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ON THE CARDINALITY OF URYSOHN SPACES

BY
A. BELLA AND F. CAMMAROTO*

ABSTRACT. In this paper some cardinal inequalities for Urysohn
spaces are established. In particular the following two theorems are
proved:

Q) if A € X then |[A)y] = |4®, where [A lg denotes the 8-closed
hull of A, i.e., the smallest 8-closed subset of X containing A;

(i) |X| = 2XWaLXX) here aL(X, X) is the smallest cardinal
number m such that for every open cover U of X there is a subfamily
U C U for which X = Uyeq, U and |%)| = m.

Our aim in this paper is to study some cardinality properties of Urysohn
spaces. We begin with a theorem that gives an upper bound for the cardinality
of a f-closed set and then we establish some inequalities that improve for
non-regular spaces the well known Arkhangel’skii’s formula | X| = XOLX) (see
[1] and [5]).

For notations and definitions not explicitly mentioned here we refer to [3]
and [4]. m, k will denote cardinal numbers and «, B ordinal numbers. m' is the
successor cardinal of m and a + 1 the successor ordinal of a. All cardinal
numbers are assumed to be initial ordinals. For any set S we denote by exp,,,(S)
the collection of all subsets of S whose cardinality is at most m and by |S| the
cardinality of S. All topological spaces considered here are assumed to
be infinite. For any space X and any family I' of subsets of X we denote by
T the family {4:4 € T} and we briefly write NT (resp. UT) for N, 4
(resp. Uyer 4) - x(X), ¥.(X), mx(X), t(X) and L(X) denote respectively the
character, the closed-pseudocharacter, the w-character, the tightness and
the Lindeldf number of a space X.

We recall the following:

DEFINITION 1. (see [6]) Let X be a topological space and A a subset of X. The
O-closure of A, denoted by cly(A), is the set of all points x € X such that every
closed neighbourhood of x intersects A. The @-interior of A, denoted by inty(A), is
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the set X — cly(X — A), i.e., x € inty(A) if and only if there is some closed
neighbourhood of x contained in A. A is said to be 0-closed if A = clg(A).

Note that the #-closure operator is not in general idempotent. This suggests
that we introduce the following:

DEFINITION 2. Let X be a topological space and A a subset of X. The 8-closed
hull of A, denoted by [A]g, is the smallest 0-closed subset of X containing A.

Itis clear that [4]y = N{C:4 C C and cly(C) = C}. If the space is assumed
to be regular we have: 4 = cly(4) = [4],, but for more general spaces the gap
between the closure and the #-closure of certain subsets can be very large as the
next example shows:

ExaMPLE 1. Let N be the set of natural numbers. We recall (see [3], Theorem
3.6.18) that there exists a family {N,},c of infinite subsets of N such that
IT| = 2% and N, N N, is finite for any t # ¢. Let R be the real line and put
JF = {(2n,2n + 1):n € N}. Since |#| = N, there is a family {.£},c 1 of subsets
of £ such that |T| = 2%, |Z| = ¥yand |£ N 4| < ¥, for any ¢ # ¢. For any
t € T we write £ = {i}, i5,...}. Let X = R U T topologized as follows

(i) for any x € R a fundamental system of neighbourhoods of x is the family
{(x — 1/n,x + 1/n):n € N};

(ii) for any + € T a fundamental system of neighbourhoods is the family
{U'}en> Where U = {t} U U, >, i

m=n "m*
It is easy to see that X is a first countable Urysohn space. The set N is closed
in X, but cly(N) = N U T and hence [cly(N) | = 2% > 8, = |N|.
An upper bound for the #-closed hull is given in the following.

THEOREM 1. Let X be a Urysohn space. If A is a subset of X then |[A]] =
|4 |X(X)_

ProoF. Let m = x(X) and k = |A4|. Let us denote by %, a fundamental
system of neighbourhoods at a point x € X such that |% | = m. If x € clg(4),
for every U € %,, let us choose a point in the sét U N A and let A4, be the set of
all these points. It is clear that x € cly(4,) and 4, € exp,,(4). Let I, be the
family {U N 4,:U € %,}. Since x € clg(U N A4,) and moreover

M clgU N 4) c N cyl) c {x}
Ve, Ve,

by the fact that X is a Urysohn space, we have Ny c 4 clg(U N A,) = {x}. This
implies that the correspondence x — I, defines a one to one map from cly(4)
into exp,,(exp,,(4) ). As

lexp,,(exp,,(4)) | = (k") = k™

we have |cly(4) | = k™ = [AXD,
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Now let 4, = A and, by transfinite induction, let us define, for any a € m'
sets 4, in such a way that 4, = clg(Uge, 4p). It is easy to see that
U+ Aa cl4 ]0'

aEmM

For any x € cly(U,¢,+ 4,) we can choose a set B € exp,,(U,c,+ 4,) so that
x € cly(B). Since cf(m+) = m" there is an ordinal @ € m' for which B A,

and consequently,

x € cly(d,) € Agy C U+ A,

aEm
ie, Uye,+ 4, 1s 0-closed. By definition, the last assertion implies that [4], C
Uyemt Ao and hence [4]y = U,c,+ 4, To complete the proof it suffices to

show that |U, .+ 4,/ = «” or, equivalently, that |[4,] = " for every a € m'.

Let us assume the contrary. So, let & be the smallest ordinal number a such that
|4, > «™. We have |45 = ™ for any B € @& and therefore |Ugc5 Apl = ™.
Since A5z = clg(Ugez 4p) from what stated above it follows that

‘X(X)

= ™" = «".

el = |U 4,
Bea

This is a contradiction and the proof is complete.

REMARK 1. Note that the proof of the above theorem also shows that if X'is a
Urysohn space and x(X) = m then the #-closed hull of any subset of X can be
obtained iterating the #-closed operator at most m' times. In [8] Willard and
Dissanayake introduced the following;:

DEFINITION 3. Let X be a topological space. The almost Lindeldf degree of
X, denoted by aL(X), is defined as aL(X) = sup{aL(F, X): F is a closed
subset of X}, where aL(F, X) is the smallest cardinal number m with the property
that for any family U of open sets of X such that F C U% there is a subfamily
Y € exp,,(%) for which F ¢ U%,.

For any space X we have aL(X, X) = aL(X) and, for non regular spaces this
inequality can be proper as the next example shows:

ExampLE 2. For a given cardinal number m let us consider the set X =
{a, by, cupia € m', n € N}. We topologize X as follows:
(i) for any @« € m" and n € N the point Cq pn 18 isolated;
(ii) for any @ € m" the family { {b,} U {cox:k = n} },enis a fundamental
system of neighbourhoods of the point b,;
(iti) the family { {a} U {cg,:B € m — a,n € N} }pe,+ is a fundamen-
tal system of neighbourhoods of the point a.

It is easy to see that X is a Urysohn space and moreover aL(X, X) = m while
aL(X) = m".
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REMARK 2. Perhaps it would be more convenient to call aL(X, X) almost
Lindelof degree and aL(X) c-Lindelof degree, in analogy with the well known
notions of almost compactness and c-compactness (see [7] ).

In [8] Willard and Dissanayake proved that |X| = 2XX4L( for 3 Hausdorff
space X. As a consequence of Theorem 1 above we can sharpen this result when
the space is assumed to be Urysohn.

THEOREM 2. If X is a Urysohn space then |X| = 2X(X)aL(X.%),

ProoOF. Let m = x(X)aL(X, X) and let %, be a fundamental system of open
neighbourhoods at a point x € X, such that |%,| = m. By transfinite induction
we construct a family {F},c,+ of subsets of X satisfying the following
properties:

(i) for any @ € m" E, is #-closed;

(i) for any « € m" |E| = 2™;

(i) if « € B € m' then F, C Fy;

(iv) for any & € m', if X — U% # @, where

Bea

v e expm(u{%x:x e U 1’];} ),

then F, — U#Z + 0.

Let xo € X and Fy = {x,}. Let us suppose we have already defined the sets Fg
for every B € a satisfying properties (i)—(iv). Let %, = U{%,:x € U, F}. It
is clear that |%,| = 2". For any % € exp,,(%,) for which X — U% +# @ we
choose a point in X — U% and let E be the set so obtained. To complete the
induction, let us put £, = [E U (Uge, Fp) lp- Clearly F, satisfies properties (i),
(iii), (iv) and, thanks to Theorem 1, also property (ii). Let F = U, ,+ F,. We
have |F| = 2™ and moreover F is §-closed because if x € cly(F) then there is a
set F, € exp,,(F) such that x € cly(F,), but for some a € m' we have F, € E,
and consequently x € cly(F) = F,.

To complete the proof it suffices to show that F = X. Let us assume the
contrary. So, let p be a point in X — F. For any x € F we can choose an open
neighbourhood U, € %, such that p ¢ U, and, for any x € X — F, an
open neighbourhood U, € %, such that U, N F = @. The family {U .}, ex
is an open cover of X. Since aL(X, X) = m there exists a set C € exp,,(X)
such that X = U, U. We clearly have F C U,ccnp U, and p &
Ucecnr U, As cf(m') = m" and |C N F| = m there is an ordinal « € m" for
which C N F C F, but this leads to a contradiction because F, , | must satisfy
property (iv) and so the proof is complete.

As another consequence of Theorem 1 we will prove a theorem for a special
class of Urysohn spaces, recently introduced by Dikranjan and Giuli.
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DEFINITION 4. (see [2] ) Let X be a topological space. A family & of subsets of X
is said to be a U-cover if X = Ugc g inty(S). A space X is Ury-closed if it is a
Urysohn space and every open U-cover has a finite subcover. The class of Ury-
closed spaces properly lies between the class of H-closed spaces and the class of
Urysohn closed spaces in the classical sense.

DEFINITION 5. Let X be a T space. We denote by {(X) the smallest cardinal
number m such that every closed subset of X can be expressed as the intersection
of at most m open sets.

THEOREM 3. If X is a Ury-closed space then | X| = V),

ProoF. Let m = x(X)¥(X) and let % be a fundamental system of
neighbourhoods at a point x € X such that (% | = m. For any U € %, let 9,
be a family of open sets such that |9, = m and U = N9, Letting

Y, = Upyeca 9y we have |4, | = m and N¥, = {x}. As in Theorem 2 we
construct a family {F},c,+ of subsets of X satisfying the following
properties:

(i) for any a € m" E, is §-closed;
(i) for any &« € m" |E| = 2™,
(i) if « € B € m" then E, C Fy;
(iv) for any @ € m',if X — U¥ # @, where ¥ is a finite subset of

u{?x:x e U I;};},

BEa
then £, — UZ # 0.

The set F = U,,+ F, is -closed and moreover [F| = 2. We claim that
F = X. Let us assume the contrary. So, let p € X — F. For any x € F let us
choose an open set G, € ¥, for which p € G,. The family {X — F} U
{G,:x € F} is an open U-cover of X. Since the space is Ury-closed there

exists a finite set of points {x,...,x,} S Fsuch that X = G, U ... U
G, U(X — F)andso FC G, U...U G,.Fora suitable a € m' we have
{x;,...,x,} C FE, and this leads to a contradiction because F,,; must satisfy

property (iv).

To conclude, we make some observations on a result given by Willard and
Dissanayake in [8]. Precisely we want to show that in the inequality proved in
[8] Theorem 2.4, ie., |X| = 2%Xim™XXNaLX) f6r 3 Hausdorff space X, the

a-character can be omitted.To this end let us consider the following:

LeMMA. If X is a Hausdorff space and A is a subset of X, then |A| =
|4 [$X01X)
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ProOF. The proof is essentially the same of Proposition 2.5 in [4]. Replacing
Lemma 2.3 in [8] with the above lemma it is easy to obtain the following:

THEOREM 4. If X is a Hausdorff space, then |X| = 2¥(N1XaL(X)

QuEesTION. Does Theorem 1 or Theorem 2 remain true if the space X is
assumed to be Hausdorff?

The authors wish to thank the referees for their comments.
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