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Abstract. We study the rate of growth of some integral means of the derivatives of
a Blaschke product and we generalize several classical results. Moreover, we obtain the
rate of growth of integral means of the derivative of functions in the model subspace
Kp generated by the Blaschke product B.
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1. Introduction. Let (z,),>1 be a sequence in the unit disc satisfying the Blaschke
condition

> (1= |za]) < o0. (1.1)

n=1
Then the product

oo

B =] |Znl Zn— 2z

z, 1—2,z
n=1

is a bounded analytic function on the unit disc D with zeros only at the points z,,
n > 1, [5, p. 20]. Since the product converges uniformly on compact subsets of D, the
logarithmic derivative of B is given by

B/(Z) — i I- |Zn|2 (Z c lD)
(I- '

Therefore,

o0

. 11—z,
B <Y —

|1 —Z,re 2

2
| (ré” e D). (1.2)

n=1
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If (1.1) is the only restriction we put on the zeros of B, we can only say that

/0 |B'(re”)| do < Z(l = |zl )/ m

n=1

= Z(l |Zn] )Tzrz)

3 T )
s A S

which implies

o(1)
1 -7+

2
/ |B'(re”)| do = (r—1). (1.3)
0

However, assuming stronger restrictions on the rate of increase of the zeros of B give
us more precise estimates about the rate of increase of integral means of B} as r — 1.
The most common restriction is

D (1= |zl < 00 (1.4)

n=1

for some « € (0, 1). Protas [15] took the first step in this direction by proving the
following results.
Let us mention that H”,0 < p < oo, stands for the classical Hardy space equipped

with the norm
2 ) do I,l
_ 1 i0yp
Ilfllp—}grll</0 [/ (re™) h) :

and its cousin 45, 0 < p < oo and y > —1, stands for the (weighted) Bergman space
equipped with the norm

1 pon 2 :
_ oy T —r)’dr do )1’
v = ([ veor R

THEOREM 1.1 (Protas). If 0 < o < % and the Blaschke sequence (z,)q>1 satisfies
(1.4), then B € H'~.

THEOREM 1.2 (Protas). If 0 <« < 1 and the Blaschke sequence (z,),>1 satisfies
(1.4), then B' € Ai_l

Then, Ahern and Clark [1] showed that Theorem 1.1 is sharp in the sense that B’
need not lie in any H? with p > 1 — «. Later on, they also showed that the condition
> o (1 —|z,)'/? < o0 is not enough to imply that B' € H'/? [2]. At the same time,
Linden [12] generalized Theorem 1.1 for higher derivatives of B. In the converse
direction, Ahern and Clark [1] also obtained the following result.
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THEOREM 1.3 (Ahern—Clark). If % < p < 1, then there is a Blaschke product B
with B € H?, and such that its zeros satisfies

D (= lz) =00
n=1

foralla with0 < a < (1 — p)/p.

However, Cohn [3] proved that for interpolating sequences the two conditions are
equivalent.

THEOREM 1.4 (Cohn). Let0 <« < % and let (z,)u>1 be an interpolating Blaschke
sequence. Then, B € H'™* if and only if (z,),>1 satisfies (1.4).

Recently, Kutbi [11] showed that under the hypothesis of Theorem 1.1,

2
/o0 _ o(1)
A |B(V€ )|p do = W, (I’ — 1), (15)
for any p > 1 — «. In particular, for p = 1, we have
27 ) 1
/ |B'(re")| db = o) ; (r—1,
0 (I—r)

which is a refinement of (1.3).

Then, Protas [16] proved that the estimate (1.5) is still validif 1 /2 <o < 1,p > «
and the Blaschke sequence (z,),>; satisfies (1.4). Finally, Gotoh [7] got an extension of
Protas’s results for higher derivatives of B.

A Blaschke sequence which satisfies the Carleson condition is called an
interpolation, or Carleson, Blaschke sequence [10, p. 200]. Let / be an inner function
for the unit disc. In particular, 7 could be any Blaschke product. Then,

K; = H>© IH?
is called the model subspace of H? generated by the inner function 7 [6, 8]. Cohn [3]
obtained the following result about the derivative of functions in Kp.

THEOREM 1.5 (Cohn). Let (z,)u>1 be an interpolating Blaschke sequence, and let
p € (2/3,1). Then, B' € H” if and only if f' € H*/®*2 for all f € Kp.

In this paper, we replace the condition (1.4) by a more general assumption

> (1 = |za]) < o0, (1.6)

n=1

where £ is a positive continuous function satisfying certain smoothness conditions, and
then we generalize all the preceding results. Since our sequence already satisfies the
Blaschke condition, (1.6) will provide further information about the rate of increase of
the zeros only if A(¢) > tast — 0.

In particular, we are interested in

h(2) = (log1/0)*" (logy 1/0)** -~ (log, 1/, (1.7)

where o € (0, 1), a1, a2, - - -, &, € R, and log,, = loglog - - - log (n times) [13].
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In the following, we will use the estimates

2w do 1
- = ; 1.
/o 11— re®]” — (1 —r)-! (v>1)
2w 2
(1- )J/ 1
// ll—rpemv P = e (v=2>y>-1),

asr — 17. See [9, p. 7]. Both relations can be proved using the fact that |1 — re| <
1—-r)+18lasr— 1.

2. An estimation lemma. In the following we assume that /4 is a continuous
positive function defined on the interval (0, 1) with

lim A(f) = 0.
t—0t

Our prototype is the one given in (1.7). The following lemma has simple assumptions
and also a very simple proof. However, it has many interesting applications in the rest
of the paper.

LEMMA 2.1. Let (r,)u>1 be a sequence in the interval (0, 1) such that
o0
Zh(l —ry) < 00.
n=1
Let p, g > 0 be such that h(t)/ ¥ is decreasing and h(t)/ *~4 is increasing on (0, 1). Then,

o (L=r)y o)
2:: A =rr)e (1 =r4Ph(l—r)

asr — 17. Moreover, if

h(1)
im — =0,
—0t+ =4
then
i (I—ry _ o(1)
= (L —rry) S (A =rerh(l—r)
Proof. We have

(I =ry (=1 h(1 —rry) h(l —1y)
(I —rr)? <h(1 —r) (1 =rr,)p ) ( (1 = rrp)4=P h(1 = rry) )

By assumption

h(l —rry) - h(l —ry,)
(1 _Vrn)p - (1 _rn)p,

and

(L= 1m0 h(1 = rry) > (1= r)I7 (1 = ).
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Thus, foranyn > 1,

(I —rpy - h(1 —ry)
(I=rr)t — (A =r)12h(l—r)

Q.1

Given ¢ > 0, fix N such that
Z h(l —r,) <e.
n=N+1

Hence, by (2.1),

n=N+1

Z:C;N—H h(l — ry)
(1=r27rh(l—-r)

S (A=ny s A=ny S A =n)
LTy " LTyt 2 Ty
N

<Y A=ry '+

n=1

< Cy+

&

(1—r)7h(l—r)

where Cy is independent of r. This inequality implies both assertions of the
Lemma. g

The Lemma is still valid if instead of “decreasing” and “increasing”, we assume that
our functions are respectively “boundedly decreasing” and “boundedly increasing”. We
say that ¢ is boundedly increasing if there is a constant C > 0 such that ¢(x) < Co(y)
whenever x < y. Similarly, ¢ is boundedly decreasing if there is a constant C > 0 such
that ¢(x) > Cyp(y) whenever x < y.

3. H? means of the first derivative. In this section we apply Lemma 2.1 to
obtain a general estimate for the integral means of the first derivative of a Blaschke
product. Special cases of the following theorem generalize Protas and Kutbi’s
results.

THEOREM 3.1. Let B be the Blaschke product formed with zeros z,, = r,e®, n > 1,
satisfying

ih(l — 1) < 00
n=1

for a positive continuous function h. Suppose that there is q € (1/2, 1] such that h(t)/t! is
decreasing and h(t)/t'~4 is increasing on (0, 1). Then, for any p > q,

o(1)
A=y Th(1—r)

2
/ |B'(re)|” do = (r—1).
0

Moreover, if lim,_o h(f)/t'=4 = 0, then O(1) can be replaced by o(1).
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Proof. Since ¢ < 1, (1.2) implies

(1-r)’
— rrei®@=0n) 124°

00
B/ i0 q <
|B(re”) —;u

Hence

—rry)2a1

2 o0
i (1 - rn)q
|B'(re)1do < C Y —2
/o ; (1

(Here we used 2¢g > 1.) Therefore, by Lemma 2.1,

o " C
/(10014
/0 BOOR = G —n

Now recall that any function f in H* is in the Bloch space B [4, p. 44], that is

suﬂ;j?(l — 1z )] < 4+00.

Hence, for any p > ¢,

C

2 ) 1 2 )
|B'(ré®)|P do < ——— / |B'(re')|? do <
|, weerde < G [ e

(I =rp-th(l =r)

3.1)

Finally, as r — 1, Lemma 2.1 also assures that C can be replaced by any small positive

constant if lim,_,q A(f)/t' =9 = 0.

Now, we can apply Theorem 3.1 for the special function defined in (1.7).

Case 1. If

o0 1 o] 1 [
> (1= r)*(log - (log, ——) < oo,
1—r, 1—r,

n=1
then, for any

p > max{a, 1 — o}

we have
2 ) 1
/ |B'(re)|" do = 01( )a] —
0 (1 —retr=1(log =)™ -+ - (log,, 1)

In particular, if

i(l —rp)* < 00,
n=1

with « € (0, 1/2), then, for any p > 1 — «,

o(1)

A=yt (r— 1),

2
/ |B'(re”)" d6 =
0
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which is Kutbi’s result. Moreover, if o € [1/2, 1), the last estimate still holds for any
p > «, which is Protas’s result [16].
Case 2. If

S 1 o7 1 o
Z(l —r)” | log, -+ | log,, —— < 00,
1—r, 1—r,
n=1
with e € (0,1/2), o < 0 and ogy1, - - -, o € R, then,

o(1)
(logi 55)™ -+ (log,, 1)

2
/ |B(ré”)|' do = (r—1).
0

But, if

Z(l — 1) < 00,
n=1
with « € (0, 1/2), then
2 )
f |B'(re'”)|'=* do = 0(1), (r— 1),
0

i.e. B € H'™*, which is Protas’ result [15].
Case 3. If

[e%e) 1 (74 1 U
nz:;(l — 1) <logk = Vn) (logm = r”) < 00,

witha € (1/2,1), ax > 0and a1, - -+, o, € R, then,

o(1)
(1 —ryet(log 5)" -+ (log,, 15)™"

27
/ |B (re®)|* do = (r—1).
0

However, if
[o¢]
Z(l —rp)¥ < 00,
n=1

with « € (1/2, 1), then we still have

o(1)

m, (V—) 1)

2
/ |B'(re")|* d6 =
0
4. H?” means of higher derivatives. Straightforward calculation leads to

2r 00
O (i) B Gl L !
/0 1BO(re®)|P do < C(p, €) ;(l—rrn)(‘“)l’—l’ <)
@.1)
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which is a generalization of (3.1). This observation along with Lemma 2.1 enable us
to generalize the results of the preceding section for higher derivatives of a Blaschke
product. The proof is similar to that of Theorem 3.1.

THEOREM 4.1. Let B be the Blaschke product formed with zeros z, = r,e®, n > 1,
satisfying

ih(l — 1) < 00
n=1

for a positive continuous function h. Suppose that there is g € (1/(€ + 1), 1/£] such that
h(t)/ 4 is decreasing and h(t)] t'~* is increasing on (0, 1). Then, for any p > q,

o(1)
(1 =ne-1hl-=r)

2
/ |BO(re”) P db = (r— 1.
0

Moreover, if lim,_,oh(1)/t'=% = 0, then O(1) can be replaced by o(1).

Now, we can apply Theorem 4.1 for the special function defined in (1.7).
Case 1. If

o0 1 o] 1 [
Z(l — 1) <log ) <10gm —) < 00,
o 1—r, 1—r,

then, for any

p > max{a, (1 — a)/L}

we have
2
) 1
/ |BO(re?)P db = -1 01( )al T\ (r—1).
0 (1 - r)aJr P (IOg ﬁ) U (logm ﬁ)

In particular, if

(&)
Z(l — )% < 00,
n=1

with @ € (0, 1/(¢ + 1)), then, for any p > (1 — «)/¢,

2 ) o(1
/0 |BO(re”) d = ATt ,()K,La_p (r— 1),

which is Kutbi’s result. Moreover, if &« € [1/(£ + 1), 1), the last estimate still holds for
any p > «, which is Gotoh’s result [7] .
Case2. 1If

[ele] 1 (74 1 [o7]
Z(l — )" <logk = ) <10gm Tm) < 00,

n=1 n
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witha € (0, 1/(1 +£)), o < 0and ogy1, - - -, o, € R, then,

T Oy (=)t gy o(D) .
|B (re )l do = 1\ 1 \%° (’ - 1)
0 (loge 75)™ -+~ (log, =)

But, if
D (=) < +ox,
n=1

with @ € (0, 1/(1 + £)), then

2
/|N@WWWw=au (=1,
0

i.e. BY € HU=9/t which is Linden’s result [12].

Case 3. If
1 (075 1 Ay
l—rn> .”(IOgml—rn> =

witha € (1/(1 +£),1), oy > 0and ayyq, ---, o, € R, then,

D (=) <logk

n=1

[ ey as = oD r— 1)
0 T (1= et (Tog, L)% (log,, 12)™" :

However, if
[o¢]
> (=) < oo,
n=1

with a € (1/(¢£ + 1), 1), then we still have

27
/ |BO(re”)|* do = L r— 1.

0 (1 — p)eDe—1"

5. A} means of the first derivative. In this section we apply Lemma 2.1 to obtain
a general estimate for the integral means of the first derivative of a Blaschke product.
Special cases of the following theorem generalize Protas’s results [15].

THEOREM 5.1. Let B be the Blaschke product formed with zeros z,, = r,e’ satisfying
oo
> h(1—ry) <00
n=1

for a positive continuous function h. Let y € (—1,0). Suppose that there is q € (1 +
v /2, 1] such that h(t)/1? is decreasing and h(t)/ t*** =4 is increasing on (0, 1). Then, for
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anyp = 4,
1 2
‘ o(1)
B'(rpe”)P p(1 — p*)'dp do = : D).
[ [ ey o=y do = S0 e
Moreover, if lim,_,oh(t)/1>77 =1 = 0, then O(1) can be replaced by o(1).
Proof. We saw that
Bopr =Y L)
Tl - rrppei@=0) |24
Hence
/‘ /2” B pe™1 o(1 — o2 dp db < C i (1= 1) 5.0
o Jo Tpe p P P - — (1 = rry)2a—v=2" ’
(Here we used 2g — y — 2 > 0.) Therefore, by Lemma 2.1,
1 2w " ) C
B(roe”)|? p(1 — p*)dp dj < .
/0 /0 |B'(rpe”)I” p(1 — p)'dp db < A= 2ii—n
Hence, for any p > ¢,
1 p27 ) 1 1 p27 ]
[ Beoee o= p2ydodo < s [ [T 1B G o1~ 7 as
0Jo (I =rr=1 JoJo

C
< .
T =rpvZh(l —r)

Finally, as r — 1, Lemma 2.1 also assures that C can be replaced by any small positive
constant if lim,_.q h(7)/*77~7 = 0. ]

Now, we can apply Theorem 5.1 for the special function defined in (1.7).
Case 1. If

(o] 1 al 1 (o7
1—r)* (1 o1 - ’
N e R ) B

and if y € (—1, @ — 1), then, for any
p>max{o, 2+y —a, 1 +y/2},

we have

o(1)
(1 - r)(x+[)—y—2 (lOg ﬁ)“l e (logm ﬁ)‘)‘m ’

1 2w
/ f |B'(roe™)l” p(1 — p*) dp db =
0 0

as (r — 1). In particular, if

[ee]

D (1= 1) < oo,

n=1

https://doi.org/10.1017/50017089508004175 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089508004175

DERIVATIVES OF BLASCHKE PRODUCTS 243
then

o(1)

1 2
B (rpe®)P p(1 — p*)'dp dp = ———— .
/0 /0 |B'(roe”)I” p(1 — p7)"dp T o2

Case 2. If

i(l r)* | lo ! b lo ! 0"” < 00
n gkl_rn g}’ﬂl_rn ’

n=1

with o < 0, then, for any p > 1,

/ | I B ol — g2 dp do = o
o Jo (1 —rp-1(log, =) -+ (log,, =)™
x (r—1).
Case 3. If
Z(l —rp)¥ < o0,
n=1
then, for any p > 1,
1 2 ) o(1
/ / 1B (roe”)P p(1 — p*)* 'dp db = #1 (r—1).
0o Jo (1 —=rp-
In particular, for p = 1,
1 27 )
[ [ meoenn o= pytdpas = oy, ¢
0o Jo

which is the Protas’ result [15].

Some other cases can also be considered here. But, since they are an immediate
consequence of Theorem 5.1, we do not proceed further. Moreover, using similar
techniques, one can obtain estimates for the 4), means of the higher derivatives for a
Blaschke product satisfying the hypothesis of Theorem 5.1.

6. Interpolating Blaschke products. Cohn’s theorems 1.4 and 1.5 imply that if
z, = e, n > 1,is a Carleson sequence satisfying

[o¢]
Z(l —rm)' P < o0
n=1
forsomep € (2/3, 1), thenf’ € H?/?+? forallf € Kp. The following result generalizes

this fact.

THEOREM 6.1. Let z, = r,e", n > 1, be a Carleson sequence satisfying

D k(1 —ry) < 00
n=1
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for a positive continuous function h. Let B be the Blaschke product formed with zeros z,,
n > 1. Suppose that there is p € (2/3, 1) such that h(t)/ t*/? is decreasing and h(t)/t'~? is
increasing on (0, 1). Then, for all f € Kp, we have

AT o C Il
10 00N < —
([ oo o) = i =y €D

witho = 2p/(p + 2) and C an absolute constant.

Proof. Since (z,,),> 1s a Carleson sequence, we know that the functions

YA Gl

1—2z,z

N
form a Riesz basis of Kp (see [14] for instance). Now, let f = Z Bufn> Bn € C. Then

n=1

, al Zp Bu(1 — Vn)1/2
fO=2 G 5

n=1

and thus we get

N
, 1Bul(1 — 1)1/
If'(2)] < ;—u =

Since p € (2/3, 1), we have o € (1/2, 1) and we can write

N

n 1- o2
rer s S

Therefore,

IA

2 ) do
N _ \9/2 -
/0 lf (Ve )| de E [Bn ” (1 Vn) / 11— anei9|2(r

n=1

)/

o (1_
< C;VM A=t

Let p’ = 2/0 and let ¢’ be its conjugate exponent. Then Holder’s inequality implies

that
S PN a 2 (1 — 1,972 v
/O |f(}"€ )| d@fc(nzz; |ﬂn| ) (Z (l_rr)ZJ l)q) ’

But since (f,,),>1 forms a Riesz basis of Kp, there exists a constant ¢; > 0 such that

N
2 2
D 1B < allf 15,

n=1
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whence
1/q
i (1 —rp)d /2
/ ' (re®)|” do < elf 113 (Z 07 .
Now easy computations show that ¢’ = ’ﬁ, oq =p, 2o —1)¢ =3p/2—1 and
therefore, by Lemma 2.1, we have
i (L=r)? c
(1 —rry)@=D7 = 1 —rp-th(l —r)’

n=1

where C is a constant independent of N. We deduce that

’ alf g
et o= (L = P

Since 1/o0¢’ = 1/p, and using a density argument, we get that for all /' € K3,

e do) &Il
([ veera)” < ma = .

Now, we can apply Theorem 6.1 for the special function defined in (1.7).
Case 1. If z, = r,e®, n > 1, is a Carleson sequence satisfying

o] 1 Uy
Z(l — 1) (log ) <logm —) < 00,
1—r,

n=1
withp € 2/3,1),1 —p <a <p/2,and «y, ...,y € R, then, for all ' € Kp, we have

7 1/o
</2 lf/(reie)rf d@) < C “f”Z
0

((1 — r)a+p—1(10g 1L_r)otl o (logm ﬁ)am )1/1, >

with o = 2p/(p + 2) and C an absolute constant.
Case 2. If z, = r,e®, n > 1, is a Carleson sequence satisfying

[e%e} 1 [07% 1 (e
Z(l — )P (logk ) <logm —) < 0,
— 1 —r, 1—r,

withp € (2/3, 1),k > 1, 0, g1, . .., &y € R,and o < 0, then, forall f € K, we have

o 1/o
o\ 10 C ”f”Z
lf/(reze)| d9> < — p s (V —> 1),
(fo ((loge 15) -+ (log,, 7))

with o = 2p/(p 4+ 2) and C an absolute constant. However, if

o]

> (=)' < oo,

n=1
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then we still have

2 /o
(0 If'(re®)|” d9> <Clfl, (r—1),

ie.f € H?/?+2 for any f € Kp, which is Cohn’s result.
Case 3. If z, = r,e®® n > 1, is a Carleson sequence satisfying

e} 1 [073 1 A
Z(l —r,y? <logk 1 ) (logm 1—) < 00,
n=1 — I —TIn

withp € (2/3, 1),k > 1, &, a1, - - ., oty € R, and o > 0, then, forall f € Kp, we have
5 1/o '
SO Clifll2
( [f'(re"™)| d@) = L\ 1 yem)lp?
0 ((1 — y)3P/2—l (logk E) te (IOgm E) ! )

with o = 2p/(p + 2) and C an absolute constant. However, if

oo

Y (L=ry? < oo,

n=1

then we still have

2 1/o
i\ 10 C”f”Z
/ i0
([ oo o) <

Using similar techniques we can obtain some results about the 47 means of the
derivatives of function in the model subspaces of H>.

THEOREM 6.2. Let z, = r,e", n > 1, be a Carleson sequence satisfying

ih(l — 1) < 0

n=1

for a positive continuous function h, and let B be the Blaschke product formed with zeros
zwn>1. Letpe(2/3,1),0 =2p/(p+2)and —1 < y < 20 — 2 such that h(t)] /> is
decreasing and h(t) /(' =P+ A+ 4012 s increasing on (0, 1). Then, for all f € Kg, we have

e If'(r pe”)I” p(1 — p°) dp db 1/g< Clfll2
070 e g pre = (1 = P)~U=p=Utn)A+p/2) p(1 — r))l/p

asr— 1.
Proof. The beginning of the proof is as that of Theorem 6.1 until
N
°(1 — o/2
lf/(Z)|o' E Z |ﬁi’l| ( rl’l) )

_z 20
L=z,
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Therefore, by Holder’s inequality (with p’ = 2/0 and ¢’ its conjugate exponent) and by
Lemma 2.1, we have

1 p2n N 1 p2m 2

i 1 — p~)dpdb

fo A [ (r pe”)| p(l—pz)yddeSE Iﬂnl“(l—rn)"/2/0/0 pU - o) dpdf
n=1

|1 —Z,rpe? |20

N
o (1 _rn)d/z
< CX]:LBnl T

N N /2 1
, (1 — 1)
<c (Z | Bnl ) (Z (1 _ ,,rn)(ZJ—y—Z)q/
n=1 n=1
N , /¢
/ o (L =) 2
<c |lf||2 (2]: (1 _ rrn)(2a—y—2)q/
n=

- <13
= (1 = p)~U=p)=+n+2/2) (1 — r))l/a""

Now, we can apply Theorem 6.2 for the special function defined in (1.7).
Case 1. If z, = r,e’®, n > 1, is a Carleson sequence satisfying

[ele} 1 o 1 Uy
Z(l — )" | log -+ | log,, —— < 00,
1—r, 1—r,

n=1

withp € (2/3,1),0 =2p/(p+2),—1 <y <20 —2,and (1 — p)+ (1 + y)(1 + p/2) <
a < p/2, then, for all f € Kp, we have

1 2 1/o
([ [ vwoen o= pyaoao)
3 I/l
- ((1 _ r)a—(l—P)_(l-H’)(l-H’/Z) (log ﬁ)al e (logm ﬁ)am)l/p

asr— 1.
Case 2. If z, = r,e", n > 1, is a Carleson sequence satisfying

< 3 1 274 1 Om
D1t (logkl_rn) -..<1ogm—1_rn) .

with p € (2/3,1),0 =2p/(p+2), =1 <y <20 — 2, o, Wps1, ...,y € R, and o <
0, then, for all f € Kp, we have

1/o

1 2
(/0/0 lf/(”,oe’ﬁ)r p(l—pz)’”dpde) < Clfll2

((logy )™ -+ (log,, 15) ™)

asr — 17. However, if

o0
Z(l _ rn)(l—P)+(1+7)(l+p/2) < 00,

n=1
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then, we still have

1 2 1/o
rpe”)|° p(1 = p~)’dp < 2,
A f'(r pe™)I” p(1 — p°) dp db = ClIfI
which means that
/ 2p/(p+2)
Jhe Ayt
and the differential operator

Ky —> 4210
f =7

is bounded.
Case 3. If z, = r,e’”, n > 1, is a Carleson sequence satisfying

o0 1 (073 1 (o7
Z(l —r,y? (logk =, ) (logm ﬁ) < 00,

n=1

withp € 2/3,1),0 =2p/(p+2),—1 <y <20 — 2,0, U1, ..., ¥y € Rand o > 0,
then, for all /' € Kp, we have

1 p2n ] 1/o
(/0 [ reoenr p(l—p2)ydpd9>

- Clfll2
T (1 = P)2D=00472) (Tog, )% - (log,, =)“)

asr — 17. However, if
o0
> A=y < oo,
n=1

then, we still have

1 p2n 1o
(/0 ; If'(r pe™)|” P(l—pz)ydpd6’> < Clfll

(1 — #)(@p/2=D=+y)(1+p/2)/p

asr— 1.
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