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ABSTRACT. A simpl e m odel is d eveloped based on the notion th a t on ac ti ve ice 
streams the resista nce to flow is pa rtitioned between basa l drag a nd la tera l drag. The 
rela ti ve roles of these sources of resista nce is determined by a fri c ti o n pa ra meter th a t 
effectively d escrib es th e streng th of the bed under th e ice stream . R eduction in the 
basal streng th is ca used by meltwa ter production , taken proportion a l to the product of 
basal drag a nd ice speed. Th e width of th e ice stream is gO\·e rned by the ba la nce 
between entrainment or erosio n of ice ri'om the slow-moving inter-stream rid ges a nd 
ach·ectio n from th e rid ges into the ice stream. Entrainm ent of rid ge ice is 
pa ra meteri zed as a fun ction of the shea r stress a t the lateral m a rgins, in one case 
proportiona l to the la tera l shear stress a nd in the second case scaled to ice-stream 
width . In the first formula ti on , the m od el r a pidl y becomes unsta ble but, using the 
second formula tion , a stead y sta te is reached with la teral drag prO\·iding all or mos t of 
the resista nce to fl ow. The results point to the grea t importa nce of ac hieving a n 
und ersta nding of entrainment. \lVith the second model a nd a wide ra nge of pa rameter 
values, there is no cycli c behavior, with ra pid now being followed by a qui escent 
phase. 

INTRODUCTION 

The ' I\f es t An ta rctic ice streams are some of the mos t 
energe ti c pa rts of a ny ice shee t, ac hi eving speeds in excess 
of severa l h undrecls of m eters per year, des pi te excepti on­
a ll y sm a ll g ravita ti ona l ac tion. The gravita ti onal dri ving 

stress on I ce Stream E, Anta rc ti ca , is a bout 15 kPa 
(Whill a ns a nd Van d er Veen , 1993 ). On o ther fa st­
moving glac iers, such as Byrd Glacier , Antarc ti ca, th e 
driving stress is a n ord er of magnitude la rge r, ra nging 
from 100 to 300 kPa (Whilla ns a nd o thers, 1989). In thi s 

res pect, the ice strea ms bea r more resembl a nce to fl oating 

ice shelves, wi th typica l dri ving stresses of 10 kPa a nd 
la rge speeds, tha n to o th er g rou nd ed g laciers. 

As o n o ther fas t g lac iers, such as Columbi a Glac ier , 
Alas ka (Va n d el' Veen a nd Whill a ns, 1993 ), or Byrd 
Glacier (Whilla ns a nd oth ers, 1989 ), long itudina l stresses 
on Ice Stream E play onl y a minor role. Whill a ns a nd 

V a n del' V een (1993 ) used veloc iti es measured along a 
nowline ex tendin g from the inland ca tchmen t region to 
the ca lving fron t of th e R oss I ce Shelf to assess th e 
importa nce of resista nce to now fro m g radi ents in 
lo ngitudina l stress. Th eir conclusion was th a t th ese 

stresses contribu te littl e to the large-scale ba la nce of 

forces , except very close to the ice-shelf front. For the iee 
shelf, thi s findin g confirms ea rlier work of Thomas a nd 
~1 acAyeal (1982), who conc! uded from surface stra in-rate 
meas urements on the R oss I ce Sh elf that the weight­
induced spreadin g stress is ba la nced mos tl y by fric ti on 

ori gin a ting from the sid es a nd , to a lesse r extent , 
ground ed ice ri ses. 

The ice streams a re embedded in the more sluggishly 
moving ma in bod y of the ice shee t. The sp eed contras t 
between the \·ery ac ti\·e I ce Stream B a nd th e neighboring 
inter-strea m rid ges is enormo us. On the rid ges, ice 
velociti es a re typica ll y a few m yea r 1, compared to 
sC\ era l hundred m yea r 1 on the ice stream (VVhill a ns a nd 

V a n d er V een, 1993 ) . The transition from slow to ra pid 
fl ow occ urs over a narrow region a rew kil ometers wid e. It 
may be expec ted th a t fi'ic ti on assoc ia ted with thi s intense 
la tera l shea r is of importa nce in th e budge t of fo rces 
ac ting o n th e ice stream. :"feasurements of tra nsec ts of 
surface veloc i ty ac ross th e ice stream seem to confirm this 

no ti on . In the region near UpE Camp 0 11 Tce Stream E, 
la teral drag bala nces as mu ch as 50% or more of the 
dri \·ing stress (Echelmeye r a nd oth ers, 1994). Fa rther 
down-g lac ier, on the ice plain upstrea m of th e gro unding 
line, la tera l drag supports a lm os t a ll of th e (ve ry sma ll ) 

dri ving stress (Eindschadl er a nd others, 198 7) . On Ice 

Strea m E , the picture a ppea rs to be simil a r, with basal 
d rag onl y supporting a bo ut 29% of th e a reall ), a \·eraged 
d ri \·i ng stress CM acA yea I a nd others, 1995 ) . 

Th e pic tu re emerg ing from th ese o bsen ·a ti ons is th a t 
th e ice strea ms may represent the tra nsiti o n fro m 

ground ed shee t fl ow to ice-shelf fl ow. In ea rli er mod els 

(e.g . V a n der V een, 198 7; Hughes, 1992 ) this tra nsition 
was beli e\Tcl to be ac hieved b ), long itudin a l s tress 
gradien ts . HO\ve\"e r, the d a ta coll ec ted on th e "Ves t 
Anta rc ti c ice streams a nd on the R oss I ce Sh elf indica te 
tha t the transition from shee t fl ow to ice-shelf spreadin g is 

ac hi eved by a swit ch in resista nce from th e g lac ier bed to 

th e la teral m a rgins. 
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It is not clear how th e reducti on in basal drag under 
th e ice streams is achieved. Th e bed under I ce Stream B 
has been studied only in a sma ll a rea nea r U pB Camp. 
This being one of the few crevasse-free regions of the ice 
stream (chosen for its access ibility, a llowing safe surface 
operations), res ults obtained in this region may not be 
representative for the entire ice stream. Seismic studi es 
near UpB Camp have revealed the presence of a meters 
thi ck porous layer of sediment a t high pore pressure 
(Bl ankens hi p a nd others, 1986). These measurements 
have been interpreted as indicating the existence of a n 

actively d eforming layer of subglacia l ti ll (Alley and 
others, 1986) . The commonl y hcld view is tha t deforma­
tion within this layer is res ponsibl e fo r th e la rge speeds 
obse rved on Ice Strea m B, and the majority of recen t ice­
stream models are based on th e assumpti on that the flow 
of the ice stream is con trol led by the mechani cal 

properti es of the subglacial materi a l (e.g. Alley and 
others, 1989; MacAyeal, 1989 ). H owever, thi s view may 
be cha ll enged , as was recentl y done by M acAyeal and 
others (1995 ) . These authors argued that the small basa l 
fri cti on under ice streams depends on th e interaction 
between glacier flow, geologica l properties of the bedrock, 

subglacia l dra inage of meltwater, a nd erosion and 
deposition of unconsolid ated ma terial. Whilla ns and 
Van der Veen (1993) sugges ted th a t th e reduction in 
basal resistance may be associa ted with a change in th e 
geologic nature of the bed under the ice. 

At thi s stage of understa nding, there is little, if any, 
point in in corporating (unknown or poorly constra ined ) 
basal processes in d eta il into a numeri cal ice-stream 
model. While this m ay limit the a bility of models to 
realis tica ll y d escribe ice-stream evolution, num erica l 
models can be valu able tools in identifying potentially 
important processes that warra nt furth er studi es. One 
such process is the in teraction between wid th and speed of 
an ice stream. This coupling is the focu s of the model 
discussed in this con tri bu tion. 

Ice streams have the potentia l to expand laterall y by 
incorpora ting slow ridge ice into the ice stream. Because 
the width of an ice stream may change, a nd the speed of 
the ice stream could be proportiona l to the fourth power 
of its width (if the driving stress is balanced in la rge 
proportion by la tera l drag), lhe poss ibility for a positive 
fe ed-bac k ex ists. A widening ice s tream will fl ow 
increasingly faste r, which may furth er wid en the ice 
stream through enhanced eros ion of the inter-stream 
ridges a nd so forth . To stud y this feed-back, a process that 
d escribes erosion of the ridges is included in the present 
model. The width of the ice stream can change accord ing 
to a ba lance between sid e erosion o r entrainment and 
advection of ice from the in ter-stream ridges. 

The strength of the bed is im portan t to the d evelop­
ment of ice streams. In thi s study, the basal strength is 
trea ted in a very simple manner to avoid the use of 
poten ti all y complex (or i ll -constrai ned ) pa rameleri za­
tions for erosion and advec tion of subglacial ma terial , 
dra inage of water, streng th of the basa l til l, etc. The onset 
ofa weakened ice-bed interface is incorporated by means 
of a " fri ction parameter" tha t accounts for reduced 
streng th of th e underlying ma teri al due to action of 
meltwater and deformable or unconsolidated till. If the 
bed is weakened , the driving force is ta ken up by th e sides, 
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a nd with time evolution of the glacier, by a cha nge in 
driving force. The present model for bed streng th bea rs 
resemblance to that used by Budd (1975 ) to mod el 
periodica ll y surging glaciers. The difference is tha t, in 
Budd 's model , red uction in basal resistance must lead to 
a n increase in basal drag up- a nd down-glacier to 
prese rve gross force bala nce. In the present model, a ny 
part of the driving stress not supported by drag a t the 
g lac ier bed is supported by the lateral m argins, a nd a 
loca l red uction in basal fri ction does not directly affect 
fri ction elsewhere a long the ice stream. 

The above considerations have led to the numeri cal 
mod el described in this contribution. Th e model is a one­
dimensiona l flowline model but the width of the flow 
band is a llowed to vary a long th e nowline as well as with 
time. T emperature calcu la tions a re not includ ed ; instead, 
the bed is taken to be at its pressure-me! ting poin t 

throughout. The onset of fast ice-stream now does not 
appear to be simply a matter of switching from a frozen to 
a pa rtl y or fully melted bed . Under most of the recentl y 
ha lted Ice Stream C, th e bed a ppears to be well 
lubricated (Alley and others, 1994), ye t this ice strea m 
is moving only at very small speeds. Apparently, ice 

streams are not simple manifes tations of temperature­
controll ed " binge- purge cycles". 

MODEL DESCRIPTION 

Force balance 

G lacier now is dri ven by gradi ents in th e gravitational 
stress, as described by the driving stress 

8h 
Td = -pgH-

8x 
(1) 

wh ere p represents the d ensity of ice, 9 the acceleration 
due to gravity , H the ice thi ckness a nd h the elevation of 
the surface above sea leve l. In thi s stud y, fl ow along a 
nowline oriented a long th e now direc tion , represented by 
the x ax is, is considered . 

The driving stress is ba la nced by res istive forces tha t 
ma y act a t the glacier bed , at the g lacier margins a nd 
resistance associated with g radients in longitudinal stress . 
As noted earlier, Whill a ns a nd Van der Veen ( 1993 ) 
found that gradients in longitudina l stress con tribute littl e 
to th e large-scale force balance of l ee Stream B and, in 
this stud y, this source of fl ow resistance is neglec ted. Thus, 
eq uilibrium of forces may be expressed as 

a 
Td = Tb - ay (HRxy ) (2) 

in which the first term on the righthand side represents 
basal drag and the second term resistance due to la teral 
drag. The transverse coordinate is denoted by y. Th e 
res istive stress, R.xy , is th e la tera l shea r stress, which may 
be es timated from the tra nsve rse variation in veloci ty, as 
d iscussed below. Integrating Equation (2) over the width 

of the ice stream (from y = - W to y = +W) gives 

(3) 

where the overbar denotes the width-averaged value and 
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7:, represents th e la te ra l shearin g stress a t the ma rg ins 
(taken to be th e same, but of o ppos ite sig n , a t bo th 
ma rg ins) . This equa ti o n has been used m a n y times before 

in numeri ca l mod els (e.g . Th omas, 1973; V a n d er Veen , 

1986; H ughes, 1992 ) . 
Th e ba la nce Equa tion (3) provid es th e basis fo r th e 

present mod el. Th e driving stress on the lefrh a nd sid e can 
be ca lcul a ted fro m th e g lac ie r geometry (ice thickn ess a nd 
surface slope; Equ a tion ( I )) . By ad opting a sliding 
re la ti on , basa l drag ca n be linked to th e glacie r speed , 

\\'h il e resista nce fro m la tera l drag ca n be es tim a ted from 
th e center-l in e speed. Th r res ul t is Equa ti on (12) give n 
below, whi ch a ll ows the wid th-ave raged g lacie r speed to 

be calcu la ted from th e g lac ier geometry. An importa nt 
ass umption mad e here is th a t late ra l shea r a nd basa l, or 

near-basa l m oti on , a re mecha nicall y independ ent a nd d o 

not inOu ence o ne a noth er throug h an effec ti ve shear 

stress, o r some such thing. [n tha t case, bo th sources of 
0 0 \\ res ista nce m ay be considered ind epend entl y. T o be 
full y co rrec t, basa l a nd la tera l drag shou ld be ex pressed in 
terms of glac ier speed a nd t ra nsve rse g rad ien ts in speed . 
H owe\'e r, thi s leads to a non-linea r diffe renti a l equa ti on 

tha t ca nno t be so h-ed a na lyti ca ll y (e.g. Nye, 1965; 
H a r bo r, 1992 ) . To avoid th e compli ca ted num eri cs 
in vo lved in soh-ing the ba la nce equ a tio n ex pli citly a long 
a tra nsec t, both res isti \'(' te rms a rc es tima ted sepa ra tely, 
with th e requirement th a t th e ne t resista nce to Oow must 

ba la nce th e dri ving stress. This p rocedure is a pprop ri a te if 

either basa l drag or la tera l drag supports mos t of th e 
d ri\ 'ing stress but may be less rea listi c during th e 
tra nsition stage when bo th d rags a re equ a ll y impo rta n t. 
As it tu rn s out , the tra nsiti on fro m now cont ro lled a t th e 
bed to Oow contro lled by la tera l d rag occ urs ra th er 

ra pid ly a nd O\'e r short dista nces in the present mod el, 

just ifying a pos teri o ri the trea tment of resist i\ 'C terms 
ad opted here. 

Bas al drag 

T he processes cOlllrolling basa l motion a rc no t well 

u nd erstood. The mec ha ni cs co uld be d omina ted by a 
layer of defo rm ing t ill (A lley a nd o th ers, 1986, 1989 ), in 
whi ch case th e speed of th e g lac ier is d e te rmined by th e 
thi ckn ess a nd ma teri a l prope rti es of th e subglac ia l laye r. 
Alte rn a ti \'e ly, th ere co uld be \\' ee rtma n-t ype sliding due 

to a co mb ina ti o n of rege la ti o n a nd c ree p a ro un d 

obstructions but adj usted fo r subg lac ia l wa ter pressure, 
as was d one by Bindschad ler ( 1983 ), for exa mple. I n 
either case, th e eq ua tio n for g lac ier speed is simila r in 
form a nd th e slid ing rcla ti on used b y Binclschacll e r ( 1983 ) 

is ad op ted here. rema rk ing th a t the mos t importa nt 

mod el res ults a re no t O\'e rl y sensiti\'e to th e pa rti cu la r 
fo rm of th e re la ti o n used. Th a t is, 

(4) 

where U" represents th e sliding \'e loc ity, A" a sliding 

pa ra meter a nd N th e effeCl i\ 'C basal pressure, ta ken here 
equ a l to the heig h t a bO\'e buoya ncy. 

The \\Ta kening oC th e bed unde r ice streams must be 
includ ed in th e mod el. Th e ca use or thi s wea kening is no t 
known. Acco rding to mos t th eo ri es, th e speed of basa l slip 

increases with th e a mount of basa l wa ter. On e sugges ted 

process e l1\'isions that th e mo re wa ter the la rger the 
fra ction 0 [' basa l pro tu bera nces th a t may be drowned , or 
th e more subglac ia l ponds. Subg lacia l wa leI' may a lso 

rend er th e mobi le drift more Ou id or a ffec t e rosion of th e 

bed . I n a n y case, wa ter is consid ered to reduce th e fr ict ion 
be twee n the ice a nd th e bed. In th e present mod el, this 
mecha ni sm is includ ed by mu ltip lying the slidin g pa ra ­
me ter , As (kep t consta nt ) , by a fr ic ti o n pa ra m etc r 
d eno ted by 1-" . R eplacing the effee ti\'e basa l pressure, N , 
by th e heig ht a bO\'e buoyancy, th e mod ifi ed width ­
averaged slid i ng rela tion becomes 

(5) 

where Pw represents th e d ensity o f sea wa ter a nd R b th e 

e leva tio n of th e bed (nega tive if below sea level) . Fo r a 
regul a r bed , Ji.= I, whi le 1-" =0 corres ponds to a com­
pletely wea kened bed una ble to pro\·ide a n y rcs ista nce to 
now. 

Softening of the glacier bed 

Th e fri c t io n pa rame ter is a measure of th c resista nce th a t 
th e bed ca n offe r. A rcasona b le ass umptio n is th a t this 
fi ' ic ti o n pa ra meter is propo rti o na l to a conse rn lli \'e 
q ua ntit y such as th e a mo unt of subg lac ia l \va ter or 

deforma ble ma te ri a l. Acco rdin g ly, th e time e\'o lutio n of I-" 
is d e te rmin ed from consid era ti ons of continuit y for the 
lubri ca tin g ma teri a l. H owever, ra ther th a n including 
ca lcul a ti ons of contin uit y o f lubrica nt , a nd add ing a 
pa ra meteriza ti on to link th e fri ction pa ra me ter to th is 
q ua ntity, a simpler a pproach is to ca lcu la te cha nges in {i 

direc rl y from a continuity equ a ti on. In th e present mod el, 

a diffu sio n-t y pe co ntinu ity equ a ti o n is used , with 
d ilfusi" ity D Jl (including ad vec tion \\'ould no t cha nge 
the beh a" ior of th e mode l in a n impo rta nt \\'ay but 
di ffu sion equ a ti ons a rc numeri ca ll y mo re sta ble a nd eas ier 
to soh-e). Th a t is 

(6) 

with t rep rese nting time. Th c \'alue of th e diffu si"it y 
de te rm ines how ra pidl y spa ti a l \'a ri a ti o ns in basa l 
st re ng th a re elimin a ted by d ispersio n o f th e lubri ca nt. 

The second term o n th e rig hth a nd sid e of Eq ua ti on 
(6 1 describes loca l \\'ea kening of the bcd- icc interface. 
\ \' eakening o f th e bed is prima ri ly due to hea t ge nera ted 
a t th e g lac ier base, that is, the p rod uct of basa l drag a nd 
sli d ing speed, \\' ith th e co ns ta nt o f pro po rti ona lit y 

de no ted by C,I . A fea ture of' ti ll obse rved uncl er Ice 

S tream B is its la rge \\'a ter con tent. T hi s sugges ts th at th e 
ap pa ren t wea kn ess or thi s til l is ca used by satura ti on wit h 
melt wa ter. I I' so, th e cont ro ll ing pa ra me ter Ill ay be th e 
amo unt of \\'a te r produ ced ra th e r th a n th e ac tu a l 
thi ckn ess 0 [' the subg lac ia l laye r of ti ll. In either case, 

th e production of'lubri ca nt in th e con tinuit y equa ti on (o r 

{i is ta ken to be proporti ona l to basa l hea t ge nera ti o n. 

Lateral drag 

I n th e present mod el, la tera l d rag is conside red indepen­

de ntl y fi'om basa l drag. Th e la tera l shea ring stress is 
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simpl y linked with the shear-stra in rate ( tra nsve rse 

gradient in ice velocity) using Glen 's fl ow la w with 
ex ponen t n = 3. Th a t is, 

( au) ~ 
R.t y = B ~ ay (7) 

In thi s expression, B represents the fl ow-law pa ra meter. 
The ass umption is now mad e tha t la tera l d rag is 

equa ll y importa nt ac ross the full width of the ice stream 
or, equi valentl y, la tera l drag supports the sam e frac tion or 
dri ving stress a t each point on a tra nsec t across the ice 
stream . In tha t case, the second term on the righth a nd 

sid e or the ba la nce E q ua tion (2) m ay be ta ken consta nt 
along a tra nsec t. If th e thi ckn ess o f th e ice is a lso consta lll 
in the tra nsve rse direction , it ro ll ows tha t the la tera l 
sh earing stress, R .cy va ri es linea rl y ac ross the ice stream as 

(8) 

in which Ts rep rese nts the value o f the shea r stress a t the 
m a rg ins. Us ing this expression to elimina te the la tera l 
shearing stress fi"om Equa ti on (7), a nd integra ting the 
res ulting ex press io n with res pec t to th e tra nsve rse 

direc tion , y, subject to the no-slip bo unda ry conditi ons 
at both latera l ma rgins, gives the tra nsve rse velocity 
profi le 

(9) 

with the center-line speed given by 

(10) 

The width -averaged velocity equ als rour-firths of th e 
center-line speed , a nd the shea r stress a t the ma rg in can 

be written as 

(11) 

To avoid unrealisti ca lly large va lues of 7., when th e ha lr­

width becom es very small, W is constra ined to be g rea ter 

tha n 2 km . 

Ice s peed 

Equ a tions (5) and ( 11 ) link basa l drag (Tb ) and la tera l 

drag (78 ) to the width-averaged ice speed. U sing these 

expressions in the ba la nce Eq ua ti on (3) gives , aft er som e 
re-a rra ng ing, the rollowing rela tion between the ice 
velocity a nd driving stress: 

- 1 Td 
U! = P BH . (12) 

pAs (H + -Hb ) +-1 
Pw W :! 

This is the central equation used here to stud y ice-stream 
flow . It a llows th e width-ave raged ve locity (a nd thus th e 
di scha rge thro ugh a cross-secti on) to be ca lcula ted from 
the ice-stream geometry (thi ckn ess and slope in Td , a nd 

ha lf-wid th , W ), prov ided th a t th e fri c ti on pa ra meter, j.L , is 
kn own. The time evoluti on of the fri c tion pa ra meter is 
d esc ribed by the continuit y Equa tion (6). 

132 

Change in width 

E ntra inment of ice from the inter-stream ridge must be 
includ ed in ord er to mod el th e width evo luti on or the ice 
stream . Entra inm ent is a term often used in oceanogra ph y 
to desc ribe the se t o f processes invo lved when turbulence 
spreads in to adj ace nt non-turbulent fluid (Phillips, 1977) . 

In the present contex t, the term is used to describe the 
in corpo ration of ridge ice into the ice stream , res ulting in 
a wid ening or the ice stream, a nd a minor increase in 
di scha rge (thi s process is term ed " di scerpment" by 
Hug hes (1992)) . The o utwa rd movem ent of th e m a rgins 
is ta ken equ a l to the ra te o f entrainm ent, Ve, less th e 

tra nsverse velocit y in ro th e ice stream, 11;, whi ch will be 
presc ribed . Tha t is 

(13) 

Experiments a re condu cted with two potenti a l processes 

fo r entra inment. In the first formula ti on , entrainment is 
ta ken proportiona l to the shea r stress a t the m a rgin 

(14) 

with Ce a consta nt. In th e second rormulation, the rate of 
entra inm ent is ta ken proportiona l to the drag force th a t 

must be supported by the bed just outboard of the ice 
stream (or , equi valentl y, to the resista nce offered by 
la tera l drag, as descri bed by th e second term o n the 
righth a nd sid e or the force-ba la nce Equa tion (3)) . Thus 

TsH 
Vc = Cc W . (15) 

The first model is pro ba bl y more in line with physical 
intuition but it leads to grea t insta bility a nd so the second 
model was deve lo ped. 

Softening of the IIlargins 

There may be so ft ening or stiffening of the ice in th e 
la tera l shea r m a rgins due to st rain. Stra in h eating 
associa ted with intense la tera l shea r in the m a rgins must 
raise the tempera ture of the ma rgina l ice, thereby m a kin g 

thi s ice softer a nd reducing resista nce from la teral drag. 

The increase in tempera ture as the ice tra vels across th e 
shea r ma rg in can be readily es tima ted from th e ra te of 
shearing a nd the tra nsve rse speed orth e ice (e.g . vVhill a ns 
a nd o thers, 1993; Echelm eye r a nd o thers, 1994) . Adopt­
ing the tempera ture-dependence of the flow-l a w pa ra­

meter given in H ooke ( 1981 ), the effect of stra in hea ting is 

inco rpora ted into the present mod el. 
Additiona ll y, the streng th o r the ice in the shea r 

ma rg in m ay be a ltered ir a pronounced ra bric d eve lops. 
I ce subj ec ted to simple shea r becomes progress ive ly stiffer 
as crys ta ls ro ta te out of favo ra ble a lignment for shea ring. 

This stra in ha rdening may be offset by recrys ta llization , 

which leads to the d evelopment of a single-m aximum 
fa bri c th a t makes the ice so rt with res pec t to th e a pplied 
stress . The mod el simulatio ns of Va n der Veen a nd 
Whill a ns ( 1994) indica te th a t a rter undergoing suffi cient 
strain (about 30% ), the ice is a bout four times softer tha n 

iso tro pic ice . Such strain is readily acc umu lated by the ice 

trave ll ing throug h the shea r m a rgin. I n th e present 
model, sortening is ta ken to increase linear ly with stra in 
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ac ross th e shea r m a rg in , up to a m ax imum so ft ening b y a 

fac to r o f 4 fo r a tota l stra in o f 30 % o r m ore. If 
recrys ta lli za tion d oes no t occ ur, th e m a rgins becom e 
stiffe r with time due to fabri c d cve lo pment , tendin g lO 
ofEe t s tra in hea tin g . A stiOe ning optio n is no t in cluded in 

th e present m odel beca use fi e ld m easurem ents sugges t a 

net sof'l enin g (Eehelm eye r a nd oth ers, 1994 ). 

Synthesis 

The processes d esc ribed a bove a re used to co nstruc t a 

Oowline m od e l tha t ca lculates th e evolution of a n ice 

stream from th e di,·ide to th e g ro unding line . Time 

evolutio n is gove rn ed by mass cO l1linuity a nd. to kecp th e 
nume ri ca l sc hem e sta ble . th e continuity equa ti o n fo r ice is 
writtcn as a diffusio n equa ti on (O erl em a ns a nd V a n d e r 
V een , 1984). T wo bo und a ry conditi ons a re imposed , onc 

a t each end of th e mode l d om ain . At th e up-g lac ia l end , 

the surface slope is held fi xed a t ze ro (a n immobile ice 

divid e ) . At th e d own-glac ia l end , th e pro fil e is extend ed 
two g rid points beyond th e gro unding lin e, usin g 
ex press ions fQr the equilibrium profil e of a n ice shelf' 
contro ll ed entirely by la te ra l drag . The p os iti on of th e 

g rounding line is d e termined by th e Oota tio n crite ri on 

a nd is a ll owed to ad,'ance or re trea t as th e ice stream 
de, ·e lo ps. 

Th e num eri ca l model con ta i ns a num bel' o f pa ra m Clc r­
iza ti ons a nd pa ra me te r va lu es that may a ffec t th e behav io r 

o f th e ice stream . In th e fo ll owing, th e sensiti"ity of' th e 

mod el to inherent un certa inti es is in ves ti ga ted . As it turns 

out , th e most c riti ca l process is th e pa ram eteri za tion of 

entra inment. C ha nging , 'a lues o f o th er pa ra me ters ove r a 
\\'ide ra nge has onl y a sm a ll effec t on th e mode l behav ior. 

MODEL RESULTS 

Constant width 

In th e first ex pe ri me nts, th e width o f'th e m od el ice stream 

is kept fi xed a nd so ft ening o f ice in th e sh ea r m a rgins is 

neglec ted. Th c importa nt m od el pa ra m e ters a re th e 

co nsta nt, C'I> th a t links th e increase in bed softn ess to 

basal-h ea t produ c ti on , a nd th e diffu siv it y, D'I> d esc ribin g 
how effec ti ve ly the lubri ca ting m a te ri a l is spa ti a ll y 
di stributed a nd d isc ha rged . Fo r a ll va lu es se lec ted , th e 
m od el ice shee t reac hes a s tead y sta te in '~' hi c h th e profile 

is d e termined by th !:' rela t ive m ag nitud e of C" a nd D", 
Within two o rd e rs o f m agnitud e , th e "alu !:' o f th e 
d iffusiv it y a ffec ts. in a minor \\'ay , how ra pidl y this stead y 
sta te is reach ed a nd , fQr simpli city, D" is kept co nsta nt a t 
th e va lue 107 m 2 Th e r ange o[ va lues se lec ted [o r C" 
( IO .J 10 7 yea r kPa I m \ rela ti" e to D II> cO\'C rs th e 

ex trem es fi'om a fa irl y sh a rp to a b roa d region of onset o f 

fas t Oow. All stead y-sta te pro fi les ex hibit a CO l1\'ex surfa ce 

c!e,·a ti on. Exa m ples a re shown in Fig ure I a nd th ese 
illustra te th a t th e s tead y-sta te pro fil e depends o nl y 
\\'Cakly o n th e r !:' la ti\'c m agnitud es o f C II and D" , In th e 
mod e l ice shee t, basa l fri c ti on d ec reases to zc ro in th ese 

ex perim ents. Th e dri"ing stress is su pport ed entirel y by 
la tera l drag a nd th e pa rtit io ning fac to r (d efined as th e 
ri' acti on of OO \~ ' resista nce o ri gina tin g a t the la tera l 
m a rgins) equ a ls I. 
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hed, T,·ield . IS ;:ero a!ld .wftflling oj t/ie Ire in t/i e margillI 
ji-Olll strain heating andJabric develojJl1lefll is /lot included. 

Th e bed m ay pro" id e som e residual res ista nce . Sh ea r 
tes ts perfo rm ed o n basa l till re tri eved from benea th Ice 

S trea m B sugges t a yield streng th o r a fe\\' kPa (K a mb, 

199 1) . In th e mod el. thi s effec t ca n be includ ed by 

presc ribin g a minimum basal drag, co rres ponding to th e 

y ield streng th of th e basa l m a te ri a l. Th a t is, calc ul a ted 
basa l drag ca nll o t beco m e sma ll e r th a n th e yie ld strcng th , 
T\'iekl , unl ess th e dri"ing stress beco m cs sm a ll er th a n thi s 
, ·a lue . As shown in Fig urc 2, inco rpora tin g a res idua l 

basa l s treng th has littl e e fleet on th e mod e l ice stream ; th e 

ice strea m beco m es sli ghtl y thi cker a nd no t a ll of' th e 
dri"ing stress is opposed by la te ra l drag in th e lo\\'e r 
reg io ns (partitionin g f~l(, l o r < I ) . 
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Fig. 2. Steady-state jmifiles calculated with the jmsent 
model, keeping the hal.f-widlh COllstant (W = 10 km ) . 
Cl' = 10-6 year kPa I m I and D/, = 107 m2 in all three model 
rullS . The Jull curves represent the model ice stream with 
zero residual basal strength and no softening of the 
margins. The short-dashed curves are the result of a 
calculation with a residual basal strength oJ 2 kPa. The 
long-dashed curves rifer to the calculation that also includes 
the ifJect oJ soJtening oJ the ice in Ihe margins. 

Figure 2 a lso shows how softening of the ice in the 
margins affects the mode l ice stream. The effects are 
m inor a nd the partitioning fac tor is sli ghtl y smaller than 
in the other ca lculations shown in this fi gure. This is 
because the profi le is flatter with sma ll er driving stress . 
The min imum basal drag is fixed at 2 kPa, so lateral drag 

supports som ewhat less of the driving stress than before. 

Variable width 

A steady-state width may develop in which erosion of the 
inter-stream ridge ice is exactly counteracted by advec-
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ti on of ice from the ridges into th e ice stream. Two 
parameteri za tions for th e rate of entra inm ent a re 
explored here. The first formulation is inspired by 
phys ical intuition but it leads to unsta ble behav ior and 
so the second pa ra meteri zation was d eveloped , based on 
th e observa tion th a t, at leas t on short tim e-sca les, the ice 
strea ms appear to be stab le. 

In the first parameterization , entra inment is taken 
proportion a l to th e shear stress transmitted between the 
ice stream a nd the nearl y stagna nt ridge, and 

(16) 

Th e physical co ncept is th a t entrainm ent may be 
gove rned by the drag, T~, ac ting a t th e margi ns. This 
drag ca ptures ridge ice by trac tion. However, thi s 
formul a tion necessa ri ly leads to un stabl e ice-strea m 
widths. 

The instability ma y be und ers tood by writing th e 
shear stress a t th e margins as 

W 
Ts = S H Td (17) 

in which S represe l1ls the partitioning fac tor, th a t is, the 
frac ti on of driving stress supported by lateral drag. 
Substitution in Equation (16) gives 

(18) 

I n practi ce, the pa rtiti oning factor, driving stress a nd 
thi ckness cha nge slowly with time. As the ice stream 
becomes wider, this equ a tion predicts that the ra te of 

entrainment increases, causing a run-a way widening of 

the ice stream . However, the ice streams are known to be 
stab le on th e d ecada l tim e-scale, a t least some of the time. 
Thus, this first lormu lation is no t suita ble. 

For the second parameteriza ti on, entrainment is ta ken 
to be proportional to some rough meas ure of the ex tra­
basal drag under the inter-stream ridge. vVith the flow of 

the ice stream controlled by latera l drag, there must be a 
region of la rge basa l drag outboard of the shea r margin , 
under the in ter-stream ridge. Th is is beca use integra ted 
over the fu ll width of the ice stream and adjacent ridges, 
the dri ving stress must be balanced by drag a t the bed . 
Thus, basa l drag under the ridges must be larger than the 

local driving stress to compensate for the reduced basal 
fri ction under the main body of ice strea m . This la rge 
basal drag may weaken a nd mobi lize the underlying bed , 
a llowing the ice stream to widen . Therefore, in the second 
pa ra meteri za tion , the ra te of entra inment is linked to the 
magnitude of th is excess basa l drag or, equiva lentl y, to 
the fraction of driving stress on the ice strea m supported 
from the sid es (Equa tion (15)) . Ass uming that the width 
of the zone under the ridges over which the ex tra-basa l 
drag is d eposited is proportional to the width of the ice 
stream, the second formu la tion for th e rate of change in 
ice-stream width is 

(19) 

111 whi ch th e parameter Cc includes the proportionality 
between the wid th of the zone of large basal drag and th e 
wid th of the ice stream. Figure 3 shows some of the 
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Fig. 3. Effec t of la teral erosion on the stead)l-state model 
ice stream. The init ial half-width oJ the ice stream is 2 km. 
Elllraimnent is taken proportionaL to the !Jart of driving 
stress supported bJI lateral drag. Short-dashed ClIrves : 
Ce = 0.1 m kPa 'year', 11;, = 5 m)'ear l Ful! ClIrl'es: 
Cc = 0.3 m kPa 'year ', 11;, = 5 myear 1. Dash-do t-do t 
curves: Ce = 2.0 m kPa 'year " Va = 5 myear l Long­
dashed ClIrl'es: Cc = 0.3 m kPa- ' year 1, 11;, = 10 myear- l 

Other parameters used: C,,= 10 6year kPa '111, D I' 
= 107 Ill, Tvicld = 2 kPa . SoJtening oJ the marginal ice is 
incLuded. 

stead y-s ta te pro files using the second pa ra meteri za ti on 
calc ul a ted for different va lues o f th e entra inm ent para ­
meter Cc a nd tra nS\'e rse \"Cloc it y into th e ice strea m. 

T he iso line p lo ts in Fig ure 4 show how th e stead y sta te 

is ap p roac hed with th e second pa ra meteri za ti on . As th e 

bed \\'eakens, la tera l drag becomes more impo rta nt a nd 
entra inm ent causes th e ice stream to wid en (th e initi al 
ha lf-\\'idth is 2 km ). Th e g lacier-eleva ti on pro fil e adj usts 
slowl y to the inc reased discha rge . The rela ti\ 'e ly stee p 
surface slo pes res ult in a wave ofl a rge speed trayelling up­

glac ie r. Th e assoc ia ted thinning leads to a drop in dri ving 
stress a nd hence in resista nce o ffered by la te ra l drag . As a 
res ult , entra inment of th e inte r-stream rid ges d ec reases 
somewha t, a ll owing th e ice stream to contrac t due to 
ad\'ec ti on from th e rid ges . This p rocess of adjustme nt of 
g lac ier width a nd surface slope continues until a stead y 

sta te is reached (a fte r a bo ut 50 000 years; th e waves 

a ppa rent in Fig ure 4 continue a fter 25 000 yea rs but with 
d ec reasing a m p litud e). 

It may be no ted th a t the a mplitude of th e ice-strea m 
a djustment (th e waves in Fig ure 4 ) d epends on th e initi al 
profil e chosen . T n this ex periment, befo re th e sta rt of th e 

simul a ti on, th e model was run to a stead y sta te, ass uming 

th a t th e dri ving stress is ba la nced entirely by basa l drag. 
Tha t is, th e fri c ti on pa ra meter was kept fi xed a t J-l. = I 
until a steady sta te was reached , whieh was used as 
sta rting geometry for th e calcul a ti ons shown in Fig ure 4 . 
C hoosing a n inti a l geometry th a t is close r to th e stead y­

sta te profil es shown in Figure 3 reduces th e a mplitude of 

th e adjustm ent wa yes (because th e dri ving stress is 
sma ll e r, so th a t th e surface profil e requires less adjustm ent 
as th e ice st ream wid ens), but has no effec t on th e fin a l 
stead y state reached by th e mod el. 

Th e valu e o f th e entrainment pa ra meter, Ce, can be 

es tima ted using d a ta from I ce Stream B. Echelmeye r a nd 
o th ers (1994) used a tra nsec t of \'elocity ac ross thi s ice 
strea m to es tim a te th e pa rtiti oning of now res ista nce 
be twee n la tera l a nd basa l drags. Fo r th e region nea r th e 
U pB Camp, where the driving stress is a bout 12 kPa, they 

es tima ted basa l drag to be 6 kPa o r less, with th e shea r 

stress a t the ma rgin 150- 200 kPa. Th e advec tion veloc ity 
fro m th e rid ges into th e ice strea m is typica ll y 5- 10 m 
yea r 1 (Whill a ns a nd V a n d er Vee n, 1993 ). M a king th e 
ass umption th a t th e wid th a t th e tra nsec t consid ered by 
Echelmeyer a nd o th ers is close to stead y sta te, th e 
entra inm ent pa ra m eter, Ce , ra nges Crom 0.01 - 0.1 m 
kPa 1 yea r 1 in th e first para m eteriza tion, whil e in th e 
second formulati on Cc is 0.5- 2.0 m kPa- 1 yea r I. 

DISCUSSION 

Th e mod elling is succe sful in ma ny res pec ts. The fas t 
speed of th e ice stream , long leng th , simple sha pe o f th e 
ma rg ins and g radu a l onse t orfas t now a t th e head , a re a ll 
fea tures of bo th th e mod el a nd Na ture. The principal 
diffi culty li es in th e ma n ner in whi ch entra inment should 
be trea ted. 

A t the headwa rd o nse t, th e switch be tween in la nd -ice 
style o f Oow a nd ice-stream Oow is ac hi eved th ro ug h a 
reducti o n in streng th o f th e bed. This seem s rea li sti c as 
th e leading theo ries fo r th e onse t o f ice-stream fl ow enta il 
a cha nge in bed cha rac te r. Perh a ps fewer rock kn o bs 
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sta nd up into th e ice streams a nd so th ere is less 
re ta rd ing fo rce. Pe rh a ps the ice-s tream bed is m o re 
mo ld a bl e th ro ugh g lac ia l e ros io n a nd de posi ti o n , so 
the re a re fewer ro ug hn ess elements a t rh e 0. 1- 1.0111 scale 
to provide fri c ti on. P e rh a ps a wa te r- a nd -till slurry fo rms 

a t th e bed du e to suffi c ient trac ti on , wa te r a nd erod a ble 

d ebris; th e slurry m ay be as thin as a few millime te rs, o r 
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m eters thi c k. Th ese a re a ll v ia ble h ypo th eses a nd b y 
linking th e streng th o f the bed to the ra te of basal-water 

prod uc ti on th e onse t o f ice-stream now is d e termined 

inte rn a ll y by the m od el r a th er th a n be ing geog ra phi­
ca ll y d e termined. 

A spec ia l fea ture o f the m odel is th a t res ista nce to now 
can be switched from th e bed to th e la tera l ma rg ins. This 
is a n impo rta nt switch . U p-g lacie r , th e m o ti o n is 

contro ll ed by basal slip , d own-g lac ie r m o ti on is contro lled 

la rgel y by la tera l drag a nd th e speed becomes strongly 
d epend ent o n th e width of th e ice stream . C ha nges in the 
ice-stream width res ulting fro m entra inment o r erosio n of 
th e rid ge ice m ay therefo re play a c ru cia l role in the 

d evelopm ent of th e ice stream . 

The process of entra inment is c riti ca l to ice-stream 

evo lution . T he present m od el incorpora tes some attempts 
a t pa ra mete ri z ing th e process of entra inment. The first 
fo rmula ti on , in w hi ch th e ra te of entra inment is linked to 
la te ra l shea r stress a t th e ma rgins, genera tes ex treme 

insta biliti es . A n importa nt res ult of th e present work is 

th a t such a formula ti on is no t via ble. In ord er fo r even 

short-term sta bility, entra inmen t of rid ge ice must be 
mo re scnsiti ve to thic kn ess (a d ecrease in thi ckn ess of th e 
ice strea m must lead to a m ore th a n pro portiona l decrease 
in entrainm ent ra te ) o r entra inment must become less for 

wide r ice streams. There a re like ly o ther fo rmula ti o ns bu t, 

fo r th e second m od el, entra inment was chosen to be 
sensitive to ice-stream width . 

The ph ysical bas is fo r th e second formul a ti on is 
tenuo us. In it , th e width o f th e zo ne of la rgc basa l drag 
o u tboa rd o f th e shea r m a rg i ns is consid e red to be 

p roporti ona l to ice-stream width . There is proba bl y no 

such direc t linkage in Na ture a nd this formula tio n may be 

considered to be a sta nd-in for a ny fo rmul a ti o n tha t 
a ll ows fo r m o re tha n lin ea r linkage to ice -s t rea m 
thi ckn ess. 

In Na ture, wider ice streams may be o lder a nd have 

caused thinning of th e neig h boring rid ge ice, a process 

th a t is sometimes ca lled " draw-down " . This m ay bring 

co ld er ice closer to th e bed a nd a m ore secure grip by 
ridge ice o n th e bed. In efh :c t, wid er ice streams may 
ca use th e in te r-stream r idges to fas ten th emselves better to 
th eir beds. This is th e so rt o f process th a t is being c rudely 

m od elled with th e second formul a tion. 

The vi ews presented in thi s m od el fo ll ow ge nera l 

w isd o m for basal mec ha ni cs but th ere a re some d ev ia ­
tions. The m od el d oes no t specifi ca ll y in voke impo rted 
wa te r o r m obile drift to lu b ri ca te th e ice strea ms (as 
proposed by All ey a nd o th ers ( 1994)) . R a th er, lu bri ca­

ti o n is loca ll y genera ted and a ll owed to spread . .\l or d oes 

th e m od el conside r th e sta bility of a shee t of basa l wa ter 
o r dil a ted till (as do ne by R elz la fr a nd Bentley ( 1993 )) . 
Th e exac t process occu rring a t th e bed is no t known a nd 
we prefer to hold with a m od el of little compl ex ity fo r th e 

bed th a t predi c ts th e m ain fea tures . 
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