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On the Evaluation of the definite integrals

f Pu
m (x) PqP{x) dx and f P,,™ (x) PqP{x) dx.

J -1 Jo

By HEISHIKESH SIRCAE.

(Received 18th Jan. 1929. Received in revised form 11th April 1929.)

§ 1 Introduction. The formulae

Tn
m (x) Ti™ (x) dx = 0, n =F q

J - 1

f1 [rB-(«)].&= 2 (» + «)!
J_i 2n + 1 (« — m)!

(1)

where n, q, m are positive integers, are well known. I am not aware,
however, of any paper dealing with the corresponding definite
integrals of products of two Ferrers' Associated Legendre Functions
of different integral orders and degrees. With the help of the formulae
given in my previous paper in this volume it is possible to discuss
these integrals. I have found in the case of the first integral that if
the orders of the two associated functions are both odd or both even
and if, in each case, the degrees are both odd or both even or equal,
the integral has usually a non-zero value. If, however, the orders
are both odd or both even and if the degree of the function having
the greater order is less than that of the other, or if the degrees are
one odd and one even, the integral vanishes. Further, if one of the
orders be odd and the other even, and the corresponding degrees are
also even and odd (or odd and even), the integral has a non-zero
value; in all other cases it vanishes. The values of the second
integral can be obtained in a similar manner. An example of the
methods employed and the results obtained is given in the following
section.

§ 2. Let us suppose that m and p are both even or both odd.
and that m is greater than p so that m — p is even ( = 2k. say).
Then by formula (K) of the previous paper

. 3 . . . (2n _ 4>- - 2s -t-

X (2M - 4r - 4s + 1) T
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Therefore, since m — p = 2k, we have

J_i'™Va;) <ip\x> X=
r^Q "• '"• k<'''^ ' ' " s 1 . 3 . . . (2?i - 4r - 2s + 1)

x (2n - 4r - 45 + l ) ) _ V : _ 2 r . 2 j ( x ) TV (x) dx (a)

From (a) and (1) it follows, when m and p are both even or both
odd, that

r 1

TV'1 (x) TqP (x) dx = 0, if q > n
J — 1

if g is even and n odd,
= 0 • or

I if n is even and q odd
— ( _ r u 2 (?i — y ) ! _

2» + 1 (n — m)!'

(re — p — 2s)! (w + m)! (2w — 2s)! («. — s + A)! (n — r — s)!
(w + m — 2s)! (n — m)! (w — s)! (n — r — s + k — 1)!

(2n -h 2k— 2r - 2s - l)\ n
X (2» - 2r - 2s + 1)! (2n + 2k - 2s + 1)1 J '

if q = n — 2r in the series (a).
The summation is taken over all values of s from 0 to r if r < k, and
all values from 0 to k, if r > &.
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