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THE DIMENSION FORMULA OF THE SPACE OF CUSP FORMS
OF WEIGHT ONE FOR r,(p)

YOSHIO TANIGAWA anp HIROFUMI ISHIKAWA

Introduction

The purpose of this paper is to study the dimension formula for cusp
forms of weight one, following the series of Hiramatsu [2] and Hiramatsu-
Akiyama [3]. We define as usual the subgroup I'(N) of SL(Z) by

I'{N) = {(g 2) e SL(2, Z)|c = 0 (mod N)} .

In this paper we consider the case of a prime level, so we always put
I' = I'(p) for a prime number p. In Section 1, we define the Eisenstein
series and determine the constant term matrix explicitly. In Section 2,
we calculate the trace of certain invariant integral operator by the method
of Selberg. First we define a Selberg type zeta function 2z(5, X) in (2.4).
It appears in the trace formula from the hyperbolic conjugacy classes.
After analytic continuation, we take the residue of z(5, %) at 0 and get

dim S(T", 7) = .} Res 2(3, %) .
5=0

On the other hand, Deligne-Serre (c.f. Serre [8]) proved that this dimen-
sion is equal to the number of two dimensional Galois representations
satisfying certain conditions. Thus the residue of the Selberg type zeta
function contains an information of the number of such representations.

The main result of this paper was obtained by both authors inde-
pendently. The first author would like to express his hearty thanks to
Professor Hiramatsu and Dr. Akiyama for fruitful discussions.

§1. Eisenstein series
Let £ be a positive integer and X a Dirichlet character modulo p. We
mecember 10, 1986.
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assume that X(— 1) = (—1)*. For ¢ = (g 3) eI, we put X(¢) = X(d) and

regard X as a character of I'. The discrete subgroup I has two cusps
represented by oo and 0. Let I', be the stabilizer of a cusp x. We put

1 (0 —1
B N ]
g and g, AV
where I is the unit matrix. Then it holds that ¢, © = ¢ and ¢;* [0, = I'...
Let S be the upper half plane. For z = x + v/ —1ye S, we denote the

imaginary part of z by y(2). We define an automorphic factor of weight
k as

The Eisenstein series at a cusp & is defined by
(1.1) E(z,8, k1) = > Xo)'jlol'e, 2)7 ¥(o 02)*,
e €El\I"

where z€ S and seC. This series converges absolutely and uniformly
for z in any compact subset of S and s in any compact subset of
{s|Re(s) > 1}. We put

E, (2, s,k X) = jlo,, 2)'Ef0,2, s, k, X)
= 3 Xo) o 'ea, 2)' ¥(0:'00,2)°
sl \I"

for any pair of cusps k, #. We often omit the weight £ and the character
X if there is no fear of confusion. Since E, .z, s) is a periodic function
in z with period 1, we have a Fourier series expansion

E. (2, 9) =m§2a‘,ﬂ(m; Y, s)e(mx)
with
(1.2) a,,(m; y, s) = J1 E, [z, s)e(— mx)dx
0

where e(x) = exp (2zv —1x). The constant term of E, (z,s) has the fol-
lowing form

a, 0;y,8) =06,y + m, (s, k, 0)y~*

with Kronecker’s 6. The matrix M(s, k, X) = (m,, (s, k, X)) appearing in the
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constant term of E, (z, s), which is called the constant term matrix, plays
an important role in the theory of Eisenstein series (cf. Kubota [6]). We
will determine M(s, k, X) explicitly in the following Proposition.

ProrositioN 1. Let £(s) and L(s, X) be the Riemann zeta function and
the Dirichlet L-function respectively. We put

STy DO —1/2)
Gls, ]y = (= V=D I'(s + kI (s — kj2)

(1) When % is a non-trivial character, the constant term matrix is

given by
0 L(2s — 1,7)
N 1 L(2s, 1)
(13)  M(s, k1) = G(s, B) . L2s — 1,%)
(-1 T ) 0
(2s, %)

(2) When X is a trivial character X,, the constant term matrix is given
by

p—1 1—p-
t@s—1| p*—1 " p(l—p™)
. M(s, k, 1) = .
(1.4) (s, k, %) = G(s, k)= C(zs) 1—p® p—1
[ps(l . p—Zs)’ pZS _ 1 J

Proof. We apply the double coset decomposition

I''’\e'l'e,I'.. =4, ,[. U {U I (c c;) }

c,d
with ¢ > 0, dmod ¢ and (¥ ;) € g, s,

Case (i) k= p= oo. We have

) 1 B d ys
a..05y,8) =y + x(d (fii, -)
O D=7 L S ez val) ey e

c#0

Sy 5 D[ (zhdleyt
de(}Z)x

c* |z + djc| |z + dfcf*

SRR R

L;li CZS . (x + 1)s+h:/2
de(Z/cZ)x

The last integral is equal to
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TV I'(s)I'(s — 1/2)
V=D e s — k)

Next we consider the last sum. It vanishes for a non-trivial character.
For a trivial character, we have

5 H)) (5 o)

m=1 pz“”"

-2s 1-2s
=9 Ya-pH P
_q—zs( P

1-25

where ¢ is the Euler function.

Case (ii) £ = oo and ¢ = 0. In this case, we have

X(eos ) [ ( z + dje )“" y°
0.(0;y,8) = LR dx
O3 =  F. o V\etde) =t der
¢>0,d mod ¢

—ye( 3 x(ooo‘l)“) (= V=DV a I (s —1/2)
=(FPerns € I'(s + k2)I'(s — k[2)

¢>0,d mod ¢

o= @)= (m n)
(i —mir) i er

We see that the condition d mod ¢ reduces to m/p mod n, hence the above
sum is equal to

Put

Aoy M) 1 L@2s—17)
p* j=. At p* L2s,7)

In particular, when X is a trivial character, it is equal to

1 ¢2—1) 1—p-%

P 2 1-—p’

Case (iil)

k=0 and g = oo. By the same way as in the case (ii),
we get
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) s (=D L@s — 1,0 (—V =D/ 7l (s — 1/2)
0,2, 8) =7 p* L(2s,%) I'(s + KD — k2)

In particular, when X is a trivial character, we get

0ei(0; ¥, 8) = 00055, 8) .
Case (iv) « = p = 0. This case is reduced to case (i), so we get
200(0; 5, 8) = 0...(0;, 5) .
The cases above complete the proof of Proposition 1.

The Fourier coefficient «, (m;y, s) for m # 0 can also be evaluated by
the integral in (1.2) using the Whittaker function W, ,. In fact, we have

. . = — (— /=17 sgn (m)|m|""
(1.5) @, (m;y,s) (= V=Dz I'(s + sgn (m)(k[2))

Uawa )", (@é_)} ,

X Wk-sgn(m),l/2—s(47r‘m|y){ % c

0€lo\ox=1"0 /oo C
a=(;k:ik),c>0,d mod ¢

ProposiTiON 2. The constant term matrix M(s, k,X) and Eisenstein

series E(z,s) can be continued meromorphically to the whole plane and

satisfy the functional equations

(1.6) M(s, -, )MQ — s, k,0) =1,
E (2,1 —5s) B E.(z, )
an (1 ) =M =5 0{g 0 ).

The above Proposition is a consequence of the general theory of
Eisenstein series (cf. [6]), but in our case, we can show (1.6) directly by
using the functional equation of the Riemann zeta or the Dirichlet L

function.

§2. Dimension formula

Let G denote SL(2, R). We choose a fundamental domain 2 of I" in
S such that 2 has oo and 0 as the cusps. We put S = SX(R/2zZ). The
group G operates on S as

az + b
cz +d

89 = (210 4+ argez + a)

for (2, ¢)e S, g= (g’ 3) € G. We choose d(z, ¢) = y*dxdydsp as the G-
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invariant measure on S. It is well known that the ring of G-invariant
differential operators on S is generated by
il 5 z( ? 82) 5 & 9 0
— and d=y(—+ )+ =— Sl
96 Yo oy* 4 04 Ty 0¢ 0x
We fix such a fundamental domain 9 of I" in S as it is projected on
2. Let LX9,7) be the set of all functions on S such that

(i) flo(z, ¢)) = Xo)f(z, ¢) for all ceT,

(i) [ Ifz, PPd(z ¢) < oo
We denote by I (&, 2, X) the set of all functions in LY, X) which satisfy
the further conditions

(i) @op)f(z §) = —v—1kf(z, ),

(v) df(z ¢) = Af(z, 9.

It is well known that every eigenspace IN(k, 2, %) is finite dimensional
and orthogonal to each other.

Now we consider the space of cusp forms of weight 1. It is shown
in [2] that M@, —3/2, %) = S|(I", X). We suppose that p > 3 in the sequal
because S(I", X) = {0} if p = 2. First we introduce an invariant integral
operator on C°°(.§) defined by a point-pair invariant kernel

(2'1) 0)5{(2, ¢)’ (Z/’ ¢,))

_ (yy/)l/z 3 (yy/)1/2 e 6
(z — 2)2¢ -1 (z-z’)/zme ) eC.

For Re () > 1, it is of (a)-(b) type in the sense of Selberg [7]. Put

Kz 9), &, ¢)) = 2 Uo)oi(z, §), oz, §)) -

Then the operator w; can be written as
[, @ ofe, 9, 9)

on L9, x). By the definition, the operator K, vanishes on IM(k, 2, ¥) unless
k=1 Put i, = —3/2. Let —3/2>2 > 2> --- are the set of all eigen-
values of 4 in L¥Z,¥) such that M (1, 2, X) # {0}. It is known that 2, —
— oo when i— oo. It follows from [7] that every non zero element in
M@, 2, %) is an eigenfunction of K, and its eigenvalue depends only on
the spectrum A. In fact, it is easy to see that the eigenvalue is given by
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_ oore TA2)I((6 + 1)/2) — s
(2.2) hir) = 2°*¢ OIGE £ 1) I'(/2 + v =19r@/2 — V—=1r)

with 2 = —3/2 — r’.
Put E¥(z, 4,8, 1,%) =e '-1?E(z,5,1,%). We also write simply as
E¥(z, ¢,5) = E¥(z, 4, 5,1,%). We define

Hi((z, ¢), (z/, ")
= le?.fwha(r)E;"G, , % + «/_——_1r> E:“(z’, &, —;— + «/—:Tr)dr.

As is well known, the integral operator on LXZ,X) defined by the kernel
K} = K, — Hy — H; is completely continuous and has all discrete spectra
of K;. So we obtain the following trace formula

@3  Sh)dmM, 2,0 = [ K@ ), @ e P,

where 2, = — 3/2 — ri. It was shown by Selberg that the right hand side

of (2.3) may be reduced to the sum of components corresponding to con-

jugacy classes of I'. We will compute each term in ths next Theorem.
Before that, we set the following definition.

DerinITION. Let {P,} denote the representatives of primitive hyperbolic
conjugacy classes in ['/{# I}. We define the Selberg type zeta function by

A(P}) sign (2)) log N(P,)
(N(P): — N(P,)" ") (N(P)* + N(P,)~"y

(2.4) z@”=§§

where 1, is an eigenvalue of P, and N(P,) is the norm of P,.

THEOREM 1. For Re (6) > 1, the following trace formula holds:

(2.5) i; hy(r) dim (L, 2,, %)

— 2?772(17 + 1) + 25+2n_ F(1/2)F((5 + 1)/2) 2(5, X)

r@/2 + 1)
+ 357i 3 %(F(lg o 1;1_%/;——:3) - F<1"26‘; o+ 1;1—?;*‘——3»
+4n L ‘1%;(2(5: 1)1)/2) (log (w4p") + 2 L@+ DIDY 59(5111/)2)2)
. +F1(33//22)I_Z(f)f D" heo Lo+ v=nar
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- 1" o L+ v=Tnar
7w r
1 L ., L 5
_1 f ha(r) <.L~ A+ 2V=Tr0) +1-( + 2/=1r D)dr,
T —00

where

X)) + 2(c) for p =1 (mod 3)
a, = 0 for p =2 (mod 3)
—1 for p =3

and ¢, ¢’ are two solutions of ¥* — x + 1 =0 (mod p).

Proof. Denote by {M} the conjugacy class of MeI'. We put

JOD = [, 3 1610z ), olz, 9z, 9

for M which is not a parabolic element. Let P, be the set of all parabolic
elements of I' which fix a cusp equivalent to «. We put

) = [ { T 10004 6), oz, 9) — Hiz 9), 2 9)|d (2. 9.
Then we have, as usual,

[ K@ 9, @ ondez )
=D + (= D) + TI@ + ZIB) + I() + JO),

where @, and R denote respectively a hyperbolic element, and an elliptic
element in I.
(i) It is clear that

II) = J(— I) = vol (9) = %Wp D).

(ii) Let @ be a hyperbolic element of I'. There exists an element
@, such that {+ Q7|ne Z} is the centralizer of @. Let 2 and 2, be eigen-
values of @ and @, with |2], |4,| > 1 respectively. Then it is easy to see
that

J@ — 2+ TAUDT@ + D) AQ sign Wlogla]
TGz +1 (A — 27+ A7)

Therefore we have
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sre, TA2I(G + 1)/2)
%} J(Q) = 2 T6R2 1) 2(0, %) .

(iii) Let R be an elliptic element of I" with p as the fixed point in
S. Let 4 be a linear transformation which maps S into a unit circle:

= (2) = (2 — p)/(z — p). We put R = (a 2) and { =cp +d. Then ¢
and { are eigenvalues of R, and w’ = (R2) = ({/Q)w. By the simple cal-
culation, we have
() = B 1 — Jwfy-
|[C(R)| Jwi<a |1 — Cwwl(l — Cwo)
_ 16z"U(R)C I — i
|(R)| 11— C2 P - )

87Z.'ZX(R) 1 1 F 1 ___5 1, 1 2
Il(R)| C—C & (’2’ + 1 +C)’

where F is the hypergeometric function and I'(R) is the centralizer of R
in I'. Now we compute the sums > s (R), Domersors(R). Put 7, =

dudv (w=u+v—1v)

(w = re’-1)

(i (1)> e SL(2, Z) for ¢ modp. First we consider the case of order 4. Sup-

pose that p =1 (mod 4), and letc, ¢’ be two solutions of x* + 1 = 0 (mod
p). There exist four conjugacy classes of elliptic elements of order 4 in
I', and they are represented by =+ 7.c7;* and + 7, 7' where r = (_(1) g‘)),
Therefore we have

> J(R) = 2(J(1.e7Y) + J(Te 275Y)

order 4
22—
1)

(1 S.541; 0) 10 + 1))

=0
because X is an odd character. When p = 3 (mod 4), there are no elliptic
elements of order 4. Next we consider the case of order 3 or 6. Suppose
that p =1 (mod 3), and let ¢ and ¢’ be two solutions of ¥>* —x +1=0

(mod p). Then there exist eight conjugacy classes of elliptic elements of
order 3 or 6, and are represented by =+ 7.7 and *+7.7,7:'( =1,2)

where 7, = (_(1) _i) and 7, = <—% "(1)) On the other hand, when p =

3, there are four conjugacy classes of elliptic elements of order 3 or 6,
and are represented by =+ 7,r,7;'. Hence we have
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JB) = 23 {I 217 + (e}

- 8i 1<F(1— 5+ 1; _~_1+2*/_—3>

order 3 or 6

- (1, S0+ S =) CORC)

for p =1 (mod 3), and
Z J(R) = 2(J (Tz‘L'sz_ 1) + J (Tzfzrz_ 1))

order 3 or 6

for p = 3. When p = 2 (mod 3), there are no elliptic elements of order 3
or 6.

(iv) We follow the method of [6] to compute J(r). Let 2% be the
subdomain of 2 consisting of all points ze 2 such that y > Y. Put 9,

— 9\(2) U 0,24} and Fy = {(z, ) € Flze 2,}). We also put T = (}, %)

Every element of P, is conjugate to =+ ¢,7™¢;' for some non zero integer
m, and every =+ ¢.T™0;' is not conjugate to each other. Therefore, we

have
@8 [, 3 100 )0 $)d )
=23 [, B AT e N0l ), 10 T 1z, ¢ Vd(z, )

=23 j _oi(z, 9), T™(z, $)d(2, §)

= 9 z;j 0i(2, 0), T"(z, 0)) dxdy

where & = U,767'9y, (reI'.\o:'['0,) and & is the projection of # onto
S. It is easy to see that the last sum of the integral on {ze S|0 < x < 1,
y< YNZF is o(1) as Y— oo. Therefore, (2.6) is equal to

_ (m/2y) + v -1 dy
2nv/ —1 EJJ (ml2sy + 7 y + o(1)

1
=4
2 (mf23) + D7y

dy + o(1).
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Now we apply the Euler-MacLaurin summation formula as described in
[6]. As a result, (2.6) becomes

I'Y2r(@ + 1/2) ~ logt
@1) 4z LODIL LD (ogay 1 0) + & [0 s dt o)

_rapIrG + ) TG + D2
T sy (los(r2) + 2o HEE L)

1 I'(6 + /25 + 3)/2) [~ - _
2 /2 + 1y J_mhm(")-r—(l + &/ =1r)dr + o(1)

as Y — oo, where C is the Euler constant.
The Eisenstein part is evaluated most elegantly by using the Maal-
Selberg relation. We define the compact part of EX(z, ¢, s) by

EX*(z, ¢, )
_ E¥(z, ¢,5) — e " j(a;’, 2)'a, (0; Im(0,'2), 5) if zeo, 9y,
©\Ex (2,¢,9) otherwise .

Then the MaafB-Selberg relation states that

s+’ b (S 1 Y\V-s-s+1
LB g, 9), B (e 4,8) = X P LOmG LY
s+ —1

(v #+ ). Hence, putting s = ¢ + +/—1r, we have

@8 | HiG 9,6 9)de 9

= 4—hm h,,(r)E*Y(z b, S)E*Y(2, ¢, s)drd(z, ¢) + o(1)
T" t—-1/2 ad -
— 1 ” th—l — m, #(3, 19 X)m/r, /x(ss ]-’ X) Y!_Zl
= 4 lm [ h0 %=1 ar + o)
TARIG + D) 1, y
re/2 +1)

— ir hs(r) M (l 4+ —1r1, X)dr + o(1),
4z J -« m,,, \2
(¢ + ). We used (1.6) in the above computation. We have

@9 M- ( + /I, x) - mg,w(% /I, z)

m., ,0 m0,°°

= log (z*/p’) — (—?—(1 + v/ =1r) + _l[:_'(l - «/:—lr))
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L L 5
-2 T(l + 24/ —=1r, %) + T(1 — 2/ =1r,7)

by (1.3) and the log derivative of the functional equation of L. As hyr)
is even, it follows from (2.7)-(2.9) that

o) =lim [, { 5 10)oi(z 9, oz 6) — Hi(@ ), @ ))dez 9)
— 55 TADTG £ D) (105 ) + 2 T + DIV

re/2 +1) GiD
_ 1 G+ D21 + 3)/2) (- I _
2 I'(G/2 + 1) L hs.i(r) 7 a+ V=1r)dr

1 (= I
_ _Z.;Lh,;(r).ﬁ_a + V=Indr

_ LJ“ hd(r)<-1;—l(1 v/ Tinn + X ayovTin z))dr.
27 J - L L

Summing up the above cases, we get Theorem 1.

CoroLLARY. The Selberg type zeta function 2(3, X) can be continued
meromorphically to the whole plane.

Proof. Firstly we consider an analytic continuation of the following
series

(2.11) ST <-g— + v’_-—lr,-) r (% — V= 1r¢> dim M(1, 2,, 7).
=0

By the theory of trace formula (c.f. [7]), the series above is convergent
absolutely and uniformly on any compact set in Re (5) > 1. Hence (2.11) is
a holomorphic function in this region. We put A = {2(m + v —1r)\me Z,
m<0,i=0,1,2, ---}. Let n be any positive integer. For Re(5) > 2 — 2n
and 6 ¢ 4, (2.11) is equal to

d 0 ST g i) dim IR, 2, %)

212) ;01‘(-2— T “/-i”)F(z o ﬁr‘> 1525 (G/2+)) 41D
Since Re (/2 + n) > 1, and lim,_..|r,| = oo, (2.12) is convergent absolutely
and uniformly on any compact subset not containing any points of A.
Hence we can define an analytic continuation of (2.11) to the whole
plane.

The terms in the right hand side of (2.5) which are expressed by
gamma and hypergeometric functions can be continued meromorphically
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to the whole plane.
Finally we consider the integral

@13)  g(d) = j r(g + t)r(_g_ - t)f(t)dt for Re(d) > 1,

s

where f(&) = (/"1 + &) or (I//L)(Q -+ 2i, 7). Tt is well known that

L0 +0=00oglth and T+ 267 = 0(og 21 + 12))

for tev/'—1R. Then, g(5) is a holomorphic function in Re(5) > 0. In
order to continue to the region Re (5) < 0, we take the point 6, on v —1R.
Let # be a path described in the figure satisfying that f(f) has no poles
in the semi-disks D, and D, surrounded by ¥ and v —1R.

A

D2 ~‘\‘
{‘:\_ 5

=2
2

-2
2

When ¢, =0, we take D, = D,. Let 0 be very close to §, such that
— d/2e D,. Tt follows from the residue theorem that

@) = [ (2 o)1 (2 —t)r@de + 2ev=1r@)(~ ) Res 0.

As the integral above is convergent for any 4/2 in D,, g(d) is continued to

the imaginary axis. Let §/2 be in the interior of D,. Then, g{6) can be
expressed as

(2.14) fﬁm r(g_ + t)F (g. . t)f(t)dt

- yZioe

(- 4) () e
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The integral above converges in — 2 <Re (6) <0 and defines a holomorphic
function in that region. Hence (2.14) gives an analytic continuation of
g(6) to — 2 < Re(d) <0. By the same way, for § in a small neighbour-
hood of — 2 + 4, (6, v/ —1R), we have

o= [ {3+ - oa

+ 2/ TITG + l)f(— (% +1)) Res (2

+ 2/ =1r@(f(~ ) + () Res 70
And for — 4 < Re() < — 2, g(6) can be expressed as

(2.15) JP‘“’ r(% + t)F (% _ t) f(Hdt

N T

a0 (- (4 ) A +3) g
s ) +(3) ero.

Repeating this procedure, g(0) can be continued meromorphically to the
whole plane. So we get an analytic continuation of 2(4, X).

THEOREM 2. It holds that
(2.16) dim S(I", 1) = i_ Res 2(3, 7).
=0

Proof. We take the residues of both sides of (2.5) at d = 0. The
residue of the left hand side is 162* dim S,(I", ¥). In the right hand side of
(2.5), the term from elliptic conjugate classes vanishes, because F(1,0; 1; 2)
= 1. The other terms except z(d, X) turn out to be holomorphic at § = 0.
Hence we get Theorem 2.
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