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Abstract

We analyze domination properties and factorization of operators in Banach spaces through subspaces of
L!'-spaces. Using vector measure integration and extending classical arguments based on scalar integral
bounds, we provide characterizations of operators factoring through subspaces of L!-spaces of finite
measures. Some special cases involving positivity and compactness of the operators are considered.
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1. Introduction

Domination by scalar-valued integrals is the main tool for factoring operators through
(subspaces of) L”-spaces, providing fundamental results as Pietsch’s theorem and the
Maurey—Rosenthal factorization theorem. This kind of factorization is at the core
of modern functional analysis. It is connected with operator ideal theory as there
are several operator ideals that are characterized by factorizations through subspaces
of LP-spaces: summing, integral, nuclear, factorable, etc. (see, for example, [5, 8]).
Another important source of factorization arguments comes from the works of Krivine,
Kwapiefi, Maurey, Pisier and Rosenthal in the 1970s regarding geometric properties of
operators acting in Banach lattices (convexity and concavity). This theory (nowadays
called Maurey—Rosenthal factorization) is well developed and has many applications
in other areas like harmonic analysis. For detailed information on the Maurey—
Rosenthal factorization theory we refer to [12, 15, 18]; some recent contributions can
be found in [17] and [4, 6, 7, 11, 13, 16]. A sample result follows (see, for example,
[4, Section 4.3]).

Research supported by MINECO/FEDER under projects MTM2014-53009-P (J. M. Calabuig),
MTM2014-54182-P (J. Rodriguez) and MTM2012-36740-C02-02 (E. A. Sanchez-Pérez).

© 2016 Australian Mathematical Publishing Association Inc. 1446-7887/2016 $16.00

313

https://doi.org/10.1017/51446788716000513 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788716000513

314 J. M. Calabuig, J. Rodriguez and E. A. Sdnchez-Pérez [2]

Tueorem 1.1 (Maurey—Rosenthal). Let X be an order continuous Banach function
space over a finite measure [, let Y be a Banach space and T : X — Y a 1-concave
operator, that is, there is a constant C > 0 such that

n
2. bl
J=1

(1.1)

DTEpl<c
j=1

forall xi,...,x, € X, neN. Then T factors as

x— —~vy

L'(w)
where S is a positive (multiplication) operator and R is an operator.

In the usual proof of Theorem 1.1, the geometric inequality (1.1) gives rise to
a domination inequality by means of a scalar-valued integral, which in turn yields
the desired factorization. In this paper we are interested in showing how the natural
extension of this type of domination inequality to the case of vector-valued integrals
can provide a general understanding of the factorization problem, as well as new results
and applications. The setting for such extension is provided by the spaces of scalar
functions which are integrable with respect to vector measures. This class of Banach
function spaces is a powerful tool for the analysis of operators on function spaces (see
[17, Chs 4 and 6] and the references therein).

We shall focus on factorizations through subspaces of L'-spaces of finite measures,
that is, subspaces of L'(u) where u is a finite measure. Typical examples of Banach
spaces which are (isomorphic to) subspaces of L!-spaces of a finite measure are £7, all
LP-spaces of a finite measure, and H” for 1 < p < 2. Subspaces of L'-spaces have been
thoroughly studied in the literature. Classical results of Rosenthal [19, 20] ensure that
a subspace of L'(u) (u a finite measure) not containing ¢! is reflexive and isomorphic
to a subspace of an L”-space of a finite measure for some 1 < p < 2. We stress that
factorizations through L'-spaces of arbitrary nonnegative measures are related to the
ideal of 1-factorable operators. In this direction, a result of Kwapien (see, for example,
[8, Theorem 9.13]) states that an operator between Banach spaces 7' : X — Y factors
through a subspace of an L'-space of a nonnegative measure if and only if there is a
constant C > 0 such that, whenever the finite sets U, V C X satisfy

Z X", x)| < Z I(x*, x)|  forall x* € X7,

xeU xeV

DTl <c ) .

xeU xeV

we have
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We next summarize the content of this paper. In Section 2 we provide a
characterization of operators factoring through subspaces of L!'-spaces of finite
measures. Our general result (Theorem 2.1) involves some domination inequalities
by means of integrals with respect to vector measures. In Section 3 we study such
factorizations when the first factor is a positive and/or compact operator. In the positive
case, the factorization through a subspace of an L!-space is sometimes equivalent to the
factorization through an L!-space (Proposition 3.1). On the other hand, the compact
case is related to a certain summability property of the operator (Theorem 3.5). From
the technical point of view, our proof of Theorem 3.5 uses some recent results from [3]
on compactness in L'-spaces of vector measures. Finally, in Section 4 we deal with
the particular case of operators acting in C(K) spaces.

Terminology. All our linear spaces are real. If X is a Banach space, we will write By
for its closed unit ball and X™* for its dual space. The evaluation of x* € X* at x € X
is denoted by (x*, x) = (x, x*) = x*(x). The norm of X is denoted by || - ||x or simply
[|-1. When X is a Banach lattice, the symbol X* stands for its positive cone, that
is, the set of all nonnegative elements of X. An operator is a linear continuous map
between Banach spaces. A subspace of a Banach space is a closed linear subspace. By
a nonnegative measure we mean a [0, co]-valued countably additive measure defined
on a measurable space. Nonnegative finite measures are simply called finite measures.
By a Banach function space over a finite measure 1 we mean an order ideal of L'(u)
containing all simple functions which is equipped with a complete lattice norm.

A vector measure is a countably additive measure m defined on a measurable
space (€2, %) and taking values in a Banach space X. We will say that m is positive
if X is a Banach lattice and m(X) C X*. A Rybakov control measure of m is a finite
measure of the form y = [(m, x)| for some x; € Bx- such that m(A) = 0 whenever
((A) = 0. Here (m, x*) denotes the real-valued measure obtained by composing m with
any x* € X*. We refer the reader to [17] for the basic properties of the Banach space
L'(m) of (equivalence classes of) real-valued functions on Q which are integrable with
respect to m. The space L!(m) is a Banach function space over any Rybakov control
measure of m when equipped with the norm

. * 1

ANl my = sup f |f1diim, x|, f € L (m).
X*€Byx JQ

Any order continuous Banach lattice with weak unit is order isometric to L'(m) for

some vector measure m. We write I, : L'(m) — X for the integration operator given

by

In(f) = ffdm, feLm).
Q
The symbol ‘QQ* will be omitted in formulas involving integrals when no confusion
arises, so we write expressions like f f dm to denote the integral over the total set on

which the measure is defined. We will also deal with the Banach space L™ (m), which
is defined as L™ (u) for any Rybakov control measure u of m.
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2. General factorization through a subspace of an L!-space

Let X and Y be Banach spaces and let T : X — Y be an operator factoring through a
subspace E C L'(v) for some finite measure v, that is, there exist operators § : X — E
andR: E — YsuchthatT =RoS. Then

Z ITCepll < IR Z [NEHA

= IR Z f 1S (el dv =

for every xi,...,x, € X,neN. ThlS 1-concavity type’ 1nequa11ty is the starting point
of the following characterization that relates domination by integrals with respect to
vector measures and factorization through subspaces of L'-spaces.

TueoreM 2.1. Let X and Y be Banach spaces. The following assertions are equivalent
for an operator T : X — Y.

(i)  There exist a finite measure v and a subspace E C L' (v) such that T factors as

x—L oy

E

where S and R are operators.
(ii) There exist a finite measure v, an L'(v)-valued vector measure m, and an
operator i : X — L'(m) such that

Tl < H f i) dm

2.1
L)

forevery x € X.

(ii1) There exist an order continuous Banach lattice with weak unit L, an L-valued
vector measure m, and an operator i : X — L'(m) such that

DTl <
j=1

forevery xi,...,x, € X,neN.

(2.2)

The following simple lemma will be used in the proof of Theorem 2.1; it gives a
basic tool that relates domination and factorization of operators.

Lemmva 2.2. Let X, Y, and Z be Banach spaces and let T : X - Y and S : X — Z be
operators such that
ITlly < ISz forall x € X. (2.3)

Then there is an operator R : S(X) — Y such that T =R o S.
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Proor. By (2.3), we can define a linear continuous mapping r : S (X) — Y by declaring
r(S(x)) := T(x) for all xe X. Then r can be extended uniquely to an operator
R : S(X) — Y satisfying the required property. O

Proor oF THEOREM 2.1. (i) = (ii) Let (Q, X) be the measurable space on which v is
defined. Take the vector measure m : £ — L!(v) given by m(A) := y, (the characteristic
function of A) for all A € X. In this case, the integration operator 1, : L'(m) — L'(v) is
an order isometry (see, for example, [17, Corollary 3.66]). Consider now the operator
i:X— L'(m) given by i := I,! o S. We can assume without loss of generality that
[|R|| = 1. Then for every x € X we have

TGO = IRES G < IRTIS Dl
Dy = H f i) dm

L'()
Therefore, inequality (2.1) holds.

(ii) = (i) We can apply Lemma 2.2 to S := I, o i : X — L'(v) in order to find an
operator R : S(X) —» Y suchthat Ro § =T.

(ii) = (iii) This is clear by taking L := L'(v).

(iii)) = (ii) We begin by proving the following claim.

Cram 2.3. There is & € B+ such that

Tl s(

f i) dm‘,§> for all x € X, 2.4)

Indeed, for each X = (xy,...,x,) € X", n € N, we define ¢z : B;- —» R as

510 = YT~ (3. [ icxp am.e).
)

J=1

Clearly, ¢; is convex, w*-continuous, and there exists &z € B+ such that ¢z(&z) <0
(by (2.2)). Note also that the collection of all functions of the form ¢5 is a convex cone
of R, An appeal to Ky Fan’s lemma (see, for example, [8, Lemma 9.10]) ensures
that there is & € By- such that ¢5(&) < 0 for all ¢5 as above. In particular, inequality
(2.4) holds and the claim is proved.

Since L is an order continuous Banach lattice with weak unit, there exist a Banach
function space Z over some probability space (Q, Z, i), an order isometry J : L — Z,
and a function & € L' () such that

(u, &) = f Jwhdu foralluelL (2.5
Q

(see, for example, [15, Theorem 1.b.14]). Let v be the finite measure defined by the
formula v(A) := fA |h| du for all A € X, so that the identity map a : Z — L'(v) is an
operator. Clearly, the operator j := @ o J : L — L!(v) satisfies

Jj(ul) =1j(u)| forevery u e L. (2.6)
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Define an L'(v)-valued vector measure by i := jom. Then every m-integrable
function is 7i-integrable and the identity map S : L'(m) — L'(/n) is an operator
satisfying I; o 8 = j o I, (see, for example, [17, Lemma 3.27]). Bearing in mind (2.4),

for every x € X we have:

<’ f i(x)dm‘,§> @ fg J(‘ f i(x)dml)hd,u
fg J(‘ f i(x)dm')lhldu: fg J(‘ f i(x)dm‘)dv
(Zi())jg;j(fi(x)dm) dv
= fg;fﬂ(i(x)) dm

Therefore, inequality (2.1) holds for the L'(v)-valued vector measure 7z and the
operator 8o i : X — L'(i%), hence T satisfies (ii). The proof is finished. m]

T ol

IA

IA

dv = ”f(ﬂ oi)(x)dm

L'()

RemArk 2.4. When X is an order continuous Banach function space over a finite
measure, we get an alternative proof for (i) = (ii) in Theorem 2.1, with a different
choice of operators and vector measures.

Proor. Let (Q, X, 1) be the finite measure space on which X is based. Suppose (i) in
Theorem 2.1 holds. We can assume without loss of generality that ||R|| = 1. Define
m(A) := S (xa) for every A € Z. Since S is an operator and X is order continuous, the
following statements hold: m : ¥ — L!(v) is a vector measure; every element of X
belongs to L'(m); the identity map i : X — L'(m) is an operator; and S = I,, o i (see,
for example, [17, Proposition 4.4]). Then

IT Ol = RS DI < IS (Ol = 1 GOD1 v) = HL i(x)dm

L'(v)
for every x € X. This proves that (ii) in Theorem 2.1 holds. O

CoroLLARY 2.5. Let X be a Banach space and L an order continuous Banach lattice
with weak unit. If T : X — L is an operator satisfying

DTl < |- 1)
j=1 j=1

then T factors through a subspace of L' (v) for some finite measure v.

forall xi,...,x, e X,n €N, 2.7
L

Proor. By [15, Theorem 1.b.14], we can assume that L is a Banach function space
over some probability space (Q, X%, u). The set function m : ¥ — L defined by
m(A) := y, is a vector measure such that the integration operator I, : L'(m) — L is an
isomorphism (see, for example, [17, Corollary 3.66]). Inequality (2.7) means that (iii)
in Theorem 2.1 holds by taking i := I,,! o T. Therefore, T factors through a subspace
of L'(v) for some finite measure v. O
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In general, an operator factoring through a subspace of an L'-space need not factor
through an L'-space.

ExampLE 2.6. The identity operator T : {2 — ¢ factors through the subspace of L'[0, 1]
generated by the Rademacher functions (which is isomorphic to ¢?). However,
T cannot be factored through an L'-space. Indeed, T is not 1-summing, while
Grothendieck’s theorem ensures that every operator from an L!-space to ¢* is 1-
summing (see, for example, [8, Theorem 3.4]).

A Banach space Y is called injective (respectively, separably injective) if, for every
Banach space (respectively, separable Banach space) Z and every subspace Z, C Z,
any operator R : Zy — Y can be extended to an operator R : Z — Y. A typical example
of injective (respectively, separably injective) space is £ (respectively, cg). We refer
the reader to [1, 22] for basic information on injective and separably injective spaces.

Remark 2.7. Let X and Y be Banach spaces and 7 : X — Y an operator satisfying the
statements of Theorem 2.1. Then T factors through L!(v) if either Y is injective or ¥
is separably injective and X is separable.

Proor. The injective case is obvious. On the other hand, if X is separable, then so
is Zo := S(X) C E. Since L'(v) is weakly compactly generated, it has the separable
complementation property (see, for example, [10, Section 13.2]), hence there is a
separable complemented subspace Z of L'(v) such that Zy C Z. If, in addition, Y is
separably injective, then the restriction R|z, can be extended to an operator from Z
to Y. Since Z is complemented in L'(v), such an operator can be obviously extended
to an operator from L'toY. ]

3. Positive and compact factorizations

We begin this section by showing that, under some adequate requirements, factoring
through a subspace of an L'-space is equivalent to factoring through an L'-space. To
this end we shall apply the Maurey—Rosenthal theorem (Theorem 1.1).

Prorosition 3.1. Let X be an order continuous Banach function space over a finite
measure, Y a Banach space and T : X — Y an operator. The following statements are
equivalent.

(i)  There exist a finite measure v and a subspace E C L'(v) such that T factors as

where S is a positive operator and R is an operator.
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(1) There is a finite measure v such that T factors as

x— —vy

N

L')
where S is a positive operator and R is an operator.

Proor. Only (i) = (ii) requires a proof. Let (€, X, u) be the finite measure space on
which X is based. Since S is positive and L'(v) is 1-concave, S is 1-concave (see,
for example, [15, Proposition 1.d.9]). The Maurey—Rosenthal theorem ensures that S

factors as
X—> -E
U
14
L'(w)
where U is a positive (multiplication) operator and V is an operator. Then we have the
factorization T = (R o V) o U and so (ii) holds. O

The following remark should be compared with Corollary 2.5.

Remark 3.2. Let X be an order continuous Banach function space over a finite
measure, Y a Banach lattice and 7 : X — Y a positive operator satisfying

DTl <
j=1

Then T factors through L'(v) for some finite measure v.

n

DTGl

J=1

forall xy,...,x, € X,neN. 3.1

Proor. Every positive operator between Banach lattices satisfying (3.1) is 1-concave
(see, for example, [15, Proposition 1.d.9]). Hence the conclusion follows from the
Maurey—Rosenthal theorem. O

Some straightforward verifications in the proof of Theorem 2.1 yield the following
characterization.
THueoreM 3.3. Let X be a Banach lattice, Y a Banach space, and T : X — Y an operator.
The following statements are equivalent.

(i)  There exist a finite measure v and a subspace E C L'(v) such that T factors as

x—L oy

E
where S is a positive operator and R is an operator.
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(i) There exist a finite measure v, an L' (v)-valued positive vector measure m, and a
positive operator i : X — L'(m) such that

Tl < H f i) dm

L'(»)

for every x € X.
(ii1) There exist an order continuous Banach lattice with weak unit L, an L-valued
positive vector measure m, and a positive operator i : X — L'(m) such that

DTGl <
j=1

forevery xi,...,x, € X,neN.

i(x;)dm
L

From now on we focus on factorizations for which the first factor is a compact
operator. In this case, domination by L*-valued operators appears in a natural way
and the key property for the vector measure is to have norm relatively compact range.
This type of factorization is related to the following summability property.

Dermnition 3.4. Let X and Y be Banach spaces. An operator 7 : X — Y satisfies
property (S o) if there exist a finite measure v, an L' (v)-valued vector measure m with
norm relatively compact range, and an operator i : X — L*(m) such that

Z||T(x,)||< wp [icxpnam

heBLm(m) -
TueoreM 3.5. Let X and Y be Banach spaces. If an operator T : X — Y satisfies
property (S «), then there exist a finite measure v and a subspace E C L'(v) such that
T factors as

(3.2)

L'(v)

for every x;,...,x, € X,n € N.

where S is a compact operator and R is an operator.

In the proof of Theorem 3.5 we will use an auxiliary locally convex Hausdorff
topology 7,, on L'(m) (m a vector measure). A net (f,) in L'(m) is said to be 7,,-
convergent to f € L'(m) if and only if for every h € L*(m) we have

ffahdm%ffhdminnorm.

The topology 7,, has been studied recently in [3, 21].
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Proor oF THEOREM 3.5. Since m has norm relatively compact range, K := By 1S Ty~
compact as a subset of L!(m) (see [3, Proposition 3.5]). From now on K is equipped
with the topology 7,,. For each g € L*(m) we consider the operator

T,: L'(m) — L'(v), Tg(f)=ffgdm.

Since T, is 7,,-norm continuous, the restriction T,|x is Bochner integrable with respect
to any regular Borel probability on K. Moreover, the function g : K — R given by

&) = ITe(Wllp ) (3.3)

is continuous. We denote by C(K, L'(v)) the Banach space of all L'(v)-valued
functions on K which are 7,,-norm continuous, with the supremum norm.

Cramv A. The map j: X — C(K, L'(v)) given by j(x) := Tixlk is an operator. Indeed,
the linearity of j is clear. On the other hand, the norm of any f € L'(m) can be

computed as
f hfdm

(see, for example, [17, Lemma 3.11]) and so for every x € X we have

f hi(x)dm

G4 . . .
= O gy < Nl - 1O 2wy < Wlemall - (2] - 11,

1/ 1lz1gny = sup (3.4
heK

L)

/Ol Loy = sup
hek L')

where ||m|| denotes the total semivariation of m. Therefore, j is continuous.

Cram B. Let p be a regular Borel probability on K. Then the map
K= L', L'(v), ®g):= Tel,

is T,,-norm continuous. Here L' (5, L'(v)) denotes the Banach space of all (equivalence
classes of) L!(v)-valued functions on K which are Bochner integrable with respect to 7.
Since K is a compact subset of the angelic space (L'(m), 7,,) (see [3, Proposition 2.2]),
it suffices to prove that @ is 7,,-norm sequentially continuous. Let (g,) be a sequence
in K which 7,,-converges to g € K. For each n € N we define f, := g, — g8 € 2B~
and we consider the function ]?,; € C(K) defined by (3.3). Note that the sequence (]?,;)
in C(K) satisfies f,, — 0 pointwise on K (because f,, — 0 with respect to 7,,) and

fhf,,dm

By Lebesgue’s dominated convergence theorem we get

— (.4)
Il fullccxy = sup =" |fullLrmy < 2llm||  for all n € N.

hek

L'()

1O(gn) — P10y = ﬁ||Tg,z(h) = To(MWl1 ) dnp(h) = ]I;Edﬂ - 0.

This proves Claim B.
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Consider now the w*-compact convex set P(K) € C(K)" of all regular Borel
probability measures on K. For each X = (xy,...,x,) € X", n € N, we define the
function ¢; : P(K) — R by

EOEDWACATEDY f ix) dy.
k=1 k=1 VK

Clearly, ¢x is convex and w*-continuous. Moreover, since Y;_, i&;:) is continuous
on K, there is h; € K such that
" (3.2) noo__ no__

DUTCN < sup Y iCa)(h) = ) ix0hs),

=1 heK =i =1
hence ¢z(5;,,) < 0, where §;,, € P(K) denotes the evaluation functional at A5. It is also
easy to check that the collection of all functions of the form ¢5 is a convex cone of
RP® - According to Ky Fan’s lemma (see, for example, [8, Lemma 9.10]) there is
1 € P(K) such that ¢(n) < 0 for all functions of the form ¢;. Thus

T < f 10 dn = IS gy for every x € X, (3.5)
K

where S is the composition of the operator j (of Claim A) with the identity operator
from C(K, L'(v)) to L' (53, L'(v)). In view of (3.5), we can apply Lemma 2.2 to find an
operator R : S(X) — Y such that T = Ro §. Taking into account that L!(55, L'(v)) is
isometrically isomorphic to L' (17 ® v), we have a factorization of T through a subspace
of the L'-space of the finite measure 7 ® v. It remains to check that S is compact.
Let p > 0 such that i(oBx) C K. Since S (0Bx) = ®(i(oBx)) € ®(K) and O(K) is norm
compact in L' (17, L' (v)) (by Claim B), the set S (0By) is norm relatively compact, hence
0 is S (By). The proof is finished. m]

The proof that (ii)) = (i) in the following remark follows the steps of the proof of
(iii) = (ii) in Theorem 2.1.

ReEmark 3.6. Let X and Y be Banach spaces and T’ : X — Y an operator. The following
assertions are equivalent and imply that T satisfies property (S o).

(i) There exist a finite measure v, an L'(v)-valued vector measure m with norm
relatively compact range and an operator i : X — L*(m) such that

fi(x) dm
for every x € X.

(i1) There exist an order continuous Banach lattice with weak unit L, an L-valued
vector measure m with norm relatively compact range and an operator i : X —

L (m) such that
Yircon ||y [ iceam
=1

for every xq,...,x, € X,n e N.

IT)ll <

L'()

n

2,

=

L
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In order to prove a version of Theorem 3.5 for positive operators and positive vector

measures we need the following technical result.

Lemma 3.7. Let m be a vector measure. Then:

()  L'(m)* is T,,-sequentially closed.

(i) K N L'm)* is T,,-compact whenever K C L'(m) is T,,-compact.

Proor. The convex set L'(m)* is norm closed, hence weakly closed, so (i) follows

from [3, Proposition 3.3]. Bearing in mind that 7,,-compactness and 7,-sequential
compactness coincide (see [3, Corollary 2.3]), part (i1) follows from (i). O

TueOREM 3.8. Let X be a Banach lattice, Y a Banach space, and T : X — Y an operator
such that there exist a finite measure v, an L' (v)-valued positive vector measure m with
norm relatively compact range, and a positive operator i : X — L™ (m) such that

Z s s S [[icemam
forevery xi,...,x, € X,neN.

heBLoo(,,,> 1
Then there exist a finite measure v and a subspace E C L' (v) such that T factors as

L'(v)

x—L oy

E
where S is a positive compact operator and R is an operator.
Proor. This can be proved as Theorem 3.5 with only a few changes:
(1) Take the 1,,-compact set K := By N L'(m)* (Lemma 3.7).
2 NJOMew.rr oy < NN L ny-
3 Wallew < Wfalle -
@ o) = Ty 1Tl = 2 2y [y i) .

5 ITWI <2 [ i) dn = 128 @llpg0)-
6) i(pBxNX*)CK.

Since m and i are positive, the operator j is positive and the same holds for S . O

4. Factorization of operators acting in C(K) spaces

Throughout this section we consider the case of operators acting in a C(K) space
(K a compact Hausdorff topological space), that is, the Banach space of all real-valued
continuous functions on K. Such operators play an important role in the general
theory of Banach spaces. A fundamental result of Bartle, Dunford, and Schwartz [2]
(see, for example, [9, VI.2])states that if T : C(K) — Y is a weakly compact operator
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(Y a Banach space), then there is an Y-valued regular Borel vector measure m on K
such that T(f) = [, f dm forall f € C(K).

Remark 4.1. Let K be a compact Hausdorft topological space, Y a Banach space, and
T : C(K) — Y an operator. The following statements are equivalent.

(i) T is l-summing.

(i) There exist a finite measure v and a subspace E C L'(v) such that T factors as

CK)——~y

E

where S is a positive operator and R is an operator.
(ii”) The same as (ii) with a (not necessarily finite) nonnegative measure v.
(ii1) There is a finite measure v such that T factors as

CK)—L—~y
S

R
L'()

where S is a positive operator and R is an operator.
(i1i") The same as (iii) with a (not necessarily finite) nonnegative measure v.

Proor. The implication (i) = (iii) follows from Pietsch’s factorization theorem (see,
for example, [8, Corollary 2.15]). (ii") = (i) is a consequence of the fact that every
positive operator from C(K) to a 1-concave Banach lattice (like L'(v)) is 1-summing
(see, for example, [15, Theorem 1.d.10]). The remaining implications are obvious. O

It turns out that an operator acting in a C(K) space factors through a subspace of an
L'-space if and only if it is 2-summing. These operators can also be characterized in
the spirit of Theorem 2.1, as follows.

TueorREM 4.2. Let K be a compact Hausdor{f topological space and Y a Banach space.
The following assertions are equivalent for an operator T : C(K) = Y.

(1) T is2-summing.

(i)  There exist a finite measure v and a subspace E C L'(v) such that T factors as

I .y

C(K)

where S and R are operators.
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(ii") The same as (ii) with a (not necessarily finite) nonnegative measure v.
(iii) There exist a finite measure v and an L'(v)-valued regular Borel vector
measure m on K such that
f fdm
K
for every f € C(K).
(iv) There exist an order continuous Banach lattice with weak unit L and an L-valued
regular Borel vector measure m on K such that

Zwmmstﬁm
j=1 e

forevery fi,..., f, e C(K), neN.
Proor. (i) = (ii) This implication holds for operators defined on arbitrary Banach
spaces. Indeed, any 2-summing operator factors through a Hilbert space (see, for
example, [8, Corollary 2.16]) and every Hilbert space embeds isomorphically into an
L'-space of a finite measure (see, for example, [14, p. 128, Theorem 12]).

(il) = (i1") Trivial.

(ii’) = (i) Since every operator from C(K) to an L'-space is 2-summing (see, for
example, [8, Theorem 3.5]), S is 2-summing and sois 7 = Ro §.

(i) = (iii) We can assume without loss of generality that ||R|| = 1. Since L!(v)
contains no subspace isomorphic to cg, the operator S is weakly compact (see, for
example, [9, p. 159, Theorem 15]). Therefore, there is an E-valued regular Borel
vector measure m on K such that S = I, o i, where i : C(K) — L'(m) is the identity
operator (see, for example, [9, VI.2]). Then

ITCOI = IRES U< NIS U = LIy = Hfodm

for every f € C(K). This proves that (iii) holds.

(iii) = (iv) This is clear by taking L := L'(v).

(iv) = (iii) This can be proved as in (iii) = (ii) of Theorem 2.1.

(iii) = (ii) Let i : C(K) — L'(m) be the identity operator and consider the operator
S :=1,0i:C(K)— L'(v). Then Lemma 2.2 applied to T and S gives the desired
factorization. The proof is complete. O

IT(HIl <

L'()

L

L'()

The following example shows that compact operators from a C(K) space need not
factor through subspaces of L!-spaces.

ExamprLe 4.3. Consider the standard basis (e,) of ¢y, a sequence (I,,) of pairwise
disjoint open subintervals of [0, 1] and points &, € I, for all n € N. Define an operator

T :C[0,1] = ¢ by
o0 kn
1=y L2
n=1

i € C[0,11.
o !

Then T is compact but not 2-summing (hence 7" does not factor through a subspace of
an L'-space).
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Proor. Clearly, T is the limit (in the operator norm) of the sequence (7',) of finite-rank
operators T, : C[0, 1] — ¢( defined by

P
,_ Z f(kn)
Tp(f) = £ \/ﬁ €n, f € C[O’ 1]

Hence T is compact. We prove that 7 is not 2-summing by contradiction. If 7 were
2-summing, then Pietsch’s domination theorem (see, for example, [8, Theorem 2.12])
would ensure the existence of a finite Borel measure ¢ on [0, 1] such that

IT(Plley < I fllz2gy  forall f e CK).

Take a sequence (f,) in C[0, 1] such that 0 < f,, < 1, supp(f,,) € I, and f,(k,) = 1 for
all n € N. Then, for any N € N, we have

N 1 N N N
Y a = DI < Y Ml = [ (3 02)du < pto 1 <,
n o 011,51

n=1 n=1

because 0 < Zivzl f? < 1. This gives a contradiction. Therefore, T is not 2-summing
and cannot be factored through a subspace of an L'-space. O
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