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1. Introduction

Let f(x) be a continuous function with period 2z. It is well known
that the Fourier series of f(x) is summable Riesz of any positive order to
f(x). The aim of this paper is the proof of the following theorem.

THEOREM A. If f(z) is a continuous function with period 2=, k is a
positive integer,

f@) ~ }ao+ E (a, cos vz+b, sin vx) = 020" s,(x)

and - -
Riw) =3 (1= ) s
" " k[ 4,0t00) 1
o —1e) = = [ 20 a0 (wa(3 1)),
where

¢, (t) = fle+t)+flx—1t)—2f(z),
wy(h, ) =|§|usr; l|#2(9)1] 35&2 max |2(6)].

2. Lemmas

In the proof of the following lemmas, we assume that n = [4].
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LEMMA 1.
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Proor.
cost n t\ cost %o pr4l)nm t\ cost
dt = —) — dt
f 6. (5) = b (5) s [ (3) 5
wn +nt
o (U (TEE)
1 cos nt 1 A
= — a4+ — t t
n l/n(ﬁx( ) 2 + nf Cosn,gl (vn+t)2 d
=A4,+B,.

Suppose that P,(x) is the best approximation trigonometric poly-
nomial of order % to f(x). Then [2]

Eu() = 1) —Po(@)ll = 0 (w5 1))

and
(2.1) IPL@I =0 (way (5. 1)).
Hence
(2.2 8.0 = valt)+0 (0 (1. 1)),
where
Balt) = Po(et)+ Poe—t)—2P, @),
Now
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It follows from (2.1) that

https://doi.org/10.1017/5144678870000447X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000447X

3] Approximation of continuous functions by Riesz typical means 541

() er3) e 5) o

n2t2 _, 0 (n22 1
=7P(+65)= (”t%(;,f)),

, (Nt , nit , nit 2nt _,, , 1
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Hence
" 1/)' (nt) v (nt
1™ 2 ""\4 N
A, = —— . - sin ntdt+0 (w2 (l /))
n , (nt nt m
7 Ve (7) ¢ 2%( )
= ey cos nt .
n2f2 nt nt , (nt nit
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- — cos ntdi
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By (2.2)
(—1)""yp (vnn—l—nt)
e A 1
= —f cos ntz e at+0 (w2 (;, f))
e wna+nt\) "
1 sinnt“(_) %( A )
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Since y, and y, are periodic,
() <ofpa’ )
w(F57) =0 (e )
s (o) =0(o (31
n A

Thus lemma 1 is proved.

Hence

LeMMa 2. Forr = 2,

J (5= =0 (n(51))

ProoF. Since, for 1/n =t < =,

wyt, f) = O (n2t2w2 (;1; ))

o0 t\1—cost 1 4 nt\ 1—cos nt
_ dt = —— — ) ——dt
fl %2 (l) £ n2r-1 f 1,”¢” (A) £2r

1 T oo [1"—(_1)1‘” Cos nt] ¢z (vnn;—nt)
+ n¥ 1), ,gl (v +2)? at

) o)
o] ) sofa (2 )

1
“’2(Z’f) m 1
Y

o{o2 ) =0(e )

Thus Lemma 2 is proved.
By the same argument we can prove
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LEMMA 3. Forr = 2,
o () mamofen (3. )
() tamofuzd)

3. Proof of theorem A
We have [1]

o] 3 M
[ e

v=A

where A is positive but not necessarily an integer, the integral is defined
as limy_,, [Tp, and the dash indicates that if A is an integer then the last
term of the sum is taken with a factor 4.

Integrating with respect to 4 we verify by induction that

Y R T
where

03 () e () () 22 )

and so

Ry(@) /o) = — f:’ " (%) <yt

By expanding g(f) into a power series of ¢, we know that it is uniformly
bounded when # is fixed and 0 < ¢ < 1/n. Hence

Ry(e)—/e) = — f 8. (3) €040 (, (5. 1))

By Leibniz’ theorem,

lrd‘”—l’ 1—cos¢ sin¢ 9r_1 cost (2r—1)(2r—2) sint
Vg () =T e e
1—cost
- (—=1)1(2r—1)! o
( lrd‘z” sinf\ sint 0 cost 2r(2r—1)sint
W () =TT g
sin ¢
4+ 4 (=1)7(2r)! el
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and hence
st 2 cost 2 smt

where p,(k), p.(k), -, p[ ) (k) are integers depending only on k. Thus

by the lemmas,
( ) 1
&t+0 (a)2 (7, f)) .

R~ [
(9=, e

Clearly we have

max
¢ < max (1,a) A || Smax(l,a) =
and so
L. (t/2) 1 lda(t/4)] Lat
e a5 [P <o (o (3.) [ 5)
=0(o(3.1)):
Finally,

R 1) = = [~ a0 (o, (7.1)).

and the theorem is therefore proved.
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