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Abstract

Let ¢ and ¥ be holomorphic self-maps of the unit polydisc U" in the n-dimensional complex space, and
denote by C, and Cy the induced composition operators. This paper gives some simple estimates of
the essential norm for the difference of composition operators C, — Cy, from Bloch space to bounded
holomorphic function space in the unit polydisc. The compactness of the difference is also characterized.
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1. Introduction

The algebra of all holomorphic functions with domain 2 will be denoted by H (£2),
where €2 is a bounded domain in C". Let ¢ = (¢1(2), ..., ¢,(2)) and ¥ (z) =
(W1(2), ..., ¥u(2)) be holomorphic self-maps of 2. The composition operator Cy
induced by ¢ is defined by (Cy f)(z) = f(¢(z)) for zin Q and f € H(Q).

We recall that the essential norm of a continuous linear operator 7 is the distance
from T to the compact operators, that is, ||T | =inf{||T — K| : K is compact}.
Notice that ||T'||o =0 if and only if T is compact, so estimates on ||T||. lead to
conditions for 7' to be compact.

In the past few years, many authors have been interested in studying the mapping
properties of the difference of two composition operators, that is, an operator of the
form

T=Cy—Cy.

The primary motivation for this has been the desire to understand the topological
structure of the whole set of composition operators acting on a given function.
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Most papers in this area have focused on the classic reflexive spaces, but some
classical nonreflexive spaces in the unit disc in the complex plane have also recently
been discussed. Hosokawa and Ohno [2, 3] gave a characterization of compact
difference on Bloch space in the unit disc. Toews [6] and Gorkin and MacCluer [1]
independently extended the results to H°°(B,,) spaces, describing compact difference
by Carathéodory pseudo-distance on the unit ball B,, which is a generalization of
Poinaré distance on the disc.

The present paper continues this line of research, giving some simple estimates of
the essential norm for the difference of composition operators induced by ¢ and
acting from Bloch space to bounded function space in the unit polydisc U”, where
¢(z2) and ¥ (z) are two holomorphic self-maps of the unit polydisc in n-dimensional
complex space. By way of application, a characterization of compact difference is
given.

2. Notation and background

Throughout this paper, let D be the unit disc in the complex plane C, U”" the unit
polydisc in the n-dimensional complex space C", and [|z||| = max;{|z;|} stands for
the supremum norm on U". For a holomorphic function f in H(U"), define V f(z) =
(0f/0z21)(2), ..., (3f/0z0)(2)), Rf(2)=(V[f(2),2), Vf(@u=(V[f(2),u), and
(-, ) denotes the inner product. For z, w € D, the pseudo-hyperbolic distance
between z and w is defined by p(z, w) = |(z — w)/(1 — zw)|. It is well known that
if f: D — D is holomorphic, then p(f(z), f(w)) < p(z, w) for any z, w € D. The
Bergman metric on the unit polydisc is given by

H(u, v) =Y ujv; /(1= z;|%)7.
=1

J

The Kobayashi distance ky» of U" is given by

_ L gg LI
kyn (@, w) =5 log 7= ol

where ¢, : U" — U" is the automorphism of U" given by

¢ (w) = (

w1 — 21 Wn — Zn
l—zZiwi’ T 1 =Zw, )

Let H® denote the space of bounded holomorphic functions f on the unit polydisc
with the supremum norm || f{|eo = sup,cyn | f(2)I.

According to [4, 5], the Bloch space B in U" consists of those holomorphic
functions such that || ||z = sup,cyn Q f(z) < 00, where

IVf@)ul

12

0r(@) =SUP{
H,'"(u, u)

:ue(C"—{O}}.
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It is well known that || f o ¢||g = || fllz for any automorphism ¢ of U", and B is a
Banach space under the norm || f||1 = | f(0)| + || f]l 5. If we put

Gr2) =) _(1—1Iz;I)I@f/92)) )|

j=1

and || f|| =1 f(0)| + sup,cyn G f(z), then it follows from (3.8) and (3.9) in [4] that

1
~G(2) = max (1 -1z 2 <0/(2) <G (2.
<j=<n

This implies that (1/2) || fIl < | fll1 < |1 f|l, so B is also a Banach space with the norm
-1l

LEMMA 1. Assume that f € B; then

If @) = fw)| =nll £l - kyn(z, w)

forany z, w € U".

PROOF.
I g 8
o V o dl‘ - o2 2y ar
0 t a1,
_lzil af o
_Z/ 1—|l‘zj 3§J(tZ) (1 |tZJ| ) dt
? ! Y 1+ |z;]
< ) —_—
< ||f||3j2:;/0 i Sl Y og
Snllfllzszlog 1__:::2::

The last inequality follows by the fact the map ¢ — log((1 4+¢)/(1 —t)) is strictly
increasing on [0, 1). Setting z = ¢, (2), it follows that

1 1 w
[ 0 @u(@) = f o pu(w)] <nllf o dulls log %.
Replacing f o ¢y, by f oy o qbujl,
1 1 + li¢w @Il _
- —log ——— k , W).
£ @) = f)l =nllfls7 log T )||| =nllfll-kyn(z, w)
This completes the proof of the lemma. O
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LEMMA 2. Suppose that f € B and, for fixed 0 <8 < 1, let G ={z € U" : |||z]|| < §}.

Then
lim sup sup|f(z) — f(rz)| =0.
=11 zeG
PROOF.
sup | f(z) — f(r2)|
zeG
n
= sup Z(f(m, FZ2s o s P21, %y v v s Zn)
zeG j=1
_f(rzl’r227 -"9rzj9zj+ls ---,Zn))‘
<SUPZ/ _(rZI,ij—],th,Zj-i-l,---,Zn)dt
zeG r
(I =r)nl fl
< =r)n|fll sup = :
e 1= llzlI? 1—§2
The lemma follows as r — 1. O

3. Main theorem

THEOREM. For § > 0, write F5 = {z € U" : max(|l¢@)|ll, llv @) <1 —38}. Sup-
pose that ¢, ¢ : U" — U" and C, — Cy, : B— H is bounded. Then

4_1 81111(1) sup [llgg) (Y @)l < 1Cp — Cylle < 2n hn(l) sup ky»(¢(2), ¥(2))

z€Es z€Es
where Es = U" — Fs.

PROOF. We consider the upper estimate first. For fixed 0 < r < 1, it easy to check that
both C, and C,, are compact operators. For any 0 < § < 1,

ICy — Cylle < ICy — Cy — Crp + Cryl

= sup [[(Cy = Cy = Cry + Cry) fllco

Ifli<t
< ‘liﬁpl sugg | f (@) — fre) + fry(2) — f((2)]
<l zers
+ ||f«lﬁp1 sug [ f () — f(¥ () — flre) + fr )]
<l zels

From Lemma 2, we can choose r sufficiently close to 1 such that the first term of
the right-hand side is less than any given &, and denote the second term by /. Using
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Lemma 1, it follows that

I'< sup sup(|f(e@) — fF( DI+ 1fre@) — frd @)D

| fII<1 z€E;s
<n ||§I|Tp1 sug (kyn(@(2), ¥ (2)) + kyn (re(2), rr(2)))
<2n sug kyn(p(2), ¥(2)),

last inequality obtaining by ky» (ro(z), rv(2)) < kyn(¢(z), ¥(z)). Firstletr — 1 and
then § — 0; the upper estimate follows.
Now we turn to the lower estimate. For/ =1, 2, ..., n, set

Es={zeU" :max(jg1(2)|, [Ya(2)]) > 1 = 8}.
It is easy to see that E5 = U;’:l E(lS For fixed /(1 <[ < n), define
@1(z) — Y1(z)
1 — @1(2)¥1(2)

If we put 6, = 1/m, then §,, — 0 as m — oo.
For the case ||¢illoo =1 or ||¥llcc = 1, for large enough m with Eém # (4, there

a; = lim sup
§—0 ZEE(IS

exists 7" € Eém such that

lim
m—00

‘ @1 (z™) — Y (2™
I — @ (z™)y(z™)

Since 7" € Eém implies that |¢;(z™)| > 1 — &, or |Y¥;(z2™)] > 1 — §,,, without loss of
generality we assume that |¢;(z™)] — 1. Set

1 — g (™)
fm (Z) =
1 =@Mz
A little calculation shows that { f;,} converges to zero uniformly on compact subsets of
Utasm — ooand || fiu|| <2foranym =1, 2, .. .. So the compactness of K implies

that || K f;;, ]| — 0 whenever m — oo, and it follows that

L.
ICy = Cy = Kl = S limsup [[(Cp = Cy = K) fnllos

m—oQ

1
5 lim sup([[(Cy — Cy) fnlloo = 1K finlloo)

2 m—0oQ

1
=5 lim sup [[(Cy — Cy) finlloo

' @1 (Z™) — (™)
1 — @ (@)Y (™)
01(2) — Yi(2)
1— @ @¥i(2)

v

1.
= — lim sup

1 1
= —q; = - lim su
4 48—>0ZEE(1S
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If both ||¢;]lcc < 1 and ||¥7]lco < 1, in this condition, when § is small enough, Eé is
empty, and without loss of generality we may assume that

o1(z) — Y1 (2)
1— ()W (z)

lim su
§—0 zEEl

Since the above inequality holds for every 1 <[/ <n,

01(z) — Yi1(2)

1
ICy — Cylle =~ max lim sup | "
‘T4 1— @)

1<i<n §—0 eEl

Now foreachl =1, 2, ..., n, we define

1(z) — Yi1(2)
1= @)

For any ¢ > 0, there exists a §op with 0 < §p < 1 such that

‘ ¢1(2) — Y1 (z)
1 - ‘Pl(Z)Wl(Z)

by = lim sup
§—0 7€E;s

wheneverz € Es;and/ =1,2,...,n. Since z € Eéo implies that z € Es,, then by the
argument above

1
ICy = Cylle= 7 gzagxn(bl —&)= 4_1 lim sup [ligy ) (¥ (DIl = 7

zeEs

Now the conclusion follows by letting ¢ — 0. O

COROLLARY. Suppose C, — Cy, : B— H is bounded; then Cy, — Cy, is compact
if and only if

hm sup [ll¢g ) (¥ ()l =

Z€5

PROOF. The necessity is obvious by the main theorem. Since log((1 +1)/(1 —1¢)) is
strictly increasing on [0, 1),

llm sup [ll¢p@) (Y @)l =

ZEa

implies that
lin(l) sup kyn(@(2), ¥(2)) =0

—V z€E;s

it follows from the main theorem that ||C, — Cy |l =0, so C, — Cy, is compact, and
the proof of this corollary is complete. O
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