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( r ece ived M a r c h 12, 1967) 

In t roduc t ion . Let A and X be s p a c e s . Then as i s wel l -
known, [SA, X] is a g roup w h e r e 2 deno tes the s u s p e n s i o n . 
We wish to find condi t ions on A which wil l imply that this 
g roup i s abe l i an for al l s p a c e s X, that i s , SA i s 
h o m o t o p y - c o m m u t a t i v e . This i s equ iva len t to saying that 
coni i A < 1 (see [2] for def ini t ion) . Our r e s u l t s conta in 
r e l a t i o n s be tween coni l A and the g e n e r a l i s e d Whitehead 
p r o d u c t of [1] . We work in the ca t ego ry of c o m p l e x e s with 
b a s e poin ts . 

§ 1. Let A, B be s p a c e s . We can c o n s i d e r the following 

as a cof ib ra t ion : A V B ^ A X B ^ A A B , w h e r e j i s the 
i n c l u s i o n and q i s the p ro j ec t i on . Then t h e r e ex i s t s a m a p 
p : S(A X B) - S(A V B) such that p(Sj) - 1 S ( A y B ) . 

In fact , if we define the m a p s p , p : A X B -> A V B by 

p (a, b) = (a, * ) , p (a, b) - (#, b), then we can rake p to be the 

m a p V (Sp V 2 p )ç>' w h e r e <px : S(A X B) -* 2 (A X B) V S (A X B) 

i s the s u s p e n s i o n s t r u c t u r e , and V i s the folding m a p . This i m p l i e s 

that (S jT : [2(A X B), X] -* [Z(A V B), X] is an e p i m o r p h i s m , 

and hence f r o m the exac t s equence of the cof ibra t ion j , that 
Â 

(2q) '• [S(A A B), X] -> [Z (A X B), X] is a m o n o m o r p h i s m . 

Le t i : 2 A - > 2 A V S B , i : EB -> 2 A V S B be the 
1 2 

i n c l u s i o n s . Then following Arkowi tz [ l ] , we can define the 
g e n e r a l i s e d Whitehead p r o d u c t (GWP) [ i , > i ? ] € [ 2 ( A A B ) , 

Z)A V S B ] . Th i s GWP i s r e p r e s e n t e d by a m a p 

k : S ( A A B ) -> 2 A V S B such that [ k (2q ) ] = c o m m u t a t o r of 

Canad. Math . BulL vol . 10, no. 5, 1967. 

665 

https://doi.org/10.4153/CMB-1967-066-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-066-7


[i^Zp^] and [i2(SpB)] where ? A : A X B - A, p ^ A X B - B 

are the projections. Let H : EA V SB -> 2 (A V B) be the 

homeomorphism given by H(k (a, t),*) = k (a,*, t), 

H(*,kB(b,t)) = kA v B (* ,b , t ) where kA : A X I-> SA, 

k : B X I-> SB, k A U : ( A V B ) X I - > 2 ( A V B ) are the 
B A V B 

projections. It is easily verified that Hi (Sp ) = Sp and 
1 J\. 1 

Hi2(2pB) = S p 2 . Hence [Hk(Sq)] = H^[ k(S q)] = [ S p J + [Sp.,] -

([Sp2] + [ZpJ) = [V(2 ? 1 V Sp2) <p>] + [V(Sp2 V 2 P l ) ^ V ' ] 

where \x ' : S(A X B) -> S(A X B) is the inverse for the suspension 
structure. Now let cp » : S (A V B) -> S (A V B) V S (A V B), 

(JL ' : S (A V B) -> S(A V B) be the suspension structure on A V B. 

Then it is again easily verified that V(Ep V 2p )<py = 

JJ.' V(Sp V Sp )</?' = M-'P- Thus we have 

LEMMA 1. [Hk(Sq)] = [p] + fri'p] where [k] = [ V ^ ' 

we have 

Since H_̂  is an isomorphism and (2qf is a monomorphism, 

LEMMA 2. [i .»i?] = ° if and only if pn'^H-iP-

Now let a e [SA, X], p € [SB, X] be represented by 
maps f : SA -> X, g : SB -*• X, respectively. Then it is 
easily seen that [a, (3] = (V (f V g)) „ [i , i ]. Thus we have 

jf" 1 Z 

LEMMA 3. If PM-'^fi'p, then [a, p] = 0 for all 

a € [SA, X], (3 e [SB,X]. 

Let us now consider the case A = B. Let A : A -*- A x A be 
the diagonal map. If a, p e [SA, X], it is shown in [l] that 

Ji # 
(SA) (Sq) [a, p] = (a, p) = the commutator of a, p. Thus we 
have 

THEOREM 1. If pjj/^uVP : S (A X A) -> S (A V A), then 

conil A < 1. 
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REMARKS. By T h e o r e m 1, if pjj,1 ~ |JL'p, then coni l 

A < 1. Le t us now cons ide r b r ie f ly when th is condi t ion 
Pf i ' ^M- 'p wil l hold. We o b s e r v e that if p : Z (A X A) -> Z(A V A) 

i s an H' m a p with r e s p e c t to the s u s p e n s i o n s t r u c t u r e s , that i s 
<pl p ^ ( p V p)<p'> then we wil l a l so have pji' ~ M*lP> an<3 hence coni l 

A < 1. In p a r t i c u l a r if [p] be longs to the i m a g e of the 
s u s p e n s i o n Z „ : [A X A, A V A ] - > [Z ( A X A), Z(A V A)] then 

coni l A <_ 1. Fo l lowing [3], let us cons ide r the adjoint 
[p ] e [A X A,£iZ(A V A)] . Then cons ide r the f ib ra t ion 
0 : i i S ( A V A) ->Q(Z(A V A) b Z ( A V A)) w h e r e the f ib re i s 
the c o - p r o j e c t i v e p lane a s s o c i a t e d with the H' space 
( Z ( A V A ) , <p\ , i l ' ) and S (A V A) b Z(A V A) deno tes the f lat 

1 1 

p r o d u c t . Then 9 ̂ ( [ p ] ) 6 [A X A, fL (Z (A V A) b Z(A V A))] i s 

ca l led the Hopf i n v a r i a n t of [p] . In [3], we have 

THEOREM 2. p i s an Hr m a p with r e s p e c t to the 
s u s p e n s i o n s t r u c t u r e s on Z(A X A), Z (A V A) if and only if 
the Hopf i n v a r i a n t 0 /^([p]) - 0. 

REFERENCES 

1. M . Arkowi tz , The g e n e r a l i s e d Whitehead p roduc t , 
P a c . J. Ma th . 12 (1962) 7 - 2 3 . 

2 . I. B e r s t e i n and T . Ganea, Homotop ica l n i lpo tency . 
1 1 1 . J. Math . 5 (1961) 99 -130 . 

3 . I . B e r s t e i n and P . J . Hilton, On s u s p e n s i o n s and 
c o m u l t i p l i c a t i o n s . Topology 2 (1963) 7 3 - 8 2 . 

4 . T. Ganea , On some n u m e r i c a l homotopy i n v a r i a n t s , 
P r o c . I n t e rna t i ona l C o n g r e s s of M a t h e m a t i c i a n s 
(1962) 4 6 7 - 4 7 2 . 

5 . T . Ganea , P . J. Hil ton and F . P . P e t e r s o n , On the 
h o m o t o p y - c o m m u t a t i v i t y of l o o p - s p a c e s and s u s p e n s i o n s 
Topology 1 (1962) 1 3 3 - 1 4 1 . 

667 

https://doi.org/10.4153/CMB-1967-066-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-066-7


6. P . J . Hil ton, Homotopy t h e o r y and dual i ty , Gordon and 
B r e a c h (New York) 1963. 

U n i v e r s i t y of A l b e r t a 
Edmonton , A l b e r t a 

668 

https://doi.org/10.4153/CMB-1967-066-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-066-7

