary initial
metric to the desired solution.

For given data ¢ on M, we consider the evolution equation:

H;l% = —2(V—1AFy, + %sb 0 ¢ — 1 1dg,),
(3.1) Hgl% = —2(V/=1AFy, — %¢*H 0 ¢ —71dg),

Hi(t)|i=0 = Ki, Hilom = @i

Here K = (K3, K;) is an arbitrary smooth initial Hermitian metric satisfying the
boundary condition. Denote h;(t) = Kle,»(t). Then the evolution equation (3.1) is

https://doi.org/10.4153/CMB-2008-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-047-0

Coupled Vortex Equations 473

completely equivalent to the following equation:

(3.2) % = —2v —1A3518K1h1 + 2/ —lA((‘_)Elhlhl_lathl)
— 2 —lhlAFKl + 2T1h1 — h1¢h;1¢*Kh1
h - i
% = —2V/=1Adg, 0k, hy + 28/ —TA (s, by 'O, ha)

— 2V =1y AFg, + 2130 + ¢ by
h(0) =1d  hloy = 1d.

We know that the above equation is a parabolic equation, so standard theory gives
short-time existence.

Proposition 3.1 For sufficiently small € > 0, equation (3.2) and so also equation
(3.1) have a smooth solution, H(t) = (H,(t), Hy(¢t)), defined for 0 < t < €.

The main point of the proof is to show that the solution of equation (3.1) persists
for all time and converges to a limit. First we want to prove the long-time existence
of the evolution equation. Let H(#) be a solution of the evolution equation (3.1), and
h; = Ki_lHi,i =1,2. Then

B Tr(2%) Tr h;6;

. = i) = = < 210i|u;,
(3:3) ‘ ot (I Tr 1) ’ Tr h; ’ 2‘ Tr h; 261l
and similarly

9 -1
(3.4) |5, 0gTeh )| < 200,

where 6; is given in (2.7).

Theorem 3.2 Suppose that a smooth solution H(t) = (H;(t), H,(t)) to the evolution
equation (2.2) is defined for 0 < t < T. Then H(t) converges in C° to some continuous
non-degenerate metric H(T) ast — T.

Proof Given € > 0, by continuity at t = 0 we can find a ¢ such that

supo(H(t), H(t")) < ¢,
M

for 0 < t,¢" < . Then Proposition 2.4 and the maximum principle imply that

supo(H(t), H(t")) < ¢,
M

forall t,#/ > T — 4. This implies that H;(¢) is a uniformly Cauchy sequence and
converges to a continuous limiting metric H;(T), i = 1,2. On the other hand, by
Proposition 2.1, we know that |6;|, are bounded uniformly. Using formulas (3.3)
and (3.4), one can conclude that o(H;(t), K;(t)) are bounded uniformly, therefore
H;(T) is a non-degenerate metric. [ |
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We prove the following proposition in the same way as [2, Lemma 19] and
[9, Lemma 6.4].

Proposition 3.3 Let H(t), for 0 < t < T (or co), be any one-parameter family of
Hermitian metrics on a complex vector bundle E and that satisfy the Dirichlet boundary
condition. If H(t) converges in C° to some continuous metric H(T) ast — T (or c0),
and if sup,, |AF}q’1| is bounded uniformly in t, then H(t) is bounded in CY* and also
bounded in L} (for any 1 < p < oc) uniformly in t.

Theorem 3.4 The evolution equation (3.1) has a unique solution H(t) which exists
for0 <t < oo.

Proof Proposition 3.1 guarantees that a solution exists for a short time. Suppose
that the solution H(t) exists for 0 < t < T. By Theorem 3.2, H(¢) converges in C°
to a non-degenerate continuous limit metric H(T) as t — T. From Proposition 2.1
and the maximum principle, we conclude that |6;|;, are bounded independently of r.
Moreover, from Proposition 2.2, we have

0
(&= %) lolh > 21000l + Cilolly — Ir. = il

Assume that |¢|? attains its maximum on M x [0, T) at the point (xg, o) with 0 <
to < T,xo € M. If |p|*(x0, to) > @,then (A — %)|ng|2 > 0, This is contradicted
by the maximum principle of the heat operator. Then we have

=T
o7 < max{ joft, 2211
1

So, sup,, \AF},’I,1 |k, are bounded independently of ¢, here i = 1, 2. Hence by Propo-
sition 3.3, H;(t) are bounded in C! and also bounded in Lg (forany (1 < p < 0))
uniformly in ¢. Since the evolution equations (3.1) and (3.2) are quadratic in the first
derivative of h; we can apply Hamilton’s method [7] to deduce that H;(t) — H;(T) in
C®,i = 1,2, and the solution can be continued past T. Then the evolution equations
(3.1) have a solution H(¢) defined for all time.

By Proposition 2.4 and the maximum principle, it is easy to conclude the unique-
ness of the solution. [ ]

Proof of Theorem 1.1 For given data ¢ on OM we consider the evolution equation
(3.1). By Theorem 3.4, we know that there exists a unique solution H(¢) of equation
(3.1). Next, we want to prove that H(¢) will converge to the metric which satisfies the
coupled vortex equation.

By direct calculation, one can check that |Vy6;|3, > |V|0;|y|* for any section 6;
in End(E;). Then, using formula (2.5),

(A - %) 0? :ZG(A - %)@u\veﬁ > zf]veiﬁ_ﬂ.

i=1
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So

ZG(A - %) 6> 2(2:: VOil}, — IVG\Z)

2
>2) (VO[3 — |V[6:]]*) > 0,

i=1

and we have

(3.5) (A—%)@zo.

We first solve the following Dirichlet problem on M:
(3.6) Av=—-0(x,0), v|gm =0.

Set w(x,t) = fot O(x,s) ds — v(x). From (3.5), (3.6), and the boundary condition
satisfied by H; it follows that, for t > 0, ©(x, f) vanishes on the boundary of M. Then
it is easy to check that w(x, t) satisfies

By the maximum principle, we have

t

(3.7) O(x,s)ds < sup v(y),
0 yEM

for any x € M,and 0 <t < oo

Lett; <t < t,and h;(x,t) = Hfl(x, t1)Hi(x, t). It is easy to check that
-1 aljlz _
Poor
Then we have % log Tr(h;) < 2|60;|p..

From the above formula, we have

h —26;.

t
Tr(Hfl(x7 t1)H;(x, 1)) < rexp(2 / |65, ds).
t
We have a similar estimate for Tr (H . Y(x, ) H;(x, 11 )) . Combining them we have

(3.8) o(H(x, £), H(x, 1)) < 2r(exp (2 / 61, ds) — 1),

h

From (3.7) and (3.8), we know that H(t) converge in C° topological to some con-
tinuous metric Hy, as t — 00. Using Proposition 3.3 again, we know that H(t) are
bounded in C' and also bounded in L} (for any 1 < p < oo ) uniformly in t. On
the other hand, |0;|g, is bounded uniformly. Then the standard elliptic regularity
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implies that there exists a subsequence H;, — H in the C, topology. From formula
(3.7), we know that H, is the desired Hermitian metric satisfying the boundary con-
dition. The uniqueness can be easily deduced from Corollary 2.5 and the maximum
principle. So we have proved Theorem 1.1. |

4 Existence of the Solution of Coupled Vortex Equations over
Complete Kahler Manifolds

In this section, we consider the existence of the solution of coupled vortex equations
on a class of complete Kihler manifolds. As above, here complete means complete,
noncompact, without boundary. In the following we will use the above solubility of
Dirichlet problem and the exhaustion method to obtain Theorem 1.2.

Let {£2;}2°, be an exhausting sequence of compact sub-domains of M, i.e., they
satisfy ©; C Q11 and |J:=, ©; = M. By Theorem 1.1, we can find Hermitian metrics
H; = (H!, H?) on E|g, for each i such that

1
V—1AFy + S¢o o — 1 1dg, = 0;

1
V—1AFy: — §¢*Hi o ¢ — 7 1dg, = 0;
H;(x)[aq, = Ho(x).

In order to prove that we can pass to limit and eventually obtain a solution on
the whole manifold, we need to establish some estimates. The keys are the C° and
C!-estimates. Set h} = (H})™'H}, h? = (H})'H?,

2
Gi =InY (Trh!+Tr(h})~") — In2rankE,

v=1

L 1
f=2|V-1AFy + S0 Mo — 7 1dg, | + 2| V=1AFy; — ¢ o ¢ —71dg,|.

Denote A = Yo (Trh! + Tr(h})~")

NG; = AlnA =A""AA - A2 VAP

2
= (A)"! [Z 2Tr(—V/ 1A b (h) " Oy h!) — 2 Te(v/—1h}(AFyy — AFy))
v=1

2
+ > 2 Te(—V/=1Adg, (1)~ B Oy () ")
v=1

— 2Tr(V=1(h) " (AFyy — AFyp)) } — A72|VAP.

https://doi.org/10.4153/CMB-2008-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-047-0

Coupled Vortex Equations 477

Direct calculation shows that [13]

2(Tr )~ Te(—V/=1Ag, b (h) " B hY) — (Te k) 2|V Tr b > > 0,

2(Te(h}) ™)~ Tr(—=v/=TAdg, (b))~ (h)) ey () ™)
— (Te(W) ™)V Te ()~ > .

From the above two inequalities, it is easy to check

2
A [ZzTr(_\/_1A85Vhy(h:)*laﬂgh;)
v=1

2
+ Y 2 Tr(—v/=1Adg, (1) ' h Oy () ™") | > A7 VAP,

v=1

So,

NG > AT =2 Tr(\/—_lhiV(AFHlv — AFyy)) — 2Tr(\/—_1(hiv)_1(AFHx_v — AFu))]
By direct calculation, we have
(4.1) NG; > —f, &Gilag, = 0.

For further consideration, we need the following lemma [10, Lemma 2.1].

Lemma 4.1 Let M be a complete Riemannian manifold. Assume that \{(M) > 0.
Then for a non-negative function v the Poisson equation Au = —1) has a non-negative
solution u € W (M) NCL*(M) (0 < o < 1) ifp € LP(M) for some p > 1.

loc loc

From Lemma 4.1 and the conditions in Theorem 1.2, we can solve the above Pois-
son equation when ¢ = f, i.e., there exists a non-negative function u € Wli‘f(M )N
Cllo’? (M) such that Au = —f. Using formula (4.1) and the maximum principle, we
can conclude that 5; < u. So the Donaldson distance o; = o(Hy, H;) between H;

and Hy must satisfy
(4.2) 0; < 2rankE - expu — 2rankE,

on €}, i.e., we have obtained a C’-estimate for H;.

Next, we want to obtain a uniform C!'-estimate for H;. For any point x € M,
choose a small ball B,(r) such that the bundled E can be trivialized locally, and let
{es} be the holomorphic frame of E. Choose a locally normal coordinate {Z“} on
B,(r) and centered at x.
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It is easy to check that
(43)  AlH)T'VH! [
— 2 Te(9((H)) 9 H)(HD) ' 95((HD) 10 H]) H))
+2TH(O5(HD) ™ 0. H) (H) ™ 05(H]) 10, H)) H})
+2g%) Te((H}) ™10, HY (H)) ™' 9;H))
+2¢57 Tr(B5((H) ™ 9 HY(H) "' 03H))
+2¢57 Tr((H)) ™' 0 H 05 ((HD 193 H}))
+2¢% Te(05((H}) ™ 0 H)(HD) ™ 93H])
+ 285 Te(H) ™ 0 H 5 (H) ™' 93H)))
— 26" Tr(@, (H}) "' 0:H} ) (H) '8, H})
— 283 Te((H}) ™' 0, H} D, (H}) ™' 9H]))
+ Tr(00,¢™ (H)) 0, H)) + Te(H)) " 0uH} $0,0"1).

We can get a similar formula for A|(H}) ™'V H}|?,,, since

H;'VH,[g, = [(H) ™' VH] [ + |(H) ™' VH [f.
Using (4.3), (2.4) and the Cauchy inequality, one can easily check that

(4.4) AHT'VH[, > —Co|H; 'VH; |7,

where C, is a uniform constant independent of i.
Direct calculation as before shows that

A(Trh} +Trhi) = 2 Te(—v/—1A0g, hi (h}) 'O hi)
+2 Tr(—Mjlh}(AFHil — AFpp))
+ 2 Tr(—V/—=1A0g, b (b))~ Oy h})
+ 2 Tr(—v/—1h; (AFyp — AFpp))
> —=2f - (Trhj +Trh}) + 2e(h;) + 2e(h?),
where
e(hj) = — Te(v—1Adg b} (h}) ™' O hi) > 0,
e(h}) = = Te(V—1A0g, b; (b)) ™' O h}) > 0.
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Choosing i sufficiently large such that B,(4R) C €Q;, let 9 be a cut-off function
which equals 1 in B,(2R) and is supported in B,(4R). Now multiply the above in-
equality by Tr(h} + h?)1)? and integrate it over M. Then

/ Te(h! + KGR A Te(h! + 1)
M
> 2 / FTe(h! + B +2 / Te(h! + B0 (e(h)) + e(h2)).
M M

Integrating by parts, we have
[ T e + e < [ m s [ VoP iy,

M M M

Using the above C°-estimate (4.2), we obtain the following estimate
(4.5) / e(h!) +e(h?) < Cs,

B,(2R)

where C; is a constant independent of i. Because e(h}) +e(h?) contains all the squares
of the first order derivatives of h}! and h?, the above inequality implies that h} and h?,
(i.e, H;) are uniformly bounded in L?(By(2R)). Using (4.4), (4.5), and the mean
value inequality, we conclude that there exists a uniform constant C, independent of
i such that supy ) [H;'VH;|}, < C,.

So we have obtained that the C!-norm of H; is bounded uniformly on any B,(R).
From the above C?, C!-estimates of H;, then the standard elliptic theory shows that
by passing to a subsequence, H; converges uniformly over any compact sub-domain
of M to a smooth Hermitian metric H = (H,, H,) satisfying the coupled vortex
equations (1.3). So we have proved Theorem 1.2.
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