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Abstract

We use properties of the gamma function to estimate the products [];_, (4k — 3)/4k and [T;_,(4k — 1)/4k,
motivated by the work of Chen and Qi [‘Completely monotonic function associated with the gamma
function and proof of Wallis’ inequality’, Tamkang J. Math. 36(4) (2005), 303-307] and Mortici et al.
[‘Completely monotonic functions and inequalities associated to some ratio of gamma function’, Appl.
Math. Comput. 240 (2014), 168-174].
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1. Introduction

Chen and Qi [2] proved the following inequalities for the Wallis ratio:
1 < 2n -1 - 1
Vn(n+a) ~  (2m)!! Nr(n+b)

with the best possible constants a = 4/m — 1 and b = 1/4. These inequalities are a
consequence of the complete monotonicity on (0, co) of the function

xI'(x)

Jo+ DI(x + %)’

where I'(x) = fooo t*le=*dt for x > 0 is the gamma function. Mortici et al. [3] found

the following inequalities:
a 1-4---Bn-2) b c 2:5---3n-1) d
< < , —<—<—,
V2 3-6---(3n) V2 A 3:6---(3n) n

where the constants

foralln > 1, (1.1)

x—In

1 1
a=—-~03333, b= — & 0.3732, c¢=
3 I

1

~0.6666, d=—
I'(5)

~ 0.7384

W N
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are sharp. The inequalities on the left-hand sides hold with equality if and only if
n = 1. These inequalities are a consequence of the complete monotonicity on (0, co) of
the functions

3 Cx+2) \3

(% \/51"(%)) x(r(x+1)r3(§))

x—In W, x— —In W
2 A3 ==
(r(x+1)r(§)) I3

Inspired by Mortici et al. [3], we consider the following products for an integer
n>1:
P_1-5---(4n—3) P_2-6---(4n—2) _3:7--(4n-1)
T4 dn) T 48(dn) 7T 4.8 (dn)

Note that P, = (2n — 1)!!/(2n)!!, for which we already have the estimate (1.1).
Expressing P; and P3 in terms of the gamma function by

L(n+ 1) T(n+3)

_ g R L 1.2
! T(n+ DIy ’ T(n+ DI3) 42

motivates us to consider the functions

(% \/ZF(%))4 x(réiﬁﬁé)f
X—)an, X—)—lnﬁ.
x3(r(x+1)1i(})) (T}))

We prove that these functions are completely monotonic on (0, c0) and, as a result, we
establish sharp inequalities for P; and Ps3.

2. The main results

The digamma function ¢ : (0, c0) — R is defined by

d I"(x)
P(x) dx( nI'(x)) T
and its derivatives ¥, ", ... are the polygamma functions. We have the following
integral representations:
00 tn —xt
YO(x) = (~1y"! f ‘i @1
0 1-e?
and | . .
n—1 —xt
— = t dt 2.2
T (n—D!l: ¢ @.2)

for every real number x > 0 and integer n > 1 (see, for example, [1]).
Recall that a function s : (0, 0) — R is completely monotonic if it is infinitely
differentiable on (0, o) and (—1)"s"(x) > 0, for every real x > 0 and integer n > 0.
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As a consequence of the Hausdorff-Bernstein—Widder theorem (see [4]), a function
s(x) is completely monotonic on (0, oo) if and only if

s(x) = f e y(n)dt,
0
where  is a nonnegative function on (0, co) such that the integral converges for all
x> 0 (see [4]). Now we can state and prove our results.
TueoREM 2.1. The function f : (0, c0) — R given by
4
3
(ﬁ \/QF(Z))

3( T(x+1) )4
T+ DI

f() =In

is completely monotonic on (0, o).

Proor. First observe that

Fx) = 41n(% \/Er(%)r(%)) _3lnx- 41nF(x + }1) +4InT(x+ 1),

By a standard calculation,

f(x) = % - 4w’(x + %) + 4y (x + 1).

Using (2.1) and (2.2),

0 o ¢ —(x+ )t 00 po—(x+ 1)t o po(L
J7 () = 3f te_’“dt—4f ¢ dt+4f ° dt :f P(D) s dr,
0 o 1—e™ o l-—e o e —1

where ¢(1) = 3¢* — 4¢* + 1. Since ¢’ (t) = 12¢% (¢! — 1) > 0 for all ¢ > 0, it follows that
¢ is strictly increasing on [0, c0) and so ¢(f) > ¢(0) = 0 for all # > 0.

According to the Hausdorff-Bernstein—Widder theorem, f”’ is completely
monotonic, that is, (=1)"(f")"™ > 0, or

=D"(H™ >0, foralln>2. (2.3)

In particular, f”” > 0, so that f” is strictly increasing. Since f’(co) = 0, it follows that
f’ < 0. Thus, f is strictly decreasing with f(co) = 0 and so f > 0.
Finally, (2.3) is true also for n € {0, 1}, so f is completely monotonic. O

TuEOREM 2.2. Define the function g : (0,00) — R by

[(x+3) )4
(r(x+1)r(§)

g(0 =1n :
(5)

Then —g is completely monotonic on (0, o).

https://doi.org/10.1017/5S0004972718000138 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972718000138

456 J. Cringanu [4]

Proor. Observe that
gx)=Inx+4InT(x+3)—4InT(x+1)
and so | 3
e — 4w'(x N —) 4t 1),
X 4
Using (2.1) and (2.2),

o o0 4 —(x+3)t 0 o~ (x+1)t R { (L)
g"(x)z_f tex’dt+4f ¢ dt—4f ‘ dt=f P e,
0 o l—e o 1-e? o -1

where ¢(1) = 4e — ¥ - 3.

Since ¢'(f) = 4¢'(1 — %) < 0 for all + > 0, we deduce that ¢ is strictly decreasing.
Thus, ¢(t) < ¢(0) = 0 for all ¢ > 0. From the Hausdorff-Bernstein—Widder theorem,
—g’’ is completely monotonic, that is, (—1)"(=g"")"™ > 0, or

(-1)"(-g)" >0, foralln>2. (2.4)

Since g” < 0, it follows that g’ is strictly decreasing. But g’(c0) = 0, so g’ > 0. Thus,
g is strictly increasing with g(eo) = 0 and so g < 0. Consequently, (2.4) is also true for
n € {0, 1}, so —g is completely monotonic. O

As a consequence of the complete monotonicity of the functions f and —g, we can
give the following sharp inequalities for P; and Ps.

CoroLLARY 2.3. For all integers n > 1,
a <1-5~-(4n—3) b

G S A8 p
with the best constants a = + = 0.25 and b = 1/T(3) = 0.2758.. ...

Proor. Since f is completely monotonic, it is also strictly decreasing. Thus, for every
integer n > 1,

f(e0) < f(n) < f(1).

From (1.2) and a standard computation,

e

(4n)

or

Vared) { 1f(1)}< 1-5.0- (4n-3) _ V2r(3)

expy — — < ,

2V T @ 2

so that
1 <1-5-----(4n—3)<w/§r(§)_ 1
AN~ 48 @4n) 2V TV

which is the desired conclusion. O
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RemMark 2.4. Since lim,_,«, f(n) = 0, it follows that

1-5---(4n — 1
lim L2 @D gps 1

(2.5)

(In fact, we can see that lim,_. Pin’/* = 1/1“(%), by simple application of the
asymptotic result I'(n + a)/T'(n + b) ~ n® as n — o.) The left-hand inequality of
(2.5) can be improved in the following way. For r € (0, 1/1"(%)), there exists n, € N
such that
r < 1-5---(4n-3)
Vi3 4-8---(4n)

COROLLARY 2.5. For all integers n > 1,

i<3-7---(4n—1) d

S——— < <7
nT 4-8--(4n) <h
with the best constants ¢ = 3 =0.75 and d = 1/T(3) = 0.8160.. ..

for all n > n,.

Proor. Since —g is completely monotonic, we deduce that g is strictly increasing.
Then, for all integers n > 1,

g(1) < g(n) < g(c0).
From 1.2 and a standard computation,
3.3\ . T+ / 1
- (—) < +n <1
4 \4 T+ DIG)IT3)

or

3 <3‘7---(411—1)< 1
4n = 4-8---(4n) r(i)\‘*/ﬁ’
which is the desired conclusion. O

RemMark 2.6. Since lim,_,«, g(n) = 0, it follows that

lim 3-7---(4}1—1)%: 1 ‘

The left-hand inequality can be improved in the following way. For r € (0, 1/T( %)),
there exists n, € N such that
ro_ 3.7---(4n—-1)
n 4.-8---(4n)

RemMark 2.7. We can apply the same approach to P,, using the function
2
1
(7p)

Ttl) \2°
x(ruﬂ)r(%))

for all n > n,.

x—In
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‘We obtain 1.3 5 |
e 3@ F s,

Vn 2-4---(2n) n'
with the best constants e = % =0.5and f = 1/4/n =0.5641..., but these inequalities
are weaker than (1.1).
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