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In recent papers [10, 11, 12, 13, 14], we defined some new ^-invariants for

any rational prime p congruent to 1 mod 4 and Z)-invariants for any positive

square-free integer D such that the fundamental unit εD of real quadratic field

Q(/D) satisfies NεD = — 1, and studied relationships among these new in-

variants and already known invariants.

One of our main purposes in this paper is to generalize these Z)-invariants to

invariants valid for all square-free positive integers containing D with NεD — 1.

Another is to provide an improvement of the theorem in [14] related closely to

class number one problem of real quadratic fields. Namely, we provide, in a sense,

a most appreciable estimation of the fundamental unit to be able to apply, as usual

(cf. [3, 4, 5, 9, 12, 13]), Tatuzawa's lower bound of L( l , χD) (cf. [7]) for estimating

the class number of Q(/Z5) from below by using Dirichlet's classical class number

formula.

In §1, we shall define and consider properties of new D-invariant mD valid

for all square-free positive integers D, and in §2 we shall deal with new

/^-invariant nD, which is more valuable when mD — 0. At that time, we shall part-

ly alter notations of some new D-invariants related to nD defined in [13] for

avoiding any confusion of notations.

In §3, we shall consider real quadratic fields of R-D type, for which fields

explicit forms of the fundamental units are well-known, and as an application of

results in §1-2, we shall characterize each case of R-D type by using

D-invariants studied there.

Finally, in §3 we shall provide an improvement of the theorem in [14] and

Theorem 2 in [12].

Throughout this paper, we denote by No = {0, 1, 2,...} the set of all

non-negative rational integers and by [x] the greatest integer less than or equal

to x. Moreover, we set
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D = {D > 0: square-free positive integer},

and for any D in D, we denote by hD and by

εD = (tD + uDy/D)/2 ( > 1)

the class number and the fundamental unit of the real quadratic field

Q(/D) respectively.

Furthermore, we set

D + = ( D E Ό:NεD= 1),

and

D_ = {D^ Ό:NεD = - 1},

where N means the norm mapping from Q.(/D) to the rational number field Q.

§1

We first prove the following:

THEOREM 1.1. For any D in D greater than 13 {or tD ^ 5), it holds

ίuD/tD] = [tD/D] = [εD/D] = [uD/yfD].

Proof. First we show that D > 13 implies tD ^ 5. It follows from tD — DuD =

± 4 that D ^ DuD = t\ ± 4. Hence,

D ^ 29 implies t\ ± 4 ^ 29, and so ^ ^ 5.

On the other hand, for any D satisfying 13 < D < 29 we can confirm tD ^ 5

by practical calculations.

Next, we put wιD

= [uD/tD]. Then, for any D in D + satisfying tD ^ 5 we can

prove the following inequality:

(1) DmD ^tD~l< uDy[D <εD<tD< D(mD + 1 ) ,

and for any D in D_ satisfying tD ^ 5 we can prove the following inequality:

(2) DmD <tD<εD< uD4D < tD + 1 ^ D(mD + 1).

In the case D in D + from u2

DD — t\ — 4 and tD ^ 5 we know
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Moreover we

Hence we get

Furthermore,

from Lemma

from tD ^ 5.

get

we

2 in

DmD \

DmD ^ tD

know

[9], and

ZuDD/tD<

— 1 and

:D(mD + l).

tD < D(mD 4

D<tD

4 = uDjD

In the case Z) in D_ from uDD — tD + 4 we know

Hence we get similarly

DmD ^ tD and tD + 1 ^ Z ? ^ + 1).

Moreover, we know

tD<εD< uΌ{Ώ

from Lemma 2 in [9], and

uDy[D = Jt2

D + 4 < ^ + 1

from tD ^ 5.

Here, if we assume tD = DmD or D(mD + 1), then tD = 0 (modZ)). Hence, it

follows

± 4 = t2

D - DuD = 0 (mod D),

which conflicts with D > 13.

Our theorem is immediately follows from (1) and (2).

For any D in D + , we put

AD = {a : 0 < a < D, a2 = 4 (mod Z))},

and
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(A, B)D = {(a, b):a<ΞAD,a - 4 = bD}.

For any D in D_, we put

AD = {a : 0 ^ α < Z), a = - 4 (modi))},

and

(A, £),, = {(0, δ) : a e ^ a2 + 4 = iZ».

Then we can prove the following:

THEOREM 1.2. For αwy 2) in D, there are uniquely determined mD in No and (aD,

bD) in (A, B)D such that

tD = D rnD + aD,

uD = D rnD + 2aD'MD + bD.

Additionally, if D > 5, then

mD = [tD/D] and 0^ bD< aD< D,

and moreover
bD = 0 if and only if aD = 2.

Proo/. In the case D in D+, we put

[tD/D] — mD and tD = D - mD + aD.

Then, mD and aD are uniquely determined, and we know

mD e No, 0 ^ #£ < Z).

Moreover, since

Z)M^ = t2

D — 4 = D(Dm2

D + 2aD mD) + (a2

D — 4 ) ,

we obtain

a\- 4 = O(modD).

Therefore, we put

4 - 4 - D-bD.

Then, bD is also uniquely determined and we obtain

u2

D = D m2

D + 2aD-mD + bD.
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Here, if we assume aD = 0, then we get D — 2.

However, from ε2 — 1 + y/2 we get Nε2 = — 1, which contradicts with D in D + .

Hence, aD Φ 0 holds, and so (aD, bD) is in 04, B)D.

Next, it is clear that bD = 0 if and only if aD = 2.

Furthermore,

bD < 0 if and only if ^ — 1,

which is equivalent to D = 3 (&# = — 1).

Hence, D > 3 implies δ^ ^ 0.

If we assume bD ^ Z), then from aD — 4 = /)/># ̂  D we get at once

- 4 ^ Z)2 - aD = CD - ^ ) ( Z ) + aD) > D,

which is a contradiction. Hence, we get bD < D.

Finally, we put/(r) = - χ2 + Dx + 4.

Then

/(0) = /(Z» = 4 > 0,

and

0<f(bD) = (aD + bD)(aD- bD)

holds.

Hence, we know aD > bD from aD + bD> 0.

In the case D in D_, we proved already in [13].

§2

In the case mD = 0, i.e. tD< D, we know by Theorem 1.1

uD < tD provided D > 13 or tD ^ 5.

Therefore, in this case the invariant nD — [tD/uD] is more useful than the in-

variant mD.

For any D in D + , we put

VD = {v : 0 ^ v < uDJ v = 4 (mod uD)},

and

(V, W)D = i(v, w) :υ(ΞVD,υ2 -4 = wuD).

For any D in D_, we put
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VD = {υ : 0 ^ v < u2

D, υ2 = - 4 (mod uD)},

and

(V, W)D = i(v, w) : v e VD, v + 4 = iiw*}.

Then we can prove the following:

THEOREM 2.1. For any D in D, there are uniquely determined nD in No and

(vD, wD) in (V, W)D such that

ίtD = u2

D-nD + vD

[D = u2

D-n2

D + 2vD nD + wD.

Additionally, ifuD > 2, then

0 ^ wD < vD < u2

D and nD = [tD/u2

D] - [D/tD].

Proof. In the case D in D+, we put

[tD/u2

D] = nD and tD = u2

D-nD + vD.

Then, nD and vD are uniquely determined, and

nD e No, 0 ^ vD< uD

holds.

Since

Όu\ = t\ — 4 = u2

D(u2

DnD + 2vDnD) + (υ2

D — 4 ) ,

we obtain

t / J - 4 Ξ θ (mod u2

D),

and so f̂  is in VD.

Moreover, we put

υ\ - 4 = u2

D-wD.

Then, wD is also uniquely determined and we obtain

D= uD nD + 2vD-nD + wDJ

and so (υD, wD) is in ( 7 , WO/).

Especially, since ^ w ^ = ^ — 4 < % — 4, if we assume uD > 2, then we get

wD < u2

D — (4/u2

D) < uD.
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Furthermore, it is clear that

wD < 0 if and only if υD — 0 or 1.

On the other hand,

and

υD — 0 implies wDuD — — 4, and so uD = 1 or 2,

υD—\ implies wDuD = — 3, and so uD = 1.

Hence, uD > 2 implies 0 ^ wD < uD.

Next, we put

Then we get

g{x) = — x2 + uDx + 4.

g(0) = g(uD) = 4 > 0

and

0 < g{wD) = (υD + wD) (υD - wD).

Hence, if uD > 2, then we know υD > wD from υD + wD ^ 0.

Finally, in D = n^ί^ + (nDvD + M;^),

uD > 2 implies nDvD + wD*^ 0,

and

'/) " " (KDVD + ẑ>) = (% ~~ %) 'WD + (t;^ — wD) > 0.

Hence, we get

[tD/u2

D] =nD= [D/tD].

In the case D in D_, we proved already in [13].

§3

In the unique expression

D=k2 + r (-k<rύk)

for any D in D, if

4k = 0 (mod r)
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holds, then the real quadratic field Q(y[D) is called of Richaud-Degert type (sim-

ply R-D type).

In this section, we consider new invariants of real quadratic fields of R-D

type. For real quadratic fields of R-D type, the explicit form of the fundamental

unit is well-known as follows (cf. [1, 2, 6, 8]):

THEOREM 3.1 (Richaud-Degert). Let QWD) (D = k2 + r, - k < r < k) be

real quadratic fields o/R-D type (4k = 0 mod r).

Then, the fundamental unit εD ofQiyfD) is of the following form:

εD = k + \[D with NεD = — sgn r for \ r \ = 1

(except for D = 5 k = 2, r = 1),

εD = (k + /D)/2 with NεD = — sgn r for\ r\ = 4,

^ = {(2k2 + r) +2ky[D))/\r\ with NεD = 1 for\ r\ Φ 1,4.

Using this theorem, we consider each case of R-D type as follows: In the case

r = 1, we get D = k2 + 1 (k ^ 1) and εD = k + yfi) (NεD = - 1), and so

tD = 2k, uD = 2, tD/u2

D = k/2,

which implies

nD = k/2 (k: even) or (k - l)/2 (k : odd).

Hence,

if k is even, then vD — 0 and wD—\,

On the other hand,

if /c is odd, then υD — 2 and wD — 2.

In the case r = — 1, we get Z) = /c2 — 1 (1 < /c: even) and ε^ = k + yjD

(NεD — 1), and so

which implies

nD = k/2.

Hence, we obtain

vD — 0 and wD = — 1.
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In the case r = 2, we get D = k2 + 2 (k ^ 2) and ε^ = k2 + 1 + k {Ώ

(NεD = 1), and so

tD = 2(k2 + 1), uD = 2/c, uD/tD = 2k2 Λk2 + 1 ) ,

which implies

mD=

from Theorem 1.1, because of 1 < 2k2 Λk2 + 1) < 2.

Hence, we get

In the case r = ~ 2, we get D = k2 - 2 (k > 2) and εD = k2 - 1 +

(NεD = 1), and so

tD = 2(k2 - 1), uD = 2k, u2

D/tD = 2k2Λk2 - 1),

which implies

mD = 2

from Theorem 1.1, because of 2 < 2k2 Λk2 - 1) < 3.

Hence, we get

In the case r = 3, we get D = k2 + 3 (3 ^ k = 0mod3) and εD = {(2/c2 + 3)

+ 2kyfD}/3 (NεD = 1), and so

tD = 2 (2/c2 + 3)/3, uD = 4k/'3, M ^ / ^ = 8/c2/(6/c2 + 9),

which implies

from Theorem 1.1, because of 1 < 8k2/(6k2 + 9) < 2.

Hence, we get

aD = (/c2 - 3)/3, bD = (/c2 - 9)/9.

In the case r = - 3, we get D = k2 - 3 (3 < k = 0 mod 3) and ε^ =

{(2/c2 - 3) + 2k<W) /3 (Λfê  = 1), and so

tD = 2(2k2 - 3)/3, ^ = 4/c/3, M ^ / ^ = 8k2/(6k2 - 9),
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which implies

mD= I

from Theorem 1.1, because of 1 < 8ft2/(6k2 - 9) < 2.

Hence, we get

aD = (k2 + 3)/3, bD = (ft2 + 9)/9.

In the case | r\ = 4, we get D = k2 ± 4 (k ^ 4) and εD = (k + yΊ))/2

= — 1), and so

tD = ft, wD = 1, = ft,

which implies nD = A:.

Hence, we obtain

== 0 and M;D = ± 4 .

In the case | r\ ^ 5, we get ^ = 2(2f t 2 + r)/\ r\, uD = 4 f t / | r | ,

which implies

Here, since 0 < r2/8ft2 ^ 1/8, we obtain

nD=[\r\/A\ -I (for 0 > r ^ 0 mod 4),

or

nD — [| r I /4] (for other cases).

From these considerations, we obtain the following theorem and table:

THEOREM 3.2. For real quadratic fields Q(/D) of R-D type, if D > 5, then

2 forr= - 2,
1 Λw r = 9 + Qj . jυr r 4, _L_ o,

0 /or I H =£ 2, 3.

Π — h2" A- v

D ^ 6

D^ 7

D^39

D^ 33

to

- 2

3

- 3

2A;2-F

2 λ 2 -

2(2/c2 +

2(2A:2 -

-2

-2

3)/3

3)/3

uD

2k

2k

4/c/3

4/c/3

mD

1

is
:

1

1

(k2

(k2

aD

k2

2

-3)/3

+ 3)/3

k2

(k2-

(k2-

bD

-2

0

-9)/9

+• 9)/9
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D = k2 + r

D^Π

D^ 15

D^ 29

D^ 21

r

1

1

- 1

4

- 4

2A

2A

2k

k

k

uD

2

2

2

1

1

nD

A/2

(A - l )/2

A/2

A

A

0

2

0

0

0

1

2

- 1

4

- 4

A:even

A : odd

k : even only

Furthermore, we can prove the following three propositions, which characte-

rize each case of R-D type:

PROPOSITION 3.1. (1) QWD)is of R-D type with \ r\ = 1, if and only ifuD = 2.

(2) QWD) is of R-D type with \ r | = 4, if and only ifuD = 1.

2 2

Proo/ From tD — DuD — ± 4 we can obtain the following:

In the case % — 1, we get directly D = ^ ± 4.

In the case w^ — 2, we know first that tD is even, and so we can put tD — 2k with

a positive integer k. Hence we get D — k ± 1 .

The converse is clear from the above table.

P R O P O S I T I O N 3 . 2 . (1) Q ( / D ) is of R - D type with r = ± l ( k : even) if and

only if(vD, wD) = ( 0 , ± 1 ) .

(2) Q(/D) is of R-D type with r = ± 2, if and only if u\ = 42) + 8.

(3) Q(/D) is o/ R-D type with r = ± 3, if and only if 9u2

D = 16Z) + 48.

(4) Q(/D) t5 of R-D fypβ wί/i r == ± 4, if and only if (vD, wD) = (0, ± 4).

Proo/. (1), (4) In the case vD — 0, by Theorem 2.1 we obtain immediately

D = uDnD + wD. Hence, if additionally we assume wD = ± 1, or ± 4 respectively,

then QWD) is of R-D type and r — wD.

The converse is clear from the above table.

(2) If QWD) is of R-D type and r = ± 2, then uD = 2k, and hence

uD = 4k2 = 4(k2 ± 2) T 8 = 4D T 8.

Conversely, if uD = 4D T 8, then uD = 0 (mod 4), and so uD = 0 (mod 2).

Hence, we can put uD = 2k with a suitable natural number A:, and obtain im-

mediately D = /c2 ± 2, which shows that Q(\/Z?) is of R-D type and r = ± 2.

(3) If Q(\/β) is of R-D type and r = ± 3, then uD = 4/c/3, and hence
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9u2

D = 16ft2 = 16(ft2 ± 3) + 48 = 16/) + 48.

Conversely, if 9u2

D = 16Z) + 48, then 9w^ = 0 (mod 4 ), and so uD = 0

(mod 4). Hence, similarly we can put &£ — 4ft with a suitable natural number ft,

and obtain D = 9ft2 ± 3, which shows that Q(/D) is of R-D type and r = ± 3.

PROPOSITION 3.3. (1) Q(/D) ts o/ R-D type with r = 1 (ft : orfd), ί/αnd on/y i/

MD = 2 and (vD, wD) - (2, 2).

(2) Q(V^D) t5 o/ R-D type with r = - 2, if and only ifmD = 2 and (aD, bD) =

(2,0) .

Proof. (1) If we assume uD — 2 and (vD, wD) — (2, 2), then from Theorem

2.1 we get immediately

D = 4n2

D + AnD + 2 = ( 2 % + I ) 2 + 1,

which shows that Q(/D) is of R-D type and r — 1.

The converse is clear from the above table.

(2) If we assume mD — 2 and (aD, bD) = (2, 0), then from Theorem 1.2, we

get similarly uD — 4(2) + 2). Hence, there exists a natural number ft satisfying

D + 2 = ft2 i.e. D = ft2 - 2. Therefore, Q(V2)) is of R-D type and r = - 2.

The converse is clear from the above table.

§4

In this section, in connection with class number problem, we consider finite-

ness properties and estimations from below for the class number of real quadratic

fields.

We first prove the following theorem related to class number one problem for

real quadratic fields:

THEOREM 4.1. For arbitrarily chosen and fixed natural number h0 and real num-

ber c greater than 2, there exists only a finite number of real quadratic fields

Q(vGD) CD <Ξ D) such that

εD < D-e c and hD ^ hQ.

Proof. We first define a symbol δD depend on D in D by

δD = 0 for Z)=l(mod4),
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and

δD = l for D = 2, 3 (mod 4).

Then, we get d = 4 DD for the discriminant d of real quadratic field Q(yfD).

Moreover, by applying Tatuzawa's result (cf. [7])

Ul,χd) > 0.655/(sdι/s)

(for any 5 ̂  11.2, d ^ e and with one possible exception of d) to Dirichlet's

classical class number formula

*„= (2\ogεDVιtf La, χd),

we obtain

hD > 45β(5-2)/2s 0.3275s-1 Z) ( 5-2 ) / 2 5/logεZ )

for any s ^ 11,2 and D ^ e in D.

Here, if we assume εD < D-e , and put

α = ( 5 - 2 ) / ( 2 5 ) , j 8= 1/c,

then

α > i8 if and only if s > 2c Ac - 2).

On the other hand, if we put moreover

fs(D) =Da/(D^ + \ogD),

then we get for any s > 2c Ac — 2)

hD>4δD(s-2)/2s - 0.3275s"1 -fs(D),

and under the assumption a > β > 0, /5(-D) tends to infinity as Z) tends to infin-

ity. Therefore, if we choose any s satisfying

s > max {11.2, 2c/(c-2)},

then there exists a positive number Do such that

hD > h0 holds for any D in D with D > Do,

in other words,

hD ^ h0 implies D ^ Z)o.
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From this theorem, we can obtain immediately the following two corollaries:

COROLLARY 4.1. For arbitrarily chosen and fixed real number c greater than 2,

there exists only a finite number of real quadratic fields Q(/D) (D ^ D) such that

εD < D-eDC and hD — 1.

COROLLARY 4.2. There exist infinitely many real quadratic fields of class number

one if and only if there exist infinitely many real quadratic fields Q(yfD) (D G D)

satisfying

εD> De ° and hD = 1

for any fixed number c greater than 2.

Furthermore, we can provide the following lower bounds for hD :

PROPOSITION 4.1. For any s ^ 11.2 and D ^ es in D,

(1) ifmD Φ 0, then

hD > 0.3275 4δβ(s"2)/2s 5"1 Z)(5"2)/25/{log (mD + 1)Z»

holds with one possible exception of D.

(2) ifmD = 0 (i.e. nDΦ 0), then

hD > 0.3275 4δβ(s-2)/25 5-1 Z)(s-2)/2V{log (D/nD) + 1)}

holds with one possible exception of D,

(3) ifQ(y/D) is a real quadratic field ofR-Ό type, then

hD >

holds with one possible exception of D.

Proof. In case of mD Φ 0, from Theorem 1.1 we know first

εD<D(rnD + 1).

In case of mD — 0, we know nD Φ 0 from Theorem 1.1, and so from Theorem

1.3 in [13] we get εD < (D/nD) + 1 for D in D_, and also get similarly ε^ <

D/nD for Din D + .

In case of real quadratic field of R-D type, from Theorem 3.2 we get

εD < 3D.
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Hence, in each case, by applying these upper bounds for εD to the formula

1 V^ A δn(S-2)/2S Λ OO/-7Γ ~ 1 τ^( 5 ~2)/2S /Λ

hD > 4 D -0.32755 D /logε^

obtained in the proof of Theorem 4.1, we can prove Proposition 4.1.

tD = DmD + aD

= Dm2

D 2aDmD

tD = uDnD

D = u2

DnD

aD±4 = bDD

mD = [tD/D]
= wDu

2υDnD
2υDnD

DuD

nD = [tD/u2

D]

wD

D

# 2

# 3

# 5

6

# 7

10
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# indicates prime number.

hD= —n means that NεD = — 1 and hD = n.

r representes the integer such that D = k2 + r, — k < r ^ k and 4k = 0

(mod r) for real quadratic field Q(y/D) of R-D type.
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