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Introduction. Let A and X be spaces. Then as is well-
known, [ZA,X] is a group where X denotes the suspension.
We wish to find conditions on A which will imply that this
group is abelian for all spaces X, thatis, XA is
homotopy-commutative. This is equivalent to saying that
conil A< 1 (see [2] for definition). Our results contain
relations between conil A and the generalised Whitehead
product of [1]. We work in the category of complexes with

base points.

§1. Let A, B be spaces. We can consider the following

as a cofibration: AV B Laxs3a A B, where j is the

inclusion and q is the projection. Then there exists a map
: X - j) ~ .
p:Z(AXB)~ Z(AV B) such that p(Zj)~ 1Z(A v B)

In fact, if we define the maps pi, p2 : AXB—-AVDB by

p1(a, b) = (a,*), pz(a,b) = (*,b), then we can take p to be the

map v (Zp1 A% sz)go' where ¢' : Z(AXB)—=> Z(AXB)V (A XB)

is the suspension structure, and Vis the folding map. This implies
that (Z_])# : [Z(A X B), X] = [Z(AV B),X] is an epimorphism,

and hence from the exact sequence of the cofibration j, that

#

(Zq)" : [Z(A AB),X]—- [Z(A X B),X] is a monomorphism.

Let i1 tZ2A->-2ZAVZIB, iZ:ZB»ZAVZB be the

inclusions. Then following Arkowitz [1], we can define the
generalised Whitehead product (GWP) [ii’ 12] e [Z(AAB),

ZAV ZB]. This GWP is represented by a map
K :Z(AAB)—> A VB suchthat [k (Zq)] = commutator of
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i i tAXB -~ tAXB->DB
[11(ZpA)] and [12(ZpB)] where Py AXB — A, Pp

are the projections. Let H:ZA VZB -~ Z(A V B) be the

homeomorphism given by H(kA(a, t),*) = kA v B(a, %, t),
* = * P AX T
H( ,kB(b,t)) kAV B( ,b,t) where kA A X1 ZA,
k_ :BXI->ZB, k :(AVB)XI->Z(AV B) are the

B AV B

projections. Itis easily verified that Hii(ZpA) = Zp1 and

2
([sz] + [Zp1]) = [V(Zp1 VZp,)e']+ [V(Zp, V Zp, )o'n']

where p':Z(AXB)—= Z(A X B) is the inverse for the suspension
structure. Now let (pi :Z(AVB)-=Z(AVB)VZ(AYVB),

Hi (Sp,) = Zp,. Hence [HK(zq)] = H [K(Zq)] = [Zp,] +[2p,] -

Hli :Z(AVB)—>Z=Z(AVB) be the suspension structure on AV B.

Then it is again easily verified that V(sz v Zpi)(p'p' =

}L‘1V(Zp1 A% sz)go' = By P Thus we have

.

LEMMA 1. [HK(Zq)] = [p] + [Pl where (K] = [i,,i,].

Since H;@ is an isomorphism and (= q)/; is a monomorphism,

we have

LEMMA 2. [i,,1,]

= 0 if and only if pu'~ p'1p.
Now let o ¢ [ZA,X], Be [ZB,X] be represented by
maps f:ZA-> X, g:2ZB - X, respectively. Then it is

easily seen that [o B] = (V(f V g))ﬁ(; [i Thus we have

il

LEMMA 3. If pp‘_f\_»p'ip, then [, B] = 0 for all
o e [ZA,X], Be [EB,X].

Let us now consider the case A =B. Let A: A== AX A be
the diagonal map. If o B e [ZA,X], itis shown in [1] that

# o

=a)" (Zq)
have

[ B] = (o B) = the commutator of o, 8. Thus we

THEOREM 1. If pu'~p)P:Z(AX A)>Z(AV A), then

conil A< 1.
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REMARKS. By Theorem 1, if pp'~ Hlip’ then conil

A< 1. Letus now consider briefly when this condition
pu' ~ p’ip will hold. We observe thatif p:Z(AX A)—= Z(AV A)

is an H' map with respect to the suspension structures, that is
(Plip ~ (p V ple', then we will also have pp' xp'ip, and hence conil

A< 1. Inparticular if [p] belongs to the image of the
suspension Z#‘ :[AX A, AV A]—- [Z(AXA), Z(AV A)] then

conil A< 1. Following [3], let us consider the adjoint

[B]le [AX ASiZ(AV A)]. Then consider the fibration

8 :5I=(AV A)->Q(Z(AV A) bZ(AV A)) where the fibre is
the co-projective plane associated with the H' space

(Z(A V A), (p'1 , p'1) and Z(AV A)b Z(A V A) denotes the flat

product. Then e#([ﬁ]) e [AXA . EAVA bV A)] is
called the Hopf invariant of [p]. In[3], we have

THEOREM 2. p is an H' map with respect to the
suspension structures on Z(A X A), Z(A V A) if and only if
the Hopf invariant 9#([5]) = 0.
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