ASYMPTOTIC SOLUTIONS OF EQUATIONS
IN BANACH SPACE

C. A. SWANSON axp M. SCHULZER

1. Introduction. The equation Px = vy in Banach spaces has aroused
considerable interest, particularly in view of the various situations in applied
analysis which it encompasses, and consequently it has been the topic of
numerous investigations (2; 9; 10; 12). Detailed references may be found
in (10). The equation is of special interest because of its interpretation as an
integral equation; and in turn, many problems related to differential equations
can be reformulated as integral equations (5; 7; 13).

Various iterative procedures are available (10; 11; 12) by which the existence
and uniqueness of a solution x of such an equation can be established, and by
which numerical estimates for the solution can be calculated. In any of these
procedures, a sequence of elements x, (z = 0,1,2,...) in the Banach space
is constructed recursively, and is proved to converge in the Banach norm to
an element x satisfying Px = y. The recursive sequences used have been
modelled after various familiar ones. In particular, an iterative process
modelled after Newton’s method of solving real equations has been employed
very successfully by Kantorovich (10) and others (2; 16). Another recursive
sequence, the analogue of that defined by an infinite continued fraction, has
been studied recently by McFarland (12). The most widely known iterative
procedure is that based on the Liouville-Neumann sequence of successive
approximations (5; 11; 13).

The last of these, for example, can be used to prove that a contraction
mapping 7 on a closed, bounded domain in the Banach space has a fixed
point x in the domain (1; 11). Therefore, under the assumption that the
equation under consideration is equivalent to 7x = x with 7" a contraction
mapping, the existence and uniqueness of the solution follow from the fixed
point theorem; and such results will be appropriate to the study of asymptotic
properties of the solution.

In an investigation of the asymptotic behaviour of equations, one is interested
in the variation of the elements y and the transformations P involved in the
equations as a real variable A (or more general variable) varies over an interval
A. It is then pertinent to consider mappings (y) of A into the Banach space
and mappings (P) of A into a suitable set of transformations on the space;
and furthermore, in an asymptotic investigation, to study the behaviour of
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these mappings as A approaches a limit point, in general not in A. No essential
features are lost by the assumptions that A is a positive interval (0, A\o] and
that 0 is the limit point.

We shall first develop the notion of an asymptotically convergent sequence
of mappings (§ 2), and from this, the notions of asymptotic equality and
asymptotic summation of series. The main questions to be considered are
the following: (1) If the quantities y and P involved in the equation Px = vy
can be represented by asymptotically convergent series, can the solution be
represented by such a series? (2) For a prescribed asymptotically convergent
sequence of mappings (P,), » =0,1,2,..., and for prescribed (y,), does
there exist a mapping (x) of A into the Banach space so that Y (P,x) is
asymptotically equal to Y (y,)? These questions are answered in § 5, in which
the appropriate existence, uniqueness, and representation theorems are given.
The approach taken here is similar to that employed by van der Corput (14)
in connection with asymptotic solution of certain numerical equations.

We shall next mention a few examples, to which the subsequent theorems
are applicable, obtained when the Banach space is specialized to one of the
following: the space of real numbers; the finite dimensional Euclidean space
Va.; the space of continuous functions on a closed, bounded interval; and the
Lebesgue space L? (p > 1) (13; 15).

In the space of real numbers x with norm defined by ||x|| = ||, the equation
YO) =ax + 2 @) %) (a # 0)
n=1

is to be considered, and the corresponding relation when asymptotic equality
replaces equality. A specific example is the problem of finding a real number
x with |x| < 1 so that for |y| < 1,

y~x+ 2 (n4+ 1! (=)
n=1
In this example, formal substitution will lead to an asymptotic expansion
vyt 2 600y

for the solution (14). A different discussion of a similar problem has been
given by de Bruijn (6, p. 25).

As a second illustration, suppose the Banach space is specialized to the
finite dimensional Euclidean space V,. Each element x in V, is a vector (o)
(z=1,2,...,n) with norm given by

= (S ).

i=
In this context, one considers a system of # non-linear algebraic equations
y = Ay 4+ Ex, where y is a prescribed element of V,, 4, is a square matrix
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of order #, and E is a transformation on V, defined by Ex = (Ei(o1,09, . . ., 0,))
(k=1,2,...,n). Under the assumption det A, ¢ 0, the linear system
y = Ao has a unique solution x¢. Under suitable additional hypotheses,
Theorem 3 below guarantees that the non-linear system under consideration
possesses a unique solution x such that ||x — x¢|| — 0 as A\ — 0; and Theorem
5 gives an iterative procedure by which an asymptotic expansion can be
generated.

We envisage that the most fruitful application will be to non-linear integral
equations. The Banach space will be either the space C of all continuous
functions over the closed, bounded interval under consideration, or the
Lebesgue space L? (p > 1). The transformations 4, and E will be regarded
as linear and non-linear integral operators respectively. Consider the integral
equation

1.1 x(s) = y(s) + J;]K(s, Hx()dt + folEx(s, t; x(t))dt

with K(s,t) continuous on the closed unit square, and y € C(0, 1). This
integral equation is of the form x = y + Kx + Ex, where K is the linear
transformation from C into C and E is the non-linear transformation defined
by (1.1). The first assumption to be made, of course, is that (I — K)™! exists,
where I is the identity transformation, so that the linear integral equation
approximating (1.1) for small X will have a solution. The existence of this
inverse transformation is implied by the condition ||K|| < 1 according to
Banach’s well-known theorem (11; 13, p. 151). The analogue of the principal
hypothesis (4.4) below is the hypothesis that E,(s, t; #) satisfies a Lipschitz
condition in its third argument on a suitable interval, uniformly for (s, f)
on the unit square. Theorem 3 guarantees the existence of a unique solution
x = x(s,\) of (1.1) with the property that ||[x — (/ — K)"ly|| > 0 as A — 0;
and Theorem 5 shows how an asymptotic expansion of the solution can be
generated by a recursive process. Similar statements can be made when the
space C is replaced by the Hilbert space L2(0, 1).

2. Asymptotic convergence. A Banach space B will be considered, and
the Banach norm of an element x € B will be denoted as usual by [|x||. The
following notation will be used throughout: (i) A denotes a positive real
variable on an interval Ag: 0 < N < X\o; (i) ¢ denotes a function from A,
into positive numbers; (iii) (x) denotes a mapping X = x(A) of A, into B;

(iv) 7, k, m, n denote non-negative integers; (v) ao, @1, . . ., Aoy A1, . . . , denote
fixed positive numbers, that is positive numbers independent of A.
Let ¢, (n =0,1,2,...) be a single-valued function from A, into positive

real numbers. The sequence {¢,} is said to be an asymptotic sequence as A\ — 0
if o(\) = 1 forall X € Ay, and ¢,41 = 0(¢s) as X — 0 for each integer n (8).

Let {M\,} be a non-increasing sequence of positive numbers, and for each
integer n let A, denote the interval 0 < A < \,.
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Let {x,(\)}] (® =0,1,2,...) be a sequence of elements in B, with x,(A\)
uniquely defined for each A € Ay, and let (x,) designate the mapping A — x,(\)
from A, into B. The sequence { (x,)} is said to converge asymptotically if there
exists a single-valued mapping (x) of A, into 9B, an asymptotic sequence
{#.}, and a sequence of positive numbers «, so that

2.1) [lxN) — 2.V < andn(N), NE A,

for each integer #. In this event, (x) is referred to as an asymptotic limit of
the sequence { (x,)}. In particular, the sequence is said to converge asymptotic-
ally to zero when

(2.2) ea ]| < audu(N), NEA, n=01,....

Our terminology follows that used by van der Corput in the asymptotic theory
of numerical functions (14).

An asymptotically convergent sequence need not converge in the ordinary
sense (in the Banach norm) for any value of A, as shown by the example
x,(\) = nI\" in the Banach space of real numbers.

Two mappings (x), (y) defined on A, are said to be asymptotically equal
if for each integer n there exists a positive number «, so that

whenever N € A,. In this event, we write (x) <> (v). The relation < is
evidently reflexive, symmetric, and transitive, and hence it is an equivalence
relation among mappings. Each real asymptotic sequence {¢,} induces such
an equivalence relation, the sets of asymptotically equal mappings with
respect to {¢,} forming the equivalence classes.

If {(x,)} s an asymptotically convergent sequence of mappings, then the set
of all asymptotic limits of the sequence is characterized by an equivalence class
of asymptotically equal mappings. For let (x) be any asymptotic limit. Then
if (y) is an asymptotic limit, it follows from (2.1) that

) =y < [l = w4 1y ) = M| < cndn(N) + andn(N)

whenever N € A,. Hence (2.3) holds and (y) <> (x). Conversely, it is easy to
see that if (y) <> (x), then (y) is an asymptotic limit of the sequence.
Since (x) <> (y) for any two asymptotic limits (x), (v) we shall say that
the asymptotic limit of the sequence is asymptotically unique.
A formal series Y (x,,) is said to have an asymptotic sum (x) if (x) is an asymp-
totic limit of the sequence {(xo + %1+ ...+ x,1)} (# =1,2,...). This
means that for each # there exists a positive number «, and an interval A,

so that
n—1
(2.4) x(\) — ;_30 (N | | < anda(N), A€ A,

When the asymptotic sum exists it is not unique, but it follows from the
foregoing remarks that it is asymptotically unique. When (x) is an asymptotic
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sum for Y (x,), we say that the series is an asymptotic expansion for (x), and
write (x) ~ 3 (x,).

The following theorem may be regarded as the basic theorem concerning
asymptotic convergence. It states that an asymptotic sum of Y (x,) always
exists when {(x,)} converges asymptotically to zero. Results like this for
numerical functions have been obtained by various authors (3; 4; 8). The
present proof is modelled after that of van der Corput (14).

THEOREM 1. 4 necessary and sufficient condition for a series of mappings
> (xn) to have an asymptotic sum s that the sequence { (x,)} converge asymptotic-
ally to zero.

Proof. If (x) is an asymptotic sum for Y (x,), then (2.4) is valid for each
integer #, and it is easily established from the Minkowski inequality and the
order relation ¢,r1 = 0(¢,) (A — 0) that (2.2) holds. Hence {(x,)} converges
asymptotically to zero.

Conversely, if the sequence converges asymptotically to zero, then (2.2)
holds for each integer #. Since ¢,.1 = 0(¢,) as A — 0, it follows that for
each n there exist positive numbers a,, A\, with {\,} non-increasing, so that

1N < dns19n41(N) < Faudn ()
for 0 < A < Nyy1, that is N € A,y1. Hence
(2.5) [|#ns s M| < B) andpn (V) G=12..))

for all N € Ayyye
If A, tends to a positive limit \* as # — =, it follows from (2.5) that

is a Cauchy sequence for each A satisfying 0 < N\ < M*. Hence this sequence
converges in the Banach norm to an element x(\) because of the completeness
of B. It can then be verified that x(\) satisfies (2.4), and consequently (x):
A — x(N\) is an asymptotic sum.

The situation of real interest, however, is that in which > x,(\) does not
have an ordinary sum for any positive value of A\. Suppose then that A\, — 0
as n — . For each value of A\, let H = H(\) be the largest integer such
that Az > \. Then if N € A, it follows that H(\) > n. We assert that (x)
given by

(%) = (o + 21+ ...+ xz)

is an asymptotic sum for Y (x,). In fact, for all X € A,, H(\) has been chosen

so that N € Ay, which implies that A € A,; (j=0,1,...,H — #n). Then
by (2.5)

n—1 H
(26) ) = X, 50 | < 3 (50| < 2080,

and hence (x) is an asymptotic sum.
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3. Transformations on the Banach space. A transformation E defined
on a closed domain ® in ¥ is a single-valued mapping from D into 8. Trans-
formations are not necessarily additive, nor are they necessarily even defined
on the whole space 8. For each A € Ay, let E(\) be a uniquely defined trans-
formation on ®, and let (F) be the mapping A — E(\). We shall say that (E)
is in the class Lip (9, ¢) whenever there exists a fixed, positive number «
and a bounded positive function ¢ on Ay so that

(3.1) IEM)x — EM)yll < apW)]lx — |

for all pairs of elements x, ¥ in ®, and for all X € A,. When ap(\) < 1, a
transformation E(\) from ® into itself satisfying (3.1) isa contraction mapping,
and therefore has a fixed point in © (11).

Sums and products of transformations are defined as in the linear case
(13; 15). Thus, if E, F are transformations on D, then (E 4+ F)x = Ex + Fx,
x € D; and (EF)x = E(Fx), x € DN RN, where N is the range of F.

It is convenient to introduce the symbol ||E|| to denote the supremum of
|Ex — Ey||/||x — || over all x,y with x  y. Then (3.1) may be rewritten
in the form

(3.2) HEMI| < ap(N), \ € Ao

For each integer n, let (4,) denote a mapping N — 4,(\) of a positive
interval A, into the set of transformations on 9. The sequence {(4,)} is said
to converge asymptotically to (4) on D whenever there exists an asymptotic
sequence {¢,} so that (4) € Lip(D, ¢¢) and (4 — 4,) € Lip(D, ¢,) for each
integer #. In this event,

3.3) !

4 ()\) - Ano\)” < an¢n()\)y A€ A,

(4) will be called an asymptotic limit of the sequence {(4,)}.

A series Y (4,) is said to have an asymptotic sum (4) if (4) is an asymptotic
limit of the sequence {(4do+ 4;+ ...+ 4,.1)}. This means that there
exists a positive number a, so that

(3.4)

n—1
Jj=
The following analogue of Theorem 1 is valid for transformations.

THEOREM 2. A necessary and sufficient condition for the series 3. (A,) to
have an asymptotic sum in the class Lip(D, ¢n) s that (4,) € Lip(D, ¢,) for
each integer n > m.

The proof parallels that of Theorem 1. To establish the sufficiency, we
choose the integer H(\) as in Theorem 1 and define (4) by

A4 ()\) = Am()‘) + Am+1()\) 4+ ...+ AH(>‘)
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Then the mapping (4): X — 4 (A) will be an asymptotic sum; in fact, from
(4,) € Lip(D, ¢,) it follows that |[4,11(\)|] < a.é.(\), and hence that

=m

for each integer # > m + 1. In particular, (4) € Lip(D, ¢n).

4. Equations in Banach space. For a prescribed element y(\) in 8B
it will be our purpose to obtain information concerning the solution x of the
equation

(4.1) PNx = y(N).

The element ¥ = y(\) is supposed to be uniquely defined for each \ in a
positive interval Ao. The mapping (¥): X — y(\) is supposed to possess an
asymptotic expansion

4.2) (9) ~ f () (A —0)

in which y, is a fixed element of 8. According to (2.4), this means in parti-
cular that [[y(A) — yo]| =0 as A — 0.

It will be assumed that the transformation P(\) in (4.1) is uniquely defined
on some fixed domain ' C B for each A € Ao, and that P(\) has the decom-

position
(4.3) P(\) = 40+ EM), N € Ao

valid on the entire domain of definition of P(\). In (4.3) 4, is a fixed linear
transformation with bounded inverse 4,71, and E()\) is a suitable contraction
mapping, to be made precise presently.

For a fixed positive number 7, let D denote the closed sphere {x € 9B:
[lx — Ao || < n}. The following assumptions will be made.

(i) Aoy € D' and n is chosen small enough so that D is a subset of D'.
(i1) The mapping (E): N — E(N) has the property that

(4.4) (E) € Lip(D, ¢1) (p1 =0(1) as N—0).
(iii) For any element z € D
(4.5) IEMN)z|] = o(1) as \—0.

The assumptions (4.3) and (4.4) together constitute a statement of the
approximate linearity of P(\) in the neighbourhood of A = 0; there exists a
linear transformation 4, and a positive interval A; so that ||[P(\) — 4| <
aip1(\) whenever A € A;, and ¢;(A\) > 0 as A — 0.

Now we shall establish an existence and uniqueness theorem appropriate
to the study of asymptotic properties of the solution, by appealing to the
theorem that every contraction mapping on ® has a fixed point in D.
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TurorREM 3. Under the assumptions (4.3), (4.4), (4.5) there exists a positive
interval A so that the equation P(N)x = y(\) has a unique solution x(\) € D for
each N\ € A. Furthermore [[x(\) — A¢'y(\)|| = 0 as A — 0.

Proof. On account of (4.3), equation (4.1) is equivalent to
(4.6) x =9\ + F(\)x,

where v(\) = A¢~y(\) and F(\) = — Ay 'E(\). This equation has the form
x = T'(\)x. We shall demonstrate that there exists a positive interval A so
that 7(\) maps © into © whenever A € A. In fact, if x € D, thatis ||x —vo|| <7
where vy = Ao ly,, then

NTMNx — ool | < [lv(N) — vof| + [[F\)x][.
However,

o) = wol| < [[4o7Y] [ly(N) = 3ol =0 as X —0 by (4.2),
and
[[FN)x|| < (|47 [[EM)*[| >0 as A—0 by (4.5).

Therefore there exists a positive interval A so that ||7°(\)x — v|| < 7 whenever
A € A, and hence T(\)x € © whenever N\ € A.
Clearly (F) € Lip(D, ¢1) since (E) € Lip(D, ¢1). Then

TNz — TNy = [[FN)x — FO]| < agrN)[x — ]

for all x,y € © and all A in some positive interval. Since ¢; = o(1) as A\ — 0,
there exists a positive interval A’ so that |[|[T(\)x — T(\)y|| < 3|jx — y]]
whenever N € A’; x,y € ©. We may assume that A’ = A. Then T°'(\) is a
contraction mapping on 9, a closed sphere in the complete space 9, for all
N € A. Hence T(\) has a fixed point x = x(\) € D (11), that is x(\) satisfies
(4.6) and hence (4.1).

Finally,

e = Ay W] = [lx() = oW = [[FxM)]] — 0

as A = 0 by (4.5).

For the validity of this theorem, the assumption (4.4) is needed to ensure
that the mapping T be a contraction mapping. It is well known that a stronger
condition than continuity of the transformation E is required to imply unique-
ness of the solution: such a condition is the Lipschitz condition (4.4). Counter-
examples can be easily supplied when (4.1) is interpreted as an integral equation
(for example, of the type arising from an initial value problem for a differential
equation (5, chapter 1)).

Assumption (4.5) is needed so that 7" maps D into itself. A simple counter-
example in the Banach space of real numbers to show that Theorem 3 is false
without such an assumption is provided by the real equationx = 2 + (\x* —3)
with Ex = Ax* — 3, which does not have a solution in the space.
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5. Asymptotic solution of equations. Consider now a mapping (4,):
A — A4,(\) in the class Lip(D, ¢,) for each integer n» = 0,1, 2, ..., where
D is the closed sphere defined in the previous section. It will be assumed that
Ao is a fixed linear transformation on B with a bounded inverse. We seek a
mapping (x): X — x(\) € D for which a prescribed (y) is an asymptotic sum
for the series ¥ (4,x). Such an x will be called an asympiotic solution of the
relation Y (4,x) ~ (y). Next, a theorem will be derived concerning asymptotic
solutions, under the following assumptions: (i) (4,) € Lip(D, ¢,) (#n =1, 2,
...); (ii) For any element z € D

THEOREM 4. Under these assumptions, there exists an asymptotically unique
solution (x): X —x(\) € D of the relation

2 () ~ ).

Proof. Since (4,) € Lip(9D, ¢,) for each integer #, it follows from Theorem
2 that there exists an asymptotic sum (P) of

> (4,)

n=0
defined on ©; and in fact (P) is given by

HQN)

P(\) = ,,Z=o A,(N),

where H (\) is a suitable integer depending on . It follows in particular that
the mapping (E) = (P — 4,) is in the class Lip (D, ¢1), which is Assumption
(4.4) of Theorem 3. Since the sequence {(4,x)} converges asymptotically to
zero for any x € D by (5.1) it follows from Theorem 1 that (Px) is an asymp-
totic sum for X (4,x), x € D. In particular, |[|[EQN)x|| = |[[[PQ) — 4olx|| <
aip1(N) (A € Ay), which is the content of Assumption (4.5) of Theorem 3.
Therefore the assumptions of the present theorem imply those of Theorem 3,
and there exists an element x(\) € D satisfying P(A\)x(\) = y(A) (A € A).
Then for N € A,, we obtain from (5.1)

ym—gmwmﬂ<émwmw

by the same reasoning which led to (2.5) and (2.6), and hence (y) is an
asymptotic sum for Y (4,x).

To show that (x) is asymptotically unique, let (%) be any other asymptotic
solution. Then for each integer #,

o |
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n—1 n—1
[[Ao(x — u)|| — Zl (A — Au) } < ZOij—Aa‘u
J= I=
n—1 n—1
< |y~zoij +Hy—zoAju ’
= 1=

and according to (5.2) there is a positive number 8, (n = 1,2,...) so that

65 -l - |

2 M —Am)|| < Buda), N € A
By hypothesis, there exists a positive number @ so that ||4¢7!|| < @, and
hence
(5.4) lle = afl <[4 [[dolx = W)l < afldo(x — w)|].

Since (4,) € Lip(D, ¢.) and {¢,} is an asymptotic sequence it follows that
there exists a sequence of positive intervals A, so that

n—1

< Zl a;0;(MN|x — ul| < 2a16:(N)|[x — u]]

j=

n—1
2 Apx— Au
j=1

whenever N € A,. Since ¢;(\) = 0 as A — 0, there is a positive interval A
so that 2a19:(\) < 3! whenever A € A. We may assume that A, € A, and
hence

(56.5) I Zl Ap — Aju < %a—lllx - u”v N €A
=

Then (5.3), (5.4), and (5.5) together establish that
3o |x — || < Buga(N)

whenever A is in the smaller of the positive intervals A,’, A,. Hence (x) is
asymptotically unique.

In our final theorem, we shall derive an asymptotic expansion for the
asymptotically unique solution (x) of ¥ (4 x) ~ (y) given in Theorem 4.
Suppose that (y) has the asymptotic expansion (4.2). Suppose also that (P)
is an asymptotic sum for the series  (4,), as in Theorem 4. Then the map-
pings (v) and (F) defined in (4.6) will be asymptotic sums for corresponding
series Y (v,), > (Fy), that is

() ~% ()  where 1z, = Ag Y,
(F) ~ 3 (F,) where  F, =— A5 4,.

For the solution (x): X — x(\), it follows from Theorem 4 that x(\) satisfies
equation (4.1), and hence satisfies (4.6). An asymptotic expansion for (x)
will be obtained in a natural way from a sequence of successive approximations
to the solution of (4.6), defined in terms of the quantities v,, F,.

The additional hypothesis will be made that the sequence {¢,} has the
multiplicative property

(5.6)
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(57) Zl ¢j(>\) ¢n—j()‘) < 'Yn¢n(>‘) ()\ € Apyn=1,2,.. )
=
where 7, is a fixed positive number for each intezer #.

THEOREM 5. Under the hypotheses of Theorem 4, the asymptotically unique
solution (x) of the relation 3 (Ax) ~ () is an asymptotic limit of the sequence

{(x)} defined by
(5.8) X0 = vo; Xy = ZO v, + Z‘l F%n_; n=12"...).
J= =
An equivalent conclusion is that (x) has the asymptotic expansion
Z(xn - xn—l) (VVith X1 = 0)

Proof. It is enough to show that there exists a sequence of positive numbers
B, and a sequence of intervals A, so that

(5.9) |lx(\) = %=1 N)]] < Badpu(N) (N € Ay n=12...).

This will be proved by mathematical induction on #». First, it is easily
seen from (5.2) and (5.6) that the proposition is true for » = 1. Under the
hypothesis that it is true for all integers j < # — 1, we shall show that it is
true for #. Since x = v + Fx, it follows that

(5.10) e — x| < | v = ZO v;| | + [ Fx — Y. Fx
j= j=1
+ Zl ij - ijn—j
=

On account of the hypotheses (5.6) there exists a positive number a,.; so
that each of the first two terms on the right side of (5.10) is bounded above
by apr1¢r1 (M) for all N in a positive interval A,;;. The inductive proof of
(5.9) will then be finished if it can be shown that the third term also is of
order ¢,.1. To see this, observe that

n

< 20 FN ke = wasl]

=1

Z ij - ijn—j

=1

< U4 Ml [ = s

n

<a 2 a;6;(N)Bumirrdusi1(N),

=1
where use has been made of the inductive hypothesis (5.9) and the hypothesis
(4,) € Lip(D, ¢,) at the last step. Let

8, = Max o811 1<j<n).

J
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Then, since {¢,} has the multiplicative property (5.7),

|

Hence (5.9) is valid for each integer #, and the theorem is proved.

< Ol5n’Yn+1¢n+1(>\)-

n
Zl ij - ijn—j
j=
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