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1. Introduction

Let f(x) be a continuous function with period 2n. It is well known
that the Fourier series of f(x) is summable Riesz of any positive order to
f(z). The aim of this paper is the proof of the following theorem.

THEOREM A. If f(x) is a continuous function with period In, k is a
positive integer,

f(x) ~ | a o + 2 K cos vx+bv sin vx) = 2 sv(x)
K = l >-=0

and

then

where

#.(<) = f(x+t)+f{x-t)-2f(x),

co2(h, f) = sup 11^(^)11 = sup max |<fc(<5)|.

2. Lemmas

In the proof of the following lemmas, we assume that n = [A].

LEMMA 1.

cos t .
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PROOF.

COS t
dt

-l"»4
«A cos wi If" ~ v y Yx \ A /

Suppose that Pn(#) is the best approximation trigonometric poly-
nomial of order n to f(x). Then [2]

and

(2.i)

Hence

(2-2)

where

Now

( nt\ cos nt
AI t

cos nt

( \ n

sin ntdt
t2 j *J t*

It follows from (2.1) that
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Hence

A.=
«2Jx/n

, lnt nt

*n
i /i .u

cos nt I

nt , nt\)

cos

+o (-.(i./))

By (2.2)

/vnn+nt\
( )

1 fsinw*

n \ n

If*. ~
" J o «•=!

M , /vnn+nt
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Since y>'x and y>x are periodic,

Hence

Thus lemma 1 is proved.

LEMMA 2. For r ^ 2,

PROOF. Since, for \\n ^ ^ ̂  rc,

/ n l-cos< 1 (» /«A l - c o
di

[4]

Thus Lemma 2 is proved.
By the same argument we can prove
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LEMMA 3. For r ^ 2,

3. Proof of theorem A

We have [1]
i r°°

^ J-00

where A is positive but not necessarily an integer, the integral is defined
as lirny^o,, jT-r, and the dash indicates that if A is an integer then the last
term of the sum is taken with a factor \.

Integrating with respect to A we verify by induction that

where

1-2 -I Ik \ rf'21"-1' /I—cos
- 2 ( - I ) ' ( ) (

and so

By expanding g(t) into a power series of t, we know that it is uniformly
bounded when n is fixed and 0 ^ t ^ l/». Hence

By Leibniz' theorem,

(I—cosA sin* cos* (2r—l)(2r—2) sin*
* *2 2! *3

. 1—cos*

sin* cos* 2r(2r—l)sin*
* *2 2!

https://doi.org/10.1017/S144678870000447X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870000447X


544

and hence

L 2 - 1

- 2 <-»

B. Kwee

\—cost

[6]

cos* sin*

where px{k), P2{k), • • ',prk-i{k) are integers depending only on k. Thus
by the lemmas, '-2-'

Clearly we have

i-'))•

max
| Smax(l.o)

Mi) sup max
|(|Smax(l, o) x

and so

Finally,

and the theorem is therefore proved.
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