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ABSTRACT. S ta r ting from Glen 's fl ow law for ice and from a series of assump tions based in part on observa­
tions in Greenland and in the J ungfra ujoch, the veloci ty distribution (hori zonta l velocity component) and 
surface configuration is derived for a strip-shaped ice shee t in a stationary state. For the choice n = 3 - 4 of 
the exponent in th e power-law flow r ela tion, there is extensive agreemen t between the theoretically calculated 
surface profile a nd the east-west profile measured through " Station Centra le" by Expeditions Polaires 
Fran<;:aises. The corresponding theoretical solution for a circular ice sheet is a lso given. As a first a pplica tion 
of this theory, an attempt is made to calcula te the average rate of accumulation in Antarctica from i ts surface 
profile (assumed circular in plan) and from the flow-law parameters derived from the Greenland Ice Sheet. 
I t is also shown that a change in accumula tion has only a small influence on the total ice thickness of an ice 
sheet. A method of calculating approxima tely the age of ice in an ice sheet, based on the foregoing theory, is 
illustrated by applying it to the Greenland Ice Sheet. After comparing the present theory with that of Nye, 
a general expression for the surface profile of an ice sheet with constant accumulation is set up and discussed 
by means of comparison with two profiles through Antarctica. 

REsuME. Partant de la loi de Glen sur l'ecoulement de la glace et se basant sur une serie de considerations 
tin:es en par tie d 'observations faites au Jungfraujoch et au Groenland, l'auteur formule tout d 'abord les 
conditions de mouvement (composantes horizon tales des vitesses) et la forme d ' une calotte de glace laminaire 
en etat d 'ecoulem ent stationnaire. Pour n = 4, le profil Ouest-Est de l' lndlandsis du Groenland passant 
par la "Station C entrale" , te! qu'il a ete leve par les Expeditions Polaires Fran<;:aises, et le profil calcule par 
!'auteur offrent une tres large coincidence. Vne solution similaire est egalement proposee pour les calottes de 
glace de forme circulaire. 

La theorie de l'auteur trouve une application en essayant de determiner de I'accumulation moyenne 
sur l'Antarctique. 11 y parvient en considerant, d'une part la forme circulaire et celle de la surface, d'autre 
part en utilisant les valeurs des parametres n et k determinees pour l' lndlandsis groenlandais. 11 en ressort 
en outre, qu'une variation dans l'accumulation n 'a qu'une tres faible influence sur l'epaisseur des calottes 
glaciaires. A ceia, l'auteur ajoute un essai de determination de l'age de la glace dont il developpe le calcul d'un 
exemple choisi pour l'lndlandsis. 

Apres une comparaison avec la theorie de Nye, l'auteur etablit enfin une loi generale donnant la forme 
des calottes de glace pour une accumulation constante et a titre d'application, il compare et discute deux 
profils transversaux de l'Antarctique. 

ZUSAMMENFASSUNG. Ausgehend vom Fliessgesetz des E ises nach Glen und basierend auf einer Reihe von 
Annahmen, die sich z.T. aus Beobachtungen auf Jungfraujoch und in Griinland ergaben, wird zunachst der 
Bewegungszustand (horizon tale Geschwindigkeitskompon enten) und die Oberflachenform fur den streifen­
fiirmigen Eisschild im stationaren Zustand formuliert. Fur n = 4 ergib t sich dabei eine weitgehende 
Dbereinstimmung zwischen dem durch die franziisische G r bnla ndexpedition aufgenommenen West-Ostprofil 
durch die "Station Centrale" und d em vom Verfasser b erechneten Profil. Anschliessend wird eine entspre­
chende Liisung fur den kreisfbrmigen Eisschild gegeben . Als Anwend ung dieser Theorie wird zunachst 
versucht, auf Grund der OberAachenform der Antarktis und den am Grbnlandischen Inlandeis ermi ttelten 
Parameter n und k die mittlere Akkumula tion des als kreisfiirmig angenommenen antarktischen Schildes zu 
b erechnen. Fem er wird gezeigt, dass eine Anderung der A kkumulation die griiss te Eismachtigkeit nur sehr 
wenig beeinAuss t. Anschliessend wird versucht den Weg d er Altersberechnung d es Eises an einem Beispiel 
des Inlandeises a ufzuzeigen. Abschliessend wird nach e inem Vergleich mit der Theorie von Nye ein 
a llgemeines Formgesetz fur Eischilder bei Konstanter Akkumulation aufges tell t, dessen Ergebnisse mit 2 

QuerprofiIen der Antarktis verglichen und diskutier t werden. 

1. INTRODUCTION 

The following attempt to formula te approxima tely the equilibrium configuration and 
particularly the equation for the firn surface of an ice sheet in stead y state has been inspired 
primarily by the following research es: experimen tal and theoretical studies of English and 
Swiss physicists and glaciologists, r, 2, 3, 4, 5 results of the Expeditions Polaires Fran<,:aises of 
P. E . Victor,6 and investigations carried out during 1950-60 in the cold ice cap of the 
Jungfraujoch.7 

We shall treat first of all the main problem, that of the plane, stead y-state motion and form 
of the surface profile in the firn region of a long, strip-shaped ice sheet (Fig . I a) under constant 
accumulation . The desired funct ion is of the form 

y = ~(x, H, a, k, n) (r) 
1133 
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where y = ice thickness at a point P on the firn surface, a distance x from the center A 
of the ice sheet (Fig. la). 

H = maximum ice thickness in the ice sheet, at point A. 
a = yearly accumulation (thickness of the layer of ice, of assumed density p 917 

kg. fm.3 formed each year). 
k, n = ice flow law parameters (see equation 2) . 

a) b> 
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Fig. I. Strip-shaped and circular ice sheets. (a) Strip-shaped ice sheet, (b) Circular ice sheet. a = accumulation per year 

After the general equation (I) of the firn surface has been derived from the condition of 
continuity and the flow law of Glen, I it is possible to compare the theoretically calculated 
surface profile AC (Fig. la) with that measured by the Expeditions Polaires Fran~aises 
(Fig. 6). The comparison is made by constraining the theoretical curve to pass through two 
given points, the summit point A and an arbitrary second point C (with coordinates c, h) lying 
above the firn line, and then choosing the flow-law parameters k and n so that, for the known 
accumulation a, the best agreement between calculated and measured surface profiles is 
obtained. 

Next the equation for the surface profile of a circular ice sheet (Fig. I b) is formulated, the 
differential equation for which differs only by a form factor from that of the strip-shaped ice 
sheet. In addition, certain general relations between the accumulation a and the maximum 
ice thickness H are established and illustrated by examples. 

n. EXPERIMENTAL AND THEORETICAL BASIS 

We use as the most important experimental basis for the following treatment the flow law 
of Glen,' which has been confirmed by numerous recent investigations and may be considered 
a good approximation for poly crystalline glacier ice. It reads (see Fig. 2) 

where z is the coordinate in the vertical direction and 'T is the shear stress across the horizontal 
plane. The parameter k depends principally upon the temperature of the ice,8 whereas the 
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exponent n depends among other things on the crystallographic relationships and the strain­
history of the ice type concerned. 5 In order that the temperature-dependent parameter may 
have easily understood dimensions, we write equation (2) in the fo llowing form: 

in which T, is the unit of shear stress. For T = T" we have E = k" from which the parameter 
k, can be defined as that rate of deformation (rate of simple shear in sec. - I or yr. - I) which 
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Fig. 2. Flow curve of polycrystalline ice, f.L = "apparent viscosiry" 

takes place under the unit of stress T,. The lower the temperature, the smaller is the value 
of k or kr • The relation between parameters k and k" which differ only in units, is: 

k = k, /Tt" ; k, = kT,". (4) 
In order to express the flow curve of ice as that of an incompletely viscous fluid, and to 

facilitate comparison with a Newtonian-viscous fluid , it is useful to introduce the "apparent 
viscosity" f-/-, which, on the basis of equations (2)-(4) and Figure 2, is defined as follows: 

(5) 

For T = T,; f-/- I tan f-/-r* = Tl /kr• 

For T = T 2; f-/-2 

(
:::: ) , - n. 

fL I T I 
(sa) 

For the special case n = r, the apparent viscosity, which is defined as the ta ngent of the 
angle fL* which a radius vector to the flow curve makes with the axis of ordinates (Fig. 2) 
becomes identical with the Newtonian viscosity Y), that is 

For n = I, f-/- = Tr /kr = Y). (Sb) 
Since the temperature in the ice sheet varies from place to p lace, we must, strictly speaking, 

deal with a spatially varying k, value. The fact that both the ice temperature and the shear 
stress in general increase downward along a vertical profile through the ice sheet a nd reach 
their maximum values at the bed produces a very strong curvature in the lower part of a 
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vertical profile of the horizontal velocity component, shown in Figure 3, as Nye has already 
pointed out.9 If for simplicity a constant, average k value is assumed, then the resulting error 
can be partially compensated by a relatively high n value, as is shown later. (The velocity 
profile shown in Figure 3 corresponds, for example, to the n = 4 for constant k.) 

It should be noted furthermore that, because of the lower viscosi ty of the surficial firn 
layers, the velocity prbfile displays a small anomaly in the form of a loca l, surficial peak, as 
has been often observed in the snow cover and in alpine fi rn regions IO and is presently under 

fo---- V. X ---..., 

I+-~.-- Vornal --- --i 

Vx 

Vmx 

u 
I--Tu 

Pt'"') 

Fig. 3. Vertical velocity profile (horizontal component ) 

investigation on the Greenland Ice Sheet by the International Greenland Glaciological 
Expedition.2 1 Thanks to the relatively small thickness of the firn layer in relation to the total 
ice thickness, this anomaly will be taken into consideration in the balance condition (con­
tinuity) only insofar as, in calculating the ice flux from the velocity profile, the velocity at the 
surface is taken to be not the actual value Vx max but instead the theoretical value that would 
be present if the firn cover were replaced with ice. The value Vxm given in Figure 3 indicates 
accordingly the average horizontal velocity component outlined by arrows, according to the 
equation 

(6) 

Ill. A SSUMPTIONS 

The theory developed is based on the following assumptions: 
( I) The flow law of Glen (equation 2) is independ ent of the magnitude of the super­

imposed hydrostatic pressure, as has been demonstrated experimentally for single crystals up 
to pressures of 350 kg. cm. - 2 by R igsby.12 

(2) The flow is laminar and steady, and takes place so slowly under the influence of gravity 
and internal friction that the forces due to acceleration are negligible. 

(3) W ithin the firn region CAC in which the equation of the surface profile is calculated, 
the accumulation a is assumed to be constant (Fig. 4) . 
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(4) Within the entire firn region FAF the ice is assumed not to slide on its bed (vu = 0) . 
It is immaterial whether this condition is the result of the ice being solidly frozen to the glacier 
bed (permafrost), or of a great roughness of the contact surface, or of relatively small shear 
stresses, or w hether the combined action of two or more of these factors is responsible. It is 
nevertheless probable, on the basis of investigations by R obin,3 Holtzscherer,6 and the 
author;7 that in the centre of the Greenland Ice Sheet the ice is frozen solid ly to the bed and 
rests on a permafrost lens of unknown thickness and extent. 

co 

y~ 
I: _ 

° 

AO co 

---~-f-o----- c --- ..J 

, , 

~--------- b -------~_j4------b ----------i 

~------------------- B --------------------~ 
Fig. 4. Cross-section through an ice sheet with streamlines (schematic). a = accumulation in m. if ice per _year, c = half-width 

if fim region with average accumulation a,f = half-width if fim region, F = fim line, b = semi-major axis if ellipse I, 
S = crevasse zone, [ = firn sUljace, 2 = streamlines, 3 = velociry profile, 4 = ice temperature in the centre, 5 = isotherm, 
6 = permafrost, 7 = pressure melting point 

(5) The bed of the ice sheet is assumed horizontal. In the case of an irregular bed having 
variations in elevation of ± IO per cent of the total ice thickness (as in Greenland), the 
substitution of a horizontal plane at the same average elevation as the actua l, irregular bed 
gives a useable approximation (cJ. Fig. 6). Extension of the theory to an inclined bed poses 
no particular difficulties. 

(6) The actual param eter k, which in fact varies with tempera ture and hen ce from place 
to place,8, 13 is for simplicity r eplaced with a constant "standard average value" k. In order 
to obtain, in spite ofthis, a good agreement between measu,'ed and calcula ted surface profiles, 
a fictitious value of n must be chosen that is somewhat larger than the experimentally deter­
mined values.zz By this artifice the error made by assuming a constant value of k is, as already 
mentioned, partially compensated. 

(7) The treatment deals only with the horizontal component of velocity, which alone 
enters into the consideration of balance (continuity). The validity of the treatment is restricted 
to the firn region . It gives a useful approximation, but no t an exact solu tion. 

IV. BASIC EQUATIONS FOR A STRIP-SHAPED ICE SHEET 

I. General considerations 
From the foregoing explanation (I- Ill) and the situation depicted in Figure 5, the follow­

ing basic relations emerge: 

Slope of the firn surface: tanCt. 
dy 

-"ix' 
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Shear stress across horizontal and vertical planes Tx< = T: 

T = P< tan 1:/., where p is the ice density 

From equations (2) and (3): 

Mean horizontal velocity: 
l'xm = a:.;/y (equation of balance). 

(8)* 

(9) * 

( 10) 

Equation ( ro) is the continuity condition that applies to the steady state of the ice sheet. 

A 

H 

X - ---oi 

Tu = f . tgc<. z 

1:u = rtgc<. 

X oxl 

Fig. 5. Equilibrium slate of strip-shaped ice sheet (approximate solution ). H = maximum thickness if ice = semi-minor axis, 
a = accumulation (in m. of ice per year), b = semi-major axis of curve ACT, p = density of ice (917 kg. /m.l), F = 
firn line 

2. Velocity distribution along a vertical line (vertical velocity-profile) 
From equations (8) and (9) it follows (see Fig. 5) that 

dv .• /dz = k(p< tan 1:/. )" , 
y 

Vx = kp" tan"l:/. J z" dz, 
o 

Vx = kpntannl:/. (yn+I_ zn+1) = Cr[y,,+I- zn+,], 
n+ r 

Vo 
kpntannl:/. 

Cr = . 
n+r 

The average horizonta l velocity Vxm is thus obtained as: 
y y 

_fvxdZ - Cr f( n+1_ n+I)d - C n+ r n+1 Vxm - -- - - y Z Z _. r - - y , 
y y n+2 

o o 

C
2 

= Crn+r = kpntannl:/. 
n+2 n+2' 

Vo n+ 2 

Vxm n+ r 

(r r) 

(r 3a) 

* Equations (8) and (9) are approximations, valid to a high degree of accuracy when the surface slope a is 
small and varies very little over a distance x of the order of the thickness of the glacier.9. 32 
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3. Differential equation of the firn surface 

From equations (7), ( 10) and ( r3) the following differential equation for the surface 
profile is obtained: 

v = ~= kpn(-dy)nn+ I = c(~dy)nn+ I 
XIII + d Y 3 d y, Y n 2 x x 

2 _ _ (~)'/II~ _ . 
dx - C~ in+ 2)/1I - tan IX, 

4. Equation of the curve AC of the surface profile 

From equation (14) it follows that: 
n+2 

.Y - n- dy = - (ajC3 ) 1/ lIx l/ndx. 

The integration of this differential equation results in the following expression for the ice 
thickness y as a function of distance x from the centre of the ice sheet: 

= - - - +C4 • 

y2(n+ I)/1I ( a ) I/ n x (n+ I)/ 1I 

2(n+ r) jn C3 (n+ r)jn 

For x = o,y = H; hence C4 = nH 2(n+I)/nj2(n+r) , 

y = {H 2(n+[)/I_Csx(I+I)/n}"/2(nt I); Cs = (2jp){a(n+2)jk}'/II . 

As equation (r 5) shows, we deal here with a closed curve of elliptical character, with 
semi-minor axis H and semi-major axis b, which is given, on setting y = 0 in ( r 5), by : 

b 

(see Figs. 4 and 5). 

HO 
C"/" + I' 

5 

It is to be noted that the portion of the curve CFT has only mathematical, not real, 
significance. For this reason b does not need to agree with the half-width of the ice-sheet. 
Note further that the curve for y has a horizontal tangent at A and a vertical tangent at T. 
The former is real, because the firn surface has a maximum at the summit point A. 

5 . Determination of parameters nand k 

Ufor a given ice sheet there are given, beside the summit point A, the coordinates (x,y) of 
two additional surface points, then from equation ( r 5) the average values k and n appropriate 
to the case concerned can be calculated . 

U at first n is left unspecified and k is calculated as a function of n by taking as given only 
one marginal point C, with coordinates (c, h), in addition to the centre point A, then from 
equation ( r 5) the following value for k is obtained: 

2"(n+2 )ac l +I 
k = 'k-kT" p"{H2(n+I)/I_h2(I+I)/I}n' [ - I. 

n can now be varied until the measured surface profile agrees as nearly as possible with 
the profile calculated from equation (15) for a given a. 

On the other hand it is also possible to eliminate the parameter k by introducing its 
value from equation ( 17) into equation ( r 5). The following expressions are thereby obtained: 

a _ {H2(1I + 1)/II_h2(n+ [)/II}npn 

k - 2n(n+2)cn+1 
' 
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[ { (
h) 2(n+ 1)ln } x(n+ 1)lnJ nI2(n+ I) 

y = 1 - 1- H ~ H, ( 19) 

- I -N - H N - 1- - . 
_ 

{ (
X)n+l/n}nI2(n+I). _ (h)2 (n +I)/n 

C ' H 

For 
c 

y = 0, x = b = Nn/(n+l)" (20) 

Note that in this casey (equation (19)) and b (equation (20)) depend, for given coordinates 
of the points A and C, only on the parameter n. 

V. ApPLICATION TO THE GREENLAND ICE SHEET 

Figure 6 shows the transverse profile measured by the Expeditions Polaires Fran<;aises 6, 29 

and re-measured in 1959 by the International Greenland Glaciological Expedition. In accord­
ance with section IV,S we proceed as follows in comparing the measured and calculated 
profiles: 

From the measured profile (Fig. 6), we choose, beside the summit point A with H = 
3, I 60 m. the point C, above the firn line, at an elevation of 2,000 m. as the end-point of the 
functiony. The distance between points A and C is c = 385 km. 

The average annual accumulation between points A and C is estimated, according to 
Diamond 14 (see Fig. 6, curve II), as 45 cm. of water or 50 cm. of ice (a = 0 .50 m. yr.-I); 
the actual accumulation is larger in the western part than in the eastern. Based on firn 
stratigraphy, Sorge determined a mean annual accumulation of 31.4 cm. of water 15, 16 at 
station "Eismitte." 

In Table I are given values of the various subsidiary quantities k" 1-'-1, 1-'-2, Nand b calcu­
lated from equations (5), (17), (19) and (20) for a = 0.50 m. /yr., and for integral values of 
n from I to 4. 

TABLE 1. SUBSIDIARY VALUES k, 1-'1, 1-'2, NAND b FOR VARIOUS n 

for'Tl = I kg. fem. ' for'T2 = o· S kg·fern. ' 

108 kI 'Tl ('T2r-n N b 
1-'= - 1-'2 = 1-'1 :r, n (17) kl (19) (20) 

sec. - 1 poise poise km. 
1 o· 184 S·4 X 10'4 S·4 X 10'4 0 ·8394 420 .3 
2 0.3 14 3.2 X 10'4 6·4 X 10'4 0.7458 468 . 2 
3 o ·soS 2·0 X IO'4 8·o x 10'4 0.7046 soo·6 
4 0 ·84 1·2 X 10'4 g·S X IO'4 0·6812 S23·S 

For n = 1 to 4 the resulting apparent viscosities 1-'2 agree in order of magnitude with the average 
viscosities /-'1n previously reported for the Greenland Ice Sheet and also for the ice eap in the 
Jungfraujoch (see R ef. 7, tahle n, p. 629). 

The calculation represented in Figure 6 shows that the difference between the surface 
profile calculated for n = 4 and that measured by E.P.F. amounts to less than I per cent of 
the ice thickness. The analytically derived points lie on the whole only about 0·5 per cent 
lower than the measured points 6 whereas the curve calculated for n = 2 lies considerably 
above the measured points. The best agreement between measurement 6 and calculation 
would be obtained for an n-value between 3 and 4, and in fact nearer to 4. * 

Note that the profile calculated for n = 4 (Fig. 6) agrees relatively well with the measured 
profile even below the point C, where strictly speaking it no longer has real significance. Also 
noteworthy is the relatively large discrepancy between the measured profile and the solution 
for a Newtonian fluid (curve I, for n = I). 

* A comparison between the "nouveau calcul" by L. Tsehaen '9 and the theoretical profile is under way. 
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Values for the surface slopes (Fig. 6, curve 6) , the shear stresses Tu at the bed (curve 7) , 
and the mean velocities Vxm across vertical sections (curve 5) are given in Table II. 

TABLE I!. CALCULATED VALUES OF tan (I., Tu , Vxm AND Vo (n = 4) 
Point x y tan (J. Tu VX1Il Vo 

(see Fig. 6) km. m. per cent. kg. /em! m./yr. m. /yr. 
A 0 3160 0 0 0 0 
PI 77 3043 o' Igo 0'53 12·6 15'2 
P 2 154 2865 0'246 0 · 65 27 32 
P3 23 1 2644 0 ' 310 0'75 44 53 
P 4 308 2362 0'400 0·86 65 78 
C 385 2000 0'540 0·g8 go 115 

VI. BASIC EQUATIONS FOR A CIRCULAR ICE SHEET 

Derivation of the surface-profile equation for a circular ice sheet follows the same lines 
as that for a strip-shaped sheet; the only difference is in the balance or continuity equation, 
which here reads (where x = radius vector) : 

ax2
7T = 2 X7TYVxm , 

Vxm = ax/2.Y' 

(instead ofax/y as in equation (10)). The corresponding basic equations are: 

y = { H2 (1l+,l/n-H a (n~2)) !x(Il +ll/ll}n/2(Il H ; Cs" = ~ {a (:t
2)r". 

r = . { Gra(:t2T/(n+' l (semi-major axis) . 

(See Fig. Il, p. 1I5!.) 

{ (
X) (n+ll/,,}nl , (n+ll 

y = I-N - H. 
c 

VII. SOME SPECIAL ApPLICATIONS 

( loa) 

( 15a) 

( 16a) 

( Iga) 

(20a) 

The following four examples are selected from among the various possible applications of 
the theory developed above. 
I. Calculation of the average accumulation qf an ice sheet in a steady state 

If the approximate form of the surface profile is known (H, h and c) and also the values 
k and n, then from equation (17) or ( I7a) the quantity a can be calculated. For the circular 
ice sheet, for example, we find from equation ( I 7a) : 

pn{H2(n+ ' l/n_h2(n+ Ill"} kI 
a = k; k = -

2(11 ' l (n+2 )Cn+1 TIn 

As a numerical example we choose an ice sheet of dimensions similar to the Antarctic 
Ice Sheet and assume the values k and n (in particular n = 3) given by analysis of the 
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Greenland Ice Sheet (profile E.P.F. ) . If the firn line lies near sea-level, h can be neglected in 
comparison with H, so that equation (2 I ) simplifies to: 

p"H 2(n+r) 
a "'-' 2(n- r)(n+ 2)cn+r k (22 ) 

Assuming p = 900 kg.m. - 3, H = 4,500 m., c = 2,000 km., TI 

k = k, = o' 505 X 10 - 20 sec. - 1 (Tables I and Il ) we find: 
p3H 8 0·g3x I09 X 4 ' 58 X I024k 

a =-- k 
20C4 20 X 24 X I024 

I '93 X 10 - 9 m. sec. - 1 = 6· I cm. ice yr. - 1 

= 5" 5 cm. water yr. - 1 

I kg.m. - 2, n = 3 and 

The question remains open, whether by this indirect approach a contribution can be 
made to solution of the problem of accumulation in the Antarctic . Clearly the application 
to Antarctica of results obtained in the Arctic and in particular in the Greenland Ice Sheet 
can be made only with the greatest caution and with recognition of the distinctly different 
conditions. Within the scope of the present study, a ll that can be done is to point to certain 
general relationships betw-::en the balance condition on one hand and the rheological require­
ments on the other. '7, 18, '9, 20 

2. Relations between accumulation and maximum thickness of an ice sheet in a steady state 
(a ) For fixed values of p, nand k, it follows from equation (22) for (h = 0) that: 

- '" - f01 n = 4 - '" -ar (Hr) 2(Il + r) . . at (Hr) 10 
a2 H 2 ' , a2 H2 

It follows from this that the ice thickness H is very insensitive to change in accunlulation, and the 
more so, the higher the value ofn. If for example a2 = 2a, tha t is, were the accumulation doubled 
without changing k, an increase in ice thickness of only 7.8 per cent for n = 4 or about 9 per 
cent for n = 3 would suffice to restore a stationary sta te. For n = I , tha t is, for a Newtonian­
viscous fluid , the corresponding percentage increase would however amount to 19, so that the 
ice thickness would react rather more sensitively to changes in a. For a Io-fold increase in 
accumulation (e.g. from 5 cm. to 50 cm. ice per year) over an ice sheet of approxima tely the 
dimensions of Antarctica, the percentage increase in ice thickness would for n = 4 (and the 
corresponding k va lue) amount only to 26 per cent , or for 11 = 3 to 33 per cent. 

(b) The ice sheet under consideration would react somewha t more sensitively if, instead 
of a change in precipitation, a change in the temperature of the deep-seated ice were to take 
place, due, for example, to a cha nge in the geothermal heat flu x. The relation pertinent to 
such a change reads, for our special case (h = 0), 

(23) H 2 = (~) t!2(Il + r) (24) 
H r k2 

The closer the temperature approaches the pressure melting point in the basal ice, the greater 
k becomes there, and in fact a temp erature increase of 1 ° C. is sufficient to cause a many-fold 
increase in k. Under the assumption for example that the pertinent k value were to increase 
ten-fold, the ice thickness H would, according to equation (23), decrease by about 20 per cent, 
in order to restore a stationary state. Thus in this case, too, a relatively insensitive response 
of the ice sheet is found. This is esp ecia lly true also for variations in the average air tempera­
ture, as long as this temperature remains below the freezing point. 

On the other hand it should be remembered in this connection that the stationary state, 
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which is all that has been considered up to now, is in fact a rare exception that, strictly 
speaking, is reached and quickly passed through only during the transition from positive to 
negative mass budget or vice-versa. If a stationary state has been attained under long-constant 
climatic conditions, and if the climate then suddenly changes, the new conditions remaining 
thereafter again constant, it may well take thousands of years for the ice sheet to reach the 
steady state adjusted to the new climatic conditions. 

In relation to non-stationary states, furthermore, the problem of stability must be con­
sidered. For the central part of the ice sheet, the conditions for stable response are well satisfied, 
because it is a region of extending fiow. 24 In the marginal zone the behaviour of ice sheets is 
very sensitive to any change of sliding conditions on the glacier bed. 

From the viewpoint of ice-cap rheology as developed in the present paper, it seems hard 
to assess the age of the upper edge of the 200 to 300 m.-high bright band ofless-weathered rock 
observed above both sides of the Jakobshavns 'Isbrae, and above other great ice streams in 
Greenland. A future dating of this level would be of great help in the study of the behaviour 
of ice sheetsY. 34 

3. Age of the ice in the Greenland Ice Sheet 

A final application of the present theory, closely related to the phenomena just discussed, 
is the calculation of the age of the ice in various parts of the ice sheet, and the calculation of 
"travel times" for the ice-particle trajectories. Specifically, how long does it take for an ice 
particle or any other object, deposited on the surface in the central part of the Greenland 
Ice Sheet at a distance x from the middle point A, to reach the coast? 

This question can be answered to a first approximation, good for a large part of the firn 
region, by calculating the "travel times" simply from the average horizontal velocity compo­
nent Vxm for each vertical profile (equation (IQ)). The resulting travel times for trajectories 
originating in the outer two thirds of the firn surface are somewhat (c . 5 to 20 per cent) too 
large, because for these trajectories the actual horizontal velocity components v.< are somewhat 
larger than the average velocity Vxm (see Fig. 7). On the other hand, for trajectories originating 
in the central part of the firn surface and therefore descending so deeply into the ice sheet 
that they approach the bottom, where due to the boundary conditions the velocity approaches 
zero, the true velocity components Vx are considerably smaller than the averages Vxm and the 
corresponding travel times thus considerably greater than given by the simplified calculation 
based on the average velocity. The result of the approximate calculation is shown in Figure 7, 
in which the total travel time, from starting point x to the glacier edge, is plotted as a function 
of x . In the calculation of total travel time, which is only of relative significance the assump­
tion is made that a rectangular accumulation area of 450 km. length and 175 km. width (half­
width of the area studied by the International Greenland Expedition 1957- 60) feeds at its 
coastal edge into a single great ice stream, 70 km. long, in which the average forward velocity 
(including basal slip) accelerates from 150 m.yr.- I at its head to c. 7,000 to 8,000 m.yr.-r at 
its snout. Such a glacier would exceed the Jakobshavns Isbrae in its production of icebergsY 

The approximate travel-time calculation can be made from the average ice velocity 
(obtained from the continuity condition and the ice thickness) by dividing the entire path 
into a sufficiently large number of small segments.26 The time LI T required to traverse a 
segment of length Lll = X2-X" is thus calculated as: 

LIT = Ym In :: 
a x, 

where Ym is the mean ice thickness of the segment (treated as constant over the length of the 
segment). It must be remembered that, as already mentioned, this approximate calculation 
becomes invalid for the deepest trajectories, yielding travel times much too small. For these 
trajectories only a determination of the exact shape of the trajectories and a calculation of the 
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velocity distribution along them would lead to the theoretically correct resul t. The traj ectories 
having travel tim es of 10,000, 20 ,000, 30,000 years and more could thus be fou nd , a nd from 
them an overall idea of the rheologically possible age distribution of ice in the ice sheet could 
be obtained, the entire ice sheet being subdivisib le into zones of successively greater age. 

On the other ha nd the age and origin of the ice can nowadays be determined approxi­
mately by the purely experimental methods of nuclear physics. The results obta ined in this 
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way from a Danish expedition agree at least in order of magnitude with the values calculated 
theoretically above. 27 In this respect, one need not be surprised that with the usual method of 
ice sampling from icebergs, it has not hitherto proved possible to collect and study very old 
ice, from the central zone near the summit point of the ice sheet, which can only be found 
near the glacier bed and thus only in very particular places on freshly calved specimens of the 
biggest icebergs from the biggest ice streams. Moreover, the very oldest ice, in the immediate 
neighbourhood of the glacier bed, cannot reach the ocean at all, because in the ablation zone 
a certain thickness of ice must be melted away from the glacier bottom, on account of the 
geothermal heat flux and of frictional heating. 

The determination of ice travel times has recently become a timely matter, in relation 
to the proposal by the German physicist Bernhard Philberth to solve the difficult problem 
of disposal of radioactive wastes from nuclear reactors by using the great ice sheets of the 
earth as burial grounds. 28 By investigations in glaciology and nuclear physics it has been 
shown that the "partial travel times" of radioactive wastes deposited in suitable form in the 
summit of the great ice sheets are several times larger than the period of c. 1,500 years necessary 
for decay of the dangerous radiation. The designation " partial travel time" is used here for 
the time necessary to traverse the firn region, which is the time elapsed before the radioactive 
wastes come into contact with circulating water. Because the basic requirement for disposal 
of radioactive wastes would thus be fulfilled to a degree not attained by any other known 
procedure, Philberth's proposal deserves serious consideration in spite of the extraordinarily 
difficult problem of transportation, and all the more so now that oceanographers have 
expressed the most serious reservations for the future mankind if highly radioactive waste is 
deposited in the oceans. 

VIII. ADDITIONAL AND CONCLUDING REMARKS 

The theory here presented of the overall relief and velocity distribution in the firn region 
of an ice sheet was developed primarily as a working hypothesis for the rheological pro­
gramme of the International Greenland Glaciological Expedition in 1959.21 It also served in 
part to determine the accuracy of measurement required in the geodetic work. Final judge­
men t on the applicability of these theoretical considerations will only be possible on the basis 
of the results of the expedition when they have been finally evaluated,* these at present are 
still being studied, with the results of further expeditions to the Arctic and Antarctic . 

The present study was carried out roughly simultaneously with a very important investiga­
tion b y J. F . Nye which treats a similar subj ectY In spite of the fact that the two independent 
investigations proceed from different assumptions, they arrive at similar conclusions regarding 
the striking insensitivity of the total ice thickness H of the ice sheet to changes in accumulation. 

The connection between the present theory and the theory developed by Nye for the "form 
and motion of ice sheets" stems from the following mathematical relations: 

(a) Motion of the ice sheet 
This is characterized among other things by the form of the velocity profile, which for any 

vertical cross-section (at x) can be expressed by the ratio of the velocity component Vx at any 
given depth <: to the average cross-section velocity Vxm (see equations ( I I) and (12)) : 

For n = 

Vxm 

yn+1 _<:"+1 n+2 = n+ 2 {I _ ( ~)/+ I} 
y"+1 n+ 1 n+I y 

For n = I: Vx = {~ I _ (~ ) 2} = ~ {I -Z2}; Z = <: 
~m 2 Y 2 

Vx 
00: - == 

Vxm 
I (rectangular velocity profile) 

* They will be published in the journal Meddelelser om Gronland. 
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From this it is seen that the rectangular velocity profile of Nye corresponds to the special 
case ofn = 00 (cf. Fig . 8) . But Nye's results will agree much more closely with ours than this 
suggests, because in his case the ice motion is governed by sliding at o r near the bed in 
response to a power-law flow relation with a high value of n. 

V" n+2 --vxm = iiiT 

025 0.50 0.75 

Vx 

Vxm 

125 

~----+_----+-1 33~----~----+i~ 

I-------+-__+_ I 25 - r-----,,-'<-_ 1-+-1· 
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Fig. 8. Veloci!>, profile through an ice sheet jor various values of the flower-law exponent n 

(b) Form cif the ice sheet 

For the special case h = 0 (constant accumulation over the entire surface of the ice sheet , 
or firn line at the elevation of the horizontal bed of the ice sheet, that is, at sea-level) we have 
from equation (19) for the strip-shaped ice sheet: 

N = I, C = b. ~ = { 1 - (1) (1I -1-
1
)/1I } 1I /2( n-l- I ); y = 1 _ £11 -1- 1/ 11 , 

{ }

nI2(1I -1- I ) 

where y = y /H and £ = x /b. 
For the circular ice sheet there follows in the same way, from equation ( I ga) : 

y { (X) (n-l- I )/" } 11/2( 11 -1- 1) _ { } n/2(1I-1- 1) 
N = I, C = r. H = [ - -; ; y = I _ £ (n-l- I )/n (29) 

where y = y /H and £ = x/r. 
These two equations show that the relative shape of an ice sheet is independent of the 

accumulation a and the parameter k and depends only on n. For r = b the two equations 
become identical, so that the same shape-relation holds for the circular and the strip-shaped 
ice sheet. In Figure 9 this shape relation is shown for various values of n. For n = CIJ there 
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results the parabola of Nye,2 which is also obtained in Nye's more recent formulation 32 by 
putting m = 00 . Finally in Figure 10 is shown a comparison between the theoretical surface 
profiles for n = I, 3, 4, 00 and two measured profiles of the Antarctic I ce Sheet, taken from 
the ma p prepared in October 1958 by the American Geographical Society for the National 
Academy of Sciences. From this comparison the following points emerge. The profile 
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Fig. 9. Surface profile of an ice sheet for various values of the power-law exponent n 

A2-B2 measured by the Commonwealth Trans-Antarctic Expedition between the Filchner Ice 
Shelf and the summit point of the ice sheet lies between the theoretical profile for n = 4 and 
n =00 • The relatively great undulations in the detailed topography of the ice surface point 
to large topographic irregularities in the bed of the ice sheet, with local depressions. On 
the basis of the profile Ar - Br a t long. 90° between the summit (4,000 m. ) and the Davis Sea 
it seems at first sight necessary to postulate the existence at the margin of the continent 
of a subglacial mountain range, over which the ice sheet flows as over an ice falL On the other 
hand we should not forget that our assumption of a constant accumulation within the firn 
region is very far from being fulfilled in reality. The relatively high marginal accumulation 
observed by different explorers can have a similar effect on the shape of the profile as a 
discontinuity in the bed. If for example all accumulation were concentrated in a ring-shaped 
zone at the margin of a circular ice sheet, it is evident that the central zone of no accumulation 
would be horizontal, bordered by a relatively steep marginal zone. 
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The author is especia lly indebted to Prof. B. K amb for his careful English translation of 
this pa per and to Dr. ]. W. Glen for his valuable comments made in Helsinki 1960. He is 
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Forschungen, which ena bled him to take part in the Interna tional Greenland Glaciolog ical 
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Fig. If. "An ice cat) as Ihe Ihrone ~r Ihe Gods." Shivling (6,542 111 .), Garwal , l-lil1lalaya. A graphic demonslralioll of the 
facl that. according 10 equation ( I Go ). i-I/ r gets larger when ,- gels smaller ! (PllOlogra/l/t /1)1 A. Roch, Schweiz, Stulung 
fiir AI/line Forscll1/1lg ) 
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