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Abstract

We initiate the study of C*-algebras and groupoids arising from left regular representations of Garside categories, a
notion which originated from the study of Braid groups. Every higher rank graph is a Garside category in a natural
way. We develop a general classification result for closed invariant subspaces of our groupoids as well as criteria for
topological freeness and local contractiveness, properties which are relevant for the structure of the corresponding
C*-algebras. Our results provide a conceptual explanation for previous results on gauge-invariant ideals of higher
rank graph C*-algebras. As another application, we give a complete analysis of the ideal structures of C*-algebras
generated by left regular representations of Artin—Tits monoids.

1. Introduction

C*-algebras generated by partial isometries form a rich class of examples, including C*-algebras attached
to shifts of finite type [12—14], graph C*-algebras [58], higher rank graph C*-algebras [36], C*-algebras
attached to self-similiar groups [49], and semigroup C*-algebras [9, 15, 41, 42]. For instance, it was
shown in [26] that every UCT Kirchberg algebra arises in this way. The class of UCT Kirchberg algebras
plays an important role in the Elliott classification programme for C*-algebras (see [34, 35, 56, 64]).
Spielberg observed that all the classes of C*-algebras mentioned above can be viewed as special cases of a
general, unifying construction of C*-algebras generated by left regular representations of left cancellative
small categories [68, 69]. This is a very general construction, as it contains, up to Morita equivalence, all
inverse semigroup C*-algebras (see [21]). These C*-algebras come with a distinguished quotient which
is called the boundary quotient. The passage from the C*-algebra to its boundary quotient is analogous to
the passage from the Toeplitz-type C*-algebra of a shift of finite type or graph to its Cuntz—Krieger-type
C*-algebra.

A powerful way to study these C*-algebras of small categories is to construct a groupoid model and
study properties of the C*-algebra through a detailed analysis of the groupoid [62, 68, 69]. Actually, there
are two candidates for such groupoid models, which both arise from actions of an inverse semigroup
on a space of certain filters attached to the small category. The inverse semigroup is given by the left
inverse hull, i.e., the smallest inverse semigroup of partial bijections of the small category containing all
left multiplication maps by individual elements of the small category. In [69], a refined (and enlarged)
version of the left inverse hull is considered, leading to the second groupoid model. In both cases,
the filters which give rise to the unit space of the groupoid models are defined on the semilattice of
idempotents of the inverse semigroup and take into account that elements of this semilattice are subsets
of the original small category. The language of inverse semigroups provides an interpretation of the
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distinguished boundary quotient as the tight quotient, which is induced from the subspace of tight filters
(see [23-25]).

It is an interesting observation that in this very general framework, every left cancellative small cat-
egory generates — in an entirely natural and intrinsic way — a dynamical system in terms of an inverse
semigroup action or a groupoid. The same statement applies to the even more general setting of 0-left
cancellative semigroups as considered by Exel and Steinberg [27-30]. Generally speaking, the goal
would be to find a dictionary between properties of the small category, properties of the inverse semi-
group action or groupoid, and properties of the C*-algebra and its boundary quotient. Indeed, we present
criteria in terms of the underlying small category which completely characterise when the boundary
groupoids — which model the boundary quotients — are Hausdorff, minimal, or effective (or topologi-
cally free). We also establish a sufficient criterion for the boundary groupoid to be locally contractive.
These properties have immediate consequences for the corresponding boundary quotient C*-algebras
concerning ideal structure and pure infiniteness. Such criteria have been established in the general con-
text of inverse semigroup actions and tight groupoids attached to inverse semigroups in [25], and it turns
out to be fruitful to translate between the work in [25] and our setting of small categories. For instance,
this leads to generalisations of the results in [53], which covers classes of finitely aligned small cate-
gories. In the special case of submonoids of groups, we are naturally led to the following characterisation
of topological freeness of the boundary action:

Theorem A. Let P be a submonoid of a group G and denote by G ~ 9S2 its boundary action (in the
sense of [15, Definition 5.7.8]). Define G°: ={g € G: (pP)N(gpP)# ¥ ¥V pe P}.

Then G ~ 0S2 is topologically free if and only if G¢ is the trivial group. In this case, 0 C;(P) is simple,
and 0 C;(P) is purely infinite simple unless P is the trivial monoid.

G° is always a subgroup of G. Theorem A tells us that this subgroup captures topological freeness of
the boundary action in an arguably more efficient way than the ‘core’ as in [11] (see also [15, Section
5.7]). In this form, with G¢ as the key ingredient, our characterisation of topological freeness of the
boundary action has not appeared before, but, as Marcelo Laca and Camila F. Sehnem kindly informed
me, it also follows from [40, Proposition 6.18]. We give a self-contained (and short) proof of Theorem
A in Section 5 (see Theorem 5.23).

At the same time, our study of boundary groupoids arising from left regular representations of small
categories led us to a characterisation of topological freeness of tight groupoids attached to general
inverse semigroups (see Theorem 5.11). To the best of the author’s knowledge, such a characterisation
was not known before.

We also clarify the relationship between the different groupoid models mentioned above and the
analogous variations of the boundary groupoids. For the groupoids themselves, while minimality and
local contractiveness are rather rare phenomena, we succeed in completely characterising, in terms of
the underlying small category, when the groupoids are Hausdorftf or effective (or topologically free).
Our criterion for topological freeness is inspired by [40, Theorem 5.9], which treats the special case of
submonoids of groups. Furthermore, we establish a characterisation when the boundary is the small-
est non-empty closed invariant subspace of the character space, and determine in this case when the
boundary groupoid is purely infinite (see Proposition 5.21).

Having identified a natural and unifying general framework, it is important to find classes of small
categories which are general enough so that they cover interesting classes of examples and yet concrete
enough so that a detailed analysis is possible.

The main goal of the present paper is to discuss one such class of small categories called Garside
categories, and in this way contribute to our understanding of C*-algebras attached to small categories.
The idea behind Garside categories originated from the study of Braid groups and monoids, and of the
more general Artin—Tits groups and monoids. Roughly speaking, Garside structures allow us to carry
over classical results and methods from Braid groups and monoids to more general groups, monoids
or small categories. The concept of Garside categories feature in proofs of the K(sr, 1)-conjecture for
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various classes of groups [4, 54, 55]. Recently, a connection has been discovered between Garside
categories and Helly graphs, which has several applications, for instance to isomorphism conjectures
such as the Farrell-Jones conjecture or the coarse Baum—Connes conjecture [32]. We refer the reader
to [18] for more details on Garside categories.

In our context, Garside structures allow us to establish normal forms for filters which form the unit
spaces of our groupoids. This in turn leads to very concrete descriptions of the groupoid models them-
selves. As a result, we succeed in describing all closed invariant subspaces in terms of the underlying
small category.

Theorem B. Let € be a finitely aligned, left cancellative, countable small category and S a Garside
SJamily in € with G N € = which is =*-transverse and locally bounded. Let I, X Q be the groupoid
model for C;(C).

There is a one-to-one correspondence between closed invariant subspaces of I, X Q and admissible,
H-invariant, max>°-closed pairs (%, D) with T C & and D C ¢°,

The reader will find more explanations and details in Section 6 (see Theorem 6.25). The point is that
our description is purely in terms of the Garside family &. We also explicitly characterise which of these
closed invariant subspaces belong to the boundary. In addition, we establish criteria for topological free-
ness and local contractiveness. Again, these properties have consequences for ideal structure and pure
infiniteness of our C*-algebras. Our analysis is made possible by the key property of Garside categories
that every element admits a normal form, generalising the classical normal form (also called greedy,
Garside or Thurston normal form) of elements in Braid and Artin—Tits monoids. Indeed, as explained in
[18], the general notion of Garside categories (as in [18]) has been designed to allow for this kind of nor-
mal forms. For the purpose of studying groupoids and C*-algebras, the usefulness of normal forms has
been observed already, for instance in the context of semigroup C*-algebras of right-angled or spherical
Artin—Tits monoids [10, 11, 46], or of Baumslag—Solitar monoids [67].

As particular examples, we discuss higher rank graphs in Section 7.1. Actually, the starting point
for this paper was the observation that every higher rank graph is a Garside category in a very natural
way. Our results lead to a new interpretation of gauge-invariant ideals (see Lemma 7.5). Moreover, not
only do our results cover the C*-algebras of higher rank graphs, but they also treat Toeplitz algebras.
Furthermore, our analysis extends to categories arising from self-similar actions on graphs or higher rank
graphs. As another class of concrete examples, we discuss general Artin—Tits monoids. We complete
the study of the ideal structure of their semigroup C*-algebras, which has been started in [10, 11, 46],
by proving the following result:

Theorem C. Let P be an irreducible Artin—Tits monoid with set of atoms A. If P is spherical, then
Kery, = K(£2P) if #A = 1 and IC(£2P) is the only non-trivial ideal of Ker, if 2 <#A < oc. In the latter
case, Ker,/K(£*P) is purely infinite simple. If P is not finitely generated and left reversible, then Ker,
is purely infinite simple. If P is finitely generated and not spherical, then IC(€*P) is the only non-trivial
ideal of C:(P), and C;(P)/K(£?P) is purely infinite simple. If P is not finitely generated and not left
reversible, then C;(P) is purely infinite simple.

Here, Ker; is the kernel of the canoncial projection C;(P) — dC;(P). In the spherical or left reversible
case, dC;(P) coincides with the reduced group C*-algebra of the Artin—Tits group corresponding to P.
In Theorem C, the finitely generated, spherical case is treated in [46], and the right-angled case is treated
in [10, 11]. Our contribution concerns the remaining cases. We can also characterise when C; (P) or Ker,
is nuclear (see also [38, Theorem 4.2]). Moreover, we point out that K-theory for semigroup C*-algebras
of Artin—Tits monoids has been computed in [44], assuming that the corresponding Artin—Tits group
satisfies the Baum—Connes conjecture with coefficients.

Higher rank graphs and Artin—Tits monoids are just some examples of Garside categories. The reader
will find many more examples in [18].

https://doi.org/10.1017/S0017089522000106 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089522000106

S56 Xin Li

Apart from providing a natural class of examples where we can test and develop our understanding of
C*-algebras attached to small categories, this paper at the same time sets the stage for a detailed analysis
of the groupoids arising from left regular representations of small categories. These groupoids are not
only auxiliary structures to translate between small categories and their C*-algebras, but they are also
interesting on their own right as they lead to interesting new structures, for instance topological full
groups. Our original motivation which led to the present paper was the natural question left open by
Matui in [48, Section 5.3] whether topological full groups of groupoids attached to products of shifts of
finite type are of type F,,. We answer this question in [45].

2. Preliminaries

Let us recall some basics regarding left regular representations of left cancellative categories,
C*-algebras generated by these representations and groupoid models for these C*-algebras. Note that
we view categories — which will all be assumed to be small in this paper — as generalisations of monoids
(as in [70]), so that no sophisticated category theory will be used.

2.1. Left cancellative small categories, their left regular representations and C*-algebras

Given a small category with set of morphisms €, let €° be its set of objects. We will identify v € €° with
the identity morphism at v, so that ¢° is identified with a subset of €. Often, we will abuse notation and
simply call € the small category. Let 9: € — €° and t: € — €° be the domain and target maps, so that
for ¢, d € €, the product cd is defined if and only if 9(c) = t(d). This means that our convention is the
same as the one in [69, 70], while it is opposite to the one used in [18] (see [70, Remark 1.1]). Forc € €
and S C €, we set ¢S : = {cs: s €S, t(s) =0(c)}. Moreover, €* denotes the set of invertible elements of
¢, i.e., elements ¢ € € for which there exists ¢! € € with ¢"'c =0(c) and cc™! = t(c). Note that €* is
denoted by € in [18, 70].

Definition 2.1. A small category € is called left cancellative if for all c, x,y € € with 0(c) = t(x) = t(y),
cx = cy implies x =y.

From now on, all our small categories will be assumed to be left cancellative. Let € be such a small
category and form the Hilbert space ¢*€, with canonical orthonormal basis given by §,(y)=1if x=1y
and §,(y) =0 if x # y. For each c € €, the assignment §, — 4§, if t(x) =0(c) and §, — 0 if t(x) # 0(c)
extends to a bounded linear operator on £>¢ which we denote by A.. Note that it is at this point, i.e., to
ensure boundedness, that we need left cancellation, which actually implies that A, is a partial isometry.
The left regular representation of € is given by € — PIsom(£>€), ¢ > A, where Plsom stands for the
set of partial isometries.

Definition 2.2. The left reduced C*-algebra of € is given by C:(€) : = C*({X.: ¢ € €} ) T L(L*C).

2.2. Inverse semigroup actions and groupoid models

Let us now describe (candidates for) groupoid models for C;(€). First of all, every c € € induces the
partial bijection d(c)€ — ¢€, x > cx. For brevity, we denote this partial bijection by ¢ again.

Definition 2.3. The left inverse hull I, of € is the smallest inverse semigroup containing the partial bijec-
tions {c: ¢ € &}, i.e., the smallest semigroup of partial bijections of € containing the partial bijections
{c: ¢ € €} and closed under inverses.
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For more details on inverse semigroups, we refer the reader to [15, Section 5.5.1]. For s € I;, we
denote its domain by dom (s) and its image by im (s). Following [15, Section 5.5.1], in case I, contains
the partial bijection O which is nowhere defined, ¥ = 0, we say that /; contains zero, and we view [, as
an inverse semigroup with zero. A typical nonzero element s € I, is of the form s =d; 'c, ... d; "¢, for
some d;, ¢; € € with t(c;) = t(d;) and 9(d;) = 0(ciy1).

Remark 2.4. Elements of I, are called zigzags in [69].

Definition 2.5. For 0 # s € I,, define 0(s) as the unique v € €° such that dom (s) C v€, and define t(s)
as the unique 1o € €° such that im (s) C €.

Such v and to exist because, if s=d;'c,.. .d; "¢y, then dom (s) € dom (c;) € 0(c,)€ and im (s) C
im(d;") S 0(d,)¢.

Definition 2.6. The semilattice of idempotents of I, is denoted by J : = {s"s: s€ Il} = {ss’l: s € Il}.

I, contains O if and only if J contains ¢. In that case we denote ¥ € 7 by 0 again.

Alternatively, we could set J = {dom (s): s € [,} = {im (s): s € [;}. J is the analogue of the set of
constructible right ideals in the semigroup context (see [41]). Multiplication in J (denoted by ef for
e,f € J) corresponds to intersection of subsets of &, and the partial order “<” on J corresponds to
inclusion of subsets.

At this point, we present a variation of [;, following [69].

Definition 2.7. Let J denote the set of subsets of € of the form e \ UL, fuforsomee,fi,....f, € T with
fiooo o fuse

Let 1, be the set of all partial bijections of € of the form se for s € I, and € € J with e <s7's.

It is easy to see that I, is again an inverse semigroup, whose semilattice of idempotents is given by 7.

Definition 2.8. The space of characters T is given by the set of non-zero multiplicative maps J — {0, 1},
which send0 e J to0¢€ {0, 1} incasel, contains 0. Here multiplication in {0, 1} is the usual one induced
by multiplication in R. The topology on [J is given by point-wise convergence.

A basis of compact open sets for the topology of j is given by sets of the form
Jep:={xeT:xe=1, x(hH=0 ¥fef},

where ¢ € J and f € J is a finite subset. By replacing § by {ef: f € f}, we can always arrange that f < e
for all f € f. We will also set j(e) ={x e T x(e)=1}. Since b€ N =P if v # v, for every x € T
there exists a unique v € €° with x(0€°) = 1. In other words, we have j ]_IUEQO J (v). As explained
in [15, Section 5.5.1], there is a one-to-one correspondence between elements in 7 and filters (on ),
i.e., nonempty subsets F of 7 with the properties that 0 ¢ F if I, contains 0, whenever e, f € J satisfy
e <f, then e € F implies f € F, and whenever e,f € J lie in F, then ef must lie in F as well. To be
concrete, the one-to-one correspondence is implemented by J> x = x ! HcJ.

Following [15, Section 5.6.7] and [69], we now construct a subspace of 7 which takes into account
that elements of J are subsets of €. First, let D, (&) : =span( {l,: e € J}) € £*(&). Here 1, denotes the
characteristic function of e C €. As explained in [15, Corollary 5.6.28], the spectrum of D, (<) can be
identified with the following subspace of T

Definition 2.9. Let Q be the subspace of A consisting of characters x with the property that when-
ever e,fi,....f, € J satisfy e=\J_, f as subsets of €, then x(e) =1 implies that x(f;) =1 for some
1<i<n.
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Remark 2.10. Following [15, Corollary 5.6._28], we will view every x € Q as a character on D,;(C),
again denoted by x. Given e = e\ |J_, f, € J, we have 1, € D;(€), and we set x(¢) : = x(1,).

Example 2.11. Given x € €, define x.(e): =1 if x€ <e and y.(e): =0 if x€ £ e. It is easy to see that
X« € Q.

The following is immediate from the definition of the topology of €2, using the basis of compact open
sets as defined above.

Lemma 2.12. {x,: x € &€} is a dense subset of 2.

The following observation is an immediate consequence of [15, Corollary 5.6.29].

Lemma 2.13. We have Q=7 if and only if whenever e.fi, .. ..f, € J satisfy e=\J._, f; as subsets
of €, then there exists 1 <i<nwithe=Ff.

Let us now dualise and obtain the following action of /; on J. A given s € [, induces the partial
homeomorphism f (s7's) > j (ss7Y), x = s.x : = x(s~'Us). These partial homeomorphism give rise
to an action I, ~ j . The same proof as for [15, Lemma 5.6.40] shows that €2 is [;-invariant, so that we
obtain an /-action [, ~ Q by restriction. As before, a given s € [, acts via the partial homeomorphism
Q(s‘i:v) S Qss™)), x> X(S;' LI s). Here and in the sequel, given a subspace X C j, we set X(e): =
XN J(e) and X(e;f) : =X N T (e;f).

We now set out to describe two candidates for a groupoid model for C;(¢). First, we set

LxQ:={(s, x) €l x Q: x(s's)=1}.

Definition 2.14. The transformation groupoid I, x 2 is given by I, * Q /.., where we set (s, x) ~ (t, V)
if x = and there exists e € J with x(e) =1 and se = te. Equivalence classes with respect to ~ are
denoted by [ - |, and for s € I, and U C 2, we set [s, U] : ={[ss, x]: x € U}. Range and source maps are
given by 1([s, x1) = s.x and s([s, x]) = x. Multiplication and inversion are defined by [s,t.x]1[t, x] =
[st, x1and [s, x17 ' =[s"", s.x].

We equip I, x Q with the unique topology such that for all s € I, [s, Q(s™'s)] is an open subset of
I, x Q and the source map induces a homeomorphism [s, Q(s~'s)] S Qs s).

As explained in [37, Section 2.1], we call ; x €2 the transformation groupoid and not the groupoid
of germs (as in for instance [25]) because in other contexts, the groupoid of germs denotes the quotient
of a groupoid by the interior of its isotropy subgroupoid (see for instance [63]).

Now we follow [69, Section 5] and construct a variation of I, x 2.

Definition 2.15. We define I, x Q:=1,% Q/~, where we set (s, x)~(t, V) if x = and there exists
g € J with x(¢) =1 and se = te in I,. Equivalence classes with respect to ~ are denoted by [ - 1°. The
groupoid structure on I, x Q is defined in the same way as for I, x Q.

We equip I, x Q with the unique topology such that for all s € I,, [s, 2(s™'s)]™ is an open subset of
I, X Q and the source map induces a homeomorphism [s, Q(s~'s)]™ S Qs ).

Remark 2.16. [t is straightforward to check that the I-action on Q induces an I-action I, ~ Q2 such that
the inclusion I, — I, induces an isomorphism between the transformation groupoid I, x Q for I, ~ Q
and I, X Q given by [, x Q —>1,x Q, [s, x1° + [s, x 1.

By construction, we have a canonical projection I, x Q — I, x Q. It is easy to see that this projection
induces an isomorphism of the groupoids of germs.
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2.3. Finite alignment

Let us now introduce a condition which allows us to reduce the discussion from general constructible
right ideals to principal right ideals.

Definition 2.17. ([69, Definition 3.2]) € is finitely aligned if for all a, b € €, there exists a finite subset
F C € such that aCNbE =, cC.

Remark 2.18. The notion of finite alignment is closely related to the notion of minimal common right
multiple (see [18, Definition 2.38]), which we abbreviate by mcm. Given a, b, ¢ € €, ¢ is called an mcm
if c € a€ N bC and no proper left divisor d (i.e., an element d € € with c € d€) satisfies d € a€ N bC. It is
immediate from [69, Lemma 3.3] that € is finitely aligned if and only if for all a, b € €, the set of mcms
mcm(a, b) is non-empty and finite up to right multiplication by €*.

The following observations are immediate from our definitions (see also [69, Section 3]).
Lemma 2.19. Suppose that € is finitely aligned. Then the following hold:

(i) Foralle € J there exists a finite subset F C € such that e = UX6 X, and every € € Jisa finite
disjoint union of sets of the form x&\ | J_, y:€ for x,y\, ..., y, € €.

(ii) Every x € Qs determined by F,: = {x€ C C: x € €, x(x€) = 1}, in the sense that for arbitrary
ec J, x(e)=1if and only if there exists xC € F, with xC < e. Moreover, a basis of compact
open sets for Q2 is given by sets of the form Q(x€y,C, ..., y,C).

(iii) Every s € 1, is a finite union of partial bijections of the form cd™"', where d, c € € satisfy 0(c) =
0(d).
(iv) We have

I x Q= {[cd’l, xl:c,de @, 3(c)=0(d); (cd™", x) e I, % SZ} s
LxQ={lcd", x]":c,de € 2c)=0(d);(cd”", x) e, x 2} .

In this sense, finite alignment allows us to reduce to principal right ideals.

2.4. Groupoid models for left regular C*-algebras

Following [69], we now explain in what sense I, x § is a groupoid model for C;(€). First of all,
as explained in [69, Section 11], there is a canonical projection A: C:(I; x ) — C:(€) given by
Al ap-1577)(8y) = 85 if x € dom (s) and A(1,qu-1912)(8,) =0 if x ¢ dom (s). Moreover, it is shown
in [69, Section 11] that A is an isomorphism if € is finitely aligned or I, x € is Hausdorff. We present
a characterisation for the Hausdorff property in Lemma 4.1. After comparing the groupoids 7, x €2 and
I, x 2, we obtain similar results for 1, x 2. The reader will also find examples for which A fails to be
injective in [69, Section 11].

2.5. The boundary
Finally, we introduce the boundary, following [15, Section 5.7].

Definition 2.20./\3:,,3,( denotes the set of characters x € T for which x~'(1) is maximal among all
characters y € J.

The same proof as for [15, Lemma 5.7.7] shows that fmax C Q. Hence, this justifies the notation
Qnax = Jmax- The following collects observations about €2,,,,, which are proven in the same way as in
[15, Section 5.7].
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Lemma 2.21.

(i) If I, contains O, then x € T lies in Quax if and only if for all e € J with x(e) =0, there exists
feJ with x(f) =1 such that ef =0.
(ii) Forall 0 #e € J, there exists X € Qumax With x(e) = 1.
(i1i) Qumax s I;-invariant.

Definition 2.22. We define the boundary as 02 : = Qpax C Q.

By Lemma 2.21 (iii), €2 is /-invariant, so that we may form the boundary groupoids.

Definition 2.23. We define the boundary groupoids as I, x 32 and I, X 3.

This also leads to the boundary quotients C(I; x d€2) and C*(J, X 992).

Remark 2.24. The boundary groupoid I, x 02 can be identified with the tight groupoid of the left
inverse hull I, in the sense of [23, ;5]. However, an analogous statement does not holdﬁ)r I l>_</§52.
Indeed, as noted in [69, Section 6], J max can be identified with Q. It follows that J max = 07, ie, J max
itselfis already closed. It is also easy to see this directly. This means that the tight groupoid of the inverse
semigroup I, is given by I, x Q. Thus, I, x 32 does not have an obvious description as a tight groupoid
attached to an inverse semigroup.

3. Comparison of groupoid models

Let us address the natural question when the groupoids 7, x €2 and I, x 2 are isomorphic. By construc-
tion, there is a canonical projection I, X Q —» I, X Q.
First, we collect a few observations which are immediate consequences of our construction.

Lemma 3.1.

(i) The canonical projection I, x Q — I, X Q is an open quotient map.
(ii) The canonical projection I, x Q — I, X  maps bisections to bisections.
(iii) The identity map on 2 induces a bijection between subsets which are invariant for I, x Q and
subsets which are invariant for I, X .

Lemma 3.2. The canonical projection I, x Q— I, X Q is an isomorphism if one of the following
holds:

(i) Cis finitely aligned.
(ii) I, X Q2 is Hausdorff.

Proof. Take (s, x), (t, x) € I, x Q with (s, x)~(t, x). Then there exists ¢ € 7 with x(¢)=1 and
se =te.

Suppose that (i) holds. By Lemma 2.19 (i), we may assume that ¢ =x€\ | J_, € for some
X, V1s...,Y, € E Then se =te implies s(x) = #(x), so that, with e: =xC, se = fe. Moreover, x(¢) =1
implies x (e¢) = 1 since ¢ < e. This shows that (s, x) ~ (¢, x).

Now assume that (ii) holds. By Lemma 2.12, we can find x; € € with lim; x,, = x. As x(¢) =1, we
may assume x,,(¢) =1,i.e., x; € . Setting ¢; : = x;C, se¢ = te implies se; = te;, and thus (s, x,,) ~ (£, Xx,)-
Because lim; (s, x,,) = (s, x) and lim; (¢, x,,) = (¢, x), and since [; x 2 is Hausdorff, we conclude that
(s, x) ~ (@, X). O
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For a characterisation of the Hausdorff property for /; x €2, see Lemma 4.1.

Remark 3.3. As observed in Section 2.2, the canonical projection I, x Q — I, X Q induces an iso-
morphism at the level of groupoids of germs. Hence if I, X Q2 is effective, the canonical projection
I, x Q —» I, X Q must be an isomorphism.

The following is an immediate consequence of the results mentioned in Section 2.4 and Lemma 3.2

Corollary 3.4. If € is finitely aligned or I, x Q is Hausdor{f, then C:(I, x Q) is isomorphic to C;(C).

Let us now compare boundary groupoids.

Lemma 3.5. The canonical projection I, x 92 — I, X 0 is an isomorphism if one of the following
holds:

(i) The canonical projection I, x Q — I, X Q is an isomorphism.
(ii) I, x 92 is Hausdorff.
(iii) 02 = Qnax-

Proof. Tt is easy to see that (i) is a sufficient condition. Now take (s, x), (f, x) € I, * Q with
(s, x)~(t, x). Then there exists ¢ € J with x(e)=1andse =te, wheree =e\ |J._, fi fore.fi,....f, €
J. We first show that if x € Q., then (s, x) ~ (¢, x): Indeed, x(¢) =1 implies that x(f;) =0 for all
1 <i<n. By Lemma 2.21 (i), x(f;) =0 implies that there exists f’; € J with x(f’;) =1 and ff"; =0.
Setf :=f"1---f,.Then x(f)=1and f'f; =0 for all 1 <i<n.We conclude that x(ef’) = 1. Moreover,
ef’ C ¢, so that sef’ = tef’. It follows that (s, x) ~ (¢, x), as desired. This immediately implies that (iii)
is a sufficient condition. To treat (ii), assume now that (s, x )~(t, x) for some y € d2. Then there exist
Xi € Qmax With lim; x; = x. We may assume x;(¢) = 1 since x(¢) = 1. It follows that (s, x;)~(¢, x;), and,
by what we just proved, (s, x;) ~ (¢, x;)- Since I, x €2 is Hausdorff, we conclude lim; (s, x;) = (s, x) ~
(t, x) =lim; (¢, x;), as desired. O]

Question 3.6. Do we always have isomorphisms I, X Q —» I, x Q and I, x 32 — I, x 32? Most likely
the answer will be negative, in which case it would be interesting to find concrete examples where the
canonical projections fail to be injective.

4. Properties of the groupoids

We characterise when I, X  and I, x  are Hausdorff, when I, x € is topologically free, and when
I, x Qis effective. These properties have consequences for the reduced C*-algebras of I, x Q and I, x €
(see Corollary 4.10).

Let us start with the Hausdorff property. The following will be an application of [25,
Theorem 3.15].

Lemma 4.1.

(i) I, x Q is Hausdorff if and only if for all s € I, there exists a (possibly empty) finite subset
{er, ..., e,} T with {x € dom (s): s(x) =x} =J_, .

(ii) I, x Q is Hausdorff if and only if for all s € 1, there exists a (possibly empty) finite subset
{e1,..., 8, CJ with {x e dom (s): s(x) =x} = J_, &

i=

https://doi.org/10.1017/S0017089522000106 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089522000106

S62 Xin Li

Proof.

(i) [25, Theorem 3.15] implies that 7; x €2 is Hausdorff if and only if for all s € I,, the subset
{x eQ:Jeec J withse=cand x(e) =1} “.1)

is closed in { x €Q: x(s7ls) = 1}. The latter statement is equivalent to compactness of the set
in (4.1) because { X € x(s7's) = 1} is compact. This in turn is true if and only if there exists
a finite subset {e,,...,¢e,} € J with se;=¢; forall 1 <i <n and

{XeQ:Eleejwithsezeandx(e)z1}=USZ(6,-). “4.2)
i=1

n

We claim that (4.2) is equivalent to {x € dom (s): s(x) =x} =J_, e;. As se; = e;, we always
have {x € dom (s): s(x) =x} 2 | J_, ¢;. Assume that {x € dom (s): s(x) =x} C [ J_, e;. Given
X € 2 together with e € 7 such that se = e and x(e) = 1, we must have e C | J_, ¢;. As x lies
in 2, x(e) = 1 implies that there exists 1 <i < n with x(e;) = 1. Hence (4.2) holds. Conversely,
suppose that (4.2) holds. Take x € dom (s) with s(x) = x. Then , lies in the set on the left-hand
side of (4.2), hence there exists 1 <i <n with x.(e;) = 1. The latter implies that x € e;. This
shows {x € dom (s): s(x) =x} C | J._, e, as desired.
(ii) [25, Theorem 3.15] implies that J, x €2 is Hausdorff if and only if for all ¢t € 1,, the subset

{xeQ:3eeJ withte =g and x(e) =1} (4.3)

is closed in { X €Q: xt ' = 1}. First, we claim that the latter is equivalent to the statement
that for all s € I,, the subset

{x €Q:3eeJ withse =¢ and x(¢) =1} 4.4

is closed in { X €Q: x(s7ls)= 1}. Indeed, a general element ¢ € I, is of the form s8 for some
8 € J with 8 < s~'s. Now it is straightforward to see that the set in (4.3) coincides with the inter-
section of the set in (4.4) and €2(8). If the set in (4.4) is closed in {x €Q: x(s's)= 1}, then its
intersection with €(8) must be closed in {X €Q: x(s7ls) = 1} N Q) = {X eQ x(t )= 1}.
This shows our claim. Now the rest of the proof is similar as for (i). O

In combination with Lemma 2.19, the following is immediate.

Corollary 4.2. Assume that € is finitely aligned. Then I, x Q =1, x Q is Hausdorff if and only if
for all c,d e € with d(c)=0(d) and t(c) =1(d), there exists a finite subset {xi,...,x,} CC with
xeCex=dx}=J_, xC.

Remark 4.3. Lemma 4.1 and Corollary 4.2 explain the results in [69, Section 7] that I, X Q is
Hausdorff if € is finitely aligned and right cancellative, or if € embeds into a groupoid. In the first
case, the set {x € €: cx = dx} is either empty or we have ¢ = d, which implies that {x € €: cx =dx} = C.
In the second case, the set {x € dom (s): s(x) =x} is either empty or we have s € [J, in which case
{x € dom (s): s(x) = x} coincides with s's, where we view the latter as a subset of €.

Let us now consider topological freeness and effectiveness. Recall that an étale groupoid G is called
effective if the interior of its isotropy subgroupoid coincides with the unit space, i.e., Iso(G)° = G©.
Following [37, Definition 2.20], we call an Etale groupoid G topologically free if for every open bisection
y with y CG\ G, {xeG?: G*Ny # 0} has empty interior, or equivalently, {x € s(y): yx ¢ G} is
dense in s(y). By [37, Lemma 2.23], G is topologically free if G is effective, and the converse holds
if G is Hausdorff. Topological freeness for groupoids is of interest because it implies the intersection
properties for essential groupoid C*-algebras (see [37, Section 7.5] for more information).
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Now we set €0 : = {u € €*: t(u) = 0(u)}, and set € x Q: = {[u, x] €I, x Q: u € €},
Theorem 4.4. The following are equivalent:

(i) I, x Q is topologically free;
(i) €0 x Q is topologically free;
(iii) Forallv e €, uec vy, fi,....f, € J withf; < o€ for all 1 <i<n, uz € z&* for all z€ b€\
(UL, fi implies that there exists x € o€\ | J_, f; with ux = x.

Proof.

(i) = (ii): €*° x Q is an open subgroupoid of I, x 2. Thus, an open bisection y of €*° x Q with y C
(€% x Q) \ Q is also an open bisection of 1, x € contained in (/; X €2) \ Q. Moreover, yx ¢ (I, x Q)
implies that yx ¢ (€*° x Q)*. This shows that

{x es(y):yx¢ U X Q);} C {xe s(y): yx ¢ (€0 x Q);} .
Hence € x Q is topologically free if 1, x 2 is topologically free.

(ii) = (i): Assume that [; x 2 is not topologically free. Then we can find s € [, and an open set
U C Q(s~ts) with [s, U] C (I, x )\ Q and [s, U] CIso(; x Q). As {x,: x € €} is dense in 2, there
exists x € € with x, € U. s.x, = x, implies that s(x) = xu for some u € €*°. As [s, x.] # X, We con-
clude that u ¢ €% Set V:=Qx€)NU. V is not empty, so that x'.V #@. It is easy to see that
[x, QEOGN] s, V1Ix, @) = [u, x '.V]. Moreover, [x, Q0x))]'[s, V1[x, 2(0(x))] is contained in
Iso(I; x )\  because [s, V] C Iso(I, x )\ €. This means that €*° x £ is not topologically free.

(i) = (iii): Assume uz € z€* for all ze v&\ | J_, fi. Set U:=Q(v&,....f,). Then [u, U] C
Iso(€*0 x ). As €*° x Q is topologically free, there exists y € U with [u, x] = x, i.e., there exists
ec J with x(e)=1 and ue=e. x(v€\ |J_, f;) =1 implies that e | J,_, f;. Hence we can choose
xe€e\ ., f,, and we have ux = x.

(iii) = (ii): First we claim that (iii) is equivalent to the following stronger statement:

(iti’) Forallv € €°, u e v€*v, e, fi,....f, € T withe,fi,....f, <v€and |J_, f; e, uz € z&* for all
z€e\ UL, f; implies that there exists x € e \ | J,_, f; with ux = x.

Indeed, to prove (iii) = (iii’), take y€e\ |J._, f; and set v:=10(y). By assumption, uy € y&*,
and hence we have uy=yu for some &t € v€*v. Set f/;: =yENf. Then |J._, f; C y€ implies that
UL,y 'f": C o€, For every X € o€\ | J_, y"'f";,, we have by assumption yix = uyx € y¥¢€* and thus
ux € X¢*. Hence (iii) implies that there exists x € b€ \ | J_, y~'f"; with ix =x. Then yx € e \ | J_, f; and
uyx = yux = yx, as desired.

Now assume that (iii’) holds. Let u € €*°, U= Q(eif;,...,f,), and assume that [u, U] C Iso
(€% x Q). Then we must have uz € z€* for all ze€ e\ |J_, fi. Hence (iii’) implies that there exists
xe€e\ U, f with ux=x. Then x, € U because x € e \ | J_, f;. Moreover, ux = x implies that [u, x,] =
Xx € . Hence €*° x Q is topologically free. O

We now consider I, x Q. As before, we set €0 x Q: = {[u, X" el x Q:ue Qﬁ*’o}.

Theorem 4.5. The following are equivalent:
(i) I, x Q is effective;
(ii) €0 x Q is effective;
(iii) Forallve &, ue vy, fi,....f, € J withf; <v€ for all 1 <i<n, uz € z&* for all 7€ bE \
UL, f; implies that ux = x for all x € b€\ | J,_, fi.
Proof.

(i) = (ii) is clear because €*° X Q is an open subgroupoid of J, X .
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(ii) = (i): Suppose that I, x 2 is not effective. Then there exist s € I, U: = Q(eifs,. . ..f,) and
x € U with [s, U] CIso(J; x ) and [s, x]# x. Set e: =e\ ., fi- [s, x] # x implies that
se # &, i.e., there exists x € ¢ with s(x) # x. We have x, € U, and s(x) # x implies [s, x,] #
Xx. However, 5.y, = X, and thus s(x) =xu for some u € €*° with t(u) =0(u) =0(x). We
deduce x # xu, i.e., u #0(x). Set V:=Q(x)NU. Then x, € V, so V is not empty. Moreover,
[u, L. V] =[x, QEE)]'[s, V][x, Q(0(x))] is contained in Iso(€*° x ). We have [u, xom] =
[x, QEENT'Ts, x.d[x, Q)] € [u, ¢ V] and [u, xow] 7 Xow because ud(x) # 0(x). It fol-
lows that €*° x Q is not effective.

To prove (ii) <> (iii), we first show that (iii) is equivalent to the following stronger statement:

(iii’) Forallv € €, uecov,e,fi,....f,€J withe,fi,....f, <o€and J_, f; C e, uz € z&* for all
zee\ ., f; implies that ux=x forallx e e \ | J_, f:.

Indeed, to prove (iii) = (iii’), take x€ e\ [J_, f; and set v:=70(x). By assumption, ux € x€*,
and hence we have ux=xii for some & € v€*v. Set f';: =xENf. Then |J_, f; C x€ implies that
U, x7'f"; C €. Forevery X € o€ \ | J,_, x~'f";, we have by assumption xizX = uxx € xx€* and thus itx €
x€*. Hence (iii) implies & = v = v and thus ux = xit = x. As x was an arbitrary element of e \ |J_, f;,
we are done.

Now let us prove (ii) < (iii). €*° x  is effective if and only if forallu € €**and e = e\ |J._, f; € J,
[u, Q(e)] C Iso(€** x Q) implies [u, 2(e)] = Q(¢). [u, Q(s)] C Iso(€** x Q) holds if and only if uz €
z€* for all z € e, whereas [u, Q(¢)] = Q2(¢) holds if and only if ue =¢, i.e., ux=ux for all xee. We
conclude that (ii) and (iii’) are equivalent. O

The following are immediate consequences.
Corollary 4.6. If I, x Q is effective, then I, x Q is topologically free.
Corollary 4.7. Assume that € is finitely aligned.
(i) I, x Q=1 x Q is topologically free if and only if for all v € €°, u € v&*v, ¢y, ..., c, € bE\ LE,
uz € z&* for all z € v&€\ | J;_, ¢;€ implies that there exists x € o€ \ | J,_, ¢;€ with ux = x.
(ii) I x Q=1 x Qs effective if and only if for allv € €°, u € v€*v, ¢y, . . ., ¢, € V& \ E€*, uz € z&*

forall z€ o€\ | J_, ¢;€ implies that ux = x for all x e v€ \ | J_, ¢;€.

We also note the following special case, where our conditions simplify.

Corollary 4.8. Assume that for all v € €°, there exist fy, ..., f, € J with v&€\ J_, f; = 0&€*. Then the
following are equivalent:

(i) I, x Q is effective.
(it) I, x Q2 is topologically free.
(iii) €0 = ¢°,
Proof. (i) = (ii) has been noted above. Let us prove (ii) = (iii). We have for all z € b€ \ Ule fi=0C*
that uz = z(z 'uz) € z&€*. Hence, Theorem 4.4 (iii) implies that there exists x € v€ \ | J_, f; = v€* with

ux = x. Hence, u = uxx~! = xx~! = v. (iii) = (i) is immediate from Theorem 4.5. O

Remark 4.9. Theorems 4.4 and 4.5 generalise [40, Theorem 5.9].

In combination with [37, Theorem 7.29] (and the explanations following Theorem 7.29 in [37]), the
following are consequences of our results above.
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Corollary 4.10. If the conditions in Lemma 4.1 (i) and Theorem 4.4 (iii) are satisfied, then C*(I; X )
has the intersection property.

If the conditions in Lemma 4.1 (ii) and Theorem 4.5 (iii) are satisfied, then C*(I, x Q) has the
intersection property.

Suppose that € is finitely aligned. If the condition in Corollary 4.2 and one of the conditions in
Corollary 4.7 are satisfied, then C*(I; x Q) = C*(I, x ) has the intersection property.

Remark 4.11. It is also possible to give a characterisation for minimality of I, x Q and I, x Q by for-
mulating a characterisation when Q2 = <2 along the lines of [15, Lemma 5.7.19] and then applying our
characterisation for minimality of I, x 02 and I, X dS2 (see Lemma 5.4).

Remark 4.12. It would also be possible to formulate sufficient criteria for local contractiveness of I, x Q2
and I, x Q. However, this happens only in rather special situations (see Proposition 6.32 and Corollary
6.33, for example). For instance, in the setting of Corollary 4.8, I, x Q and I, x Q and are never locally
contractive because the assumptions in Corollary 4.8 imply that { .} is open for all v € ¢°.

5. Properties of the boundary groupoid

We characterise when 1, x 92 and I, x 32 are Hausdorff or minimal, when I, x 92 is topologically
free, when I, x 9€2 is effective, and we give a sufficient condition for local contractiveness of I, x 32
and I, x 2. These properties have consequences for the boundary quotients (see Corollary 5.20).
Note that if 1, does not contain zero, then #¢° = 1 and 92 degenerates to a point. Because of this, it
suffices in the following to focus on the case when /; contains zero.
We first consider the Hausdorff property. The following is an application of [25, Theorem 3.16]
because I, x €2 is the tight groupoid of the inverse semigroup I,.

Lemma 5.1. [, x 02 is Hausdor[fif and only if for all s € I, there exist ey, . . ., e, € J with se; = e; such
that for all 0 # e € J with se = e, there exists | <i <n with ee; # 0.

Now we characterise when I, x 9S2 is Hausdorff.

Lemma 5.2. I, X 092 is Hausdorff if and only if for all s € I, there exists,, . . ., &, € J with se; = &; such
that for all 0 # e € J with se = e, there exists 1 <i <n such that e¢; # 0.

Proof. We make use of the identification I, x dQ2 =1, x 32 (see Remark 2.16). [25, Theorem 3.15],
applied to I~ 9%, implies that I, x 02 is Hausdorft if and only if for all s € I, there exist &, . ..,6, € J
with seg; = ¢; such that for all y € 9Q2, ¢ € J with x(e) =1 and se = ¢, there exists 1 <i < n such that
x (&) = 1. We may assume that s € [, in this statement because every s € 1, s of the form s8 for some s € I,
and § € 7, and we can form products of € and ¢; with §. Next, we claim that the statement is equivalent to
the following: For all s € [, there exist ¢, ..., ¢, € J with se; =¢; such thatfor all x € Q. € € J with
x(¢) =1and se = ¢, there exists | <i <nsuchthat x(e;) = 1. Indeed, given x € <2, we can always find
N5, € Qmax With x = lim,, n,. We may then assume that 7, (¢) = 1 for all A, and then deduce that for all A,
there exists 1 <i <n with 7n,(¢;) = 1. By passing to a subnet if necessary, we arrange that there exists
1 <i<nwithn,(e)=1forall A, and thus x(e;) = 1. Now we claim that our new statement is equivalent
to the following: For all s € [, there existey, ..., g, € J with se; = ¢;suchthatforall x € Q.,0£ee T
with x(e) =1 and se = e, there exists 1 <i <n such that x(¢;) = 1. Indeed, given x € Q..x and ¢ € j_
with x(¢) =1, Lemma 2.21 implies that there exists e € J with x(e) =1 and e < ¢. Finally, we claim
that our statement is equivalent to the desired one: For all s € [, there exist €, ...,¢, € J with se; =¢;
such that for all 0 # e € J with se = e, there exists 1 <i <n such that eg; # 0. To see “=", if there
exists 0 # e € J with eg; =0 for all i, then Lemma 2.21 yields a character x € 2, with x(e) =1, and
we obtain x(g;) =0 for all i. For “<", assume that there exist y € Q.., 0 # e € J with x(e) =1 and
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se = e such that x(e;) =0 for all i. Write ¢, = ¢; \ Ufef,-f' x (¢;) =0 implies that x(e,)=0or x(f;) =1

for some f; € f;. In the first case, Lemma 2.21 yields ¢’; € J with e;e’; =0 and x(e’;) = 1. In that case

set g;: =¢€';. In the second case, set g;: =f.. In any case, we obtain x(g;) =1 and g;c; = 0. Now set

e :=e][], g It follows that x(e’) =1 (and thus ¢’ #0), s¢’ = ¢’ and e’s; = 0 for all i. O
Our characterisation simplifies in the finitely aligned case.

Corollary 5.3. Suppose that € is finitely aligned. Then I, x 0Q =1, X 02 is Hausdorff if and only if
for all c,d € € with t(d) = t(c), there exist x,, . . ., x, € Ewith cx; = dx; for all 1 <i < n such that for all
x € € with cx = dx, there exists 1 <i <n with x€ Nx;& #£ (.

Next, we consider minimality.

Lemma 5.4. The following are equivalent:

(i) I, x 02 is minimal.
(ii) 1, X 0K is minimal.
(iii) For all non-zero e,f € J there exist s, . ..,s, €I, such that for all ¢ € J with ¢ <e, there
exists 1 <i<nwithée(sfs7") # 0.

Proof. (i) < (ii) follows from Lemma 3. (i) < (iii) follows from [25, Theorem 5.5]. ]

We record the following characterisation of minimality in the finitely aligned case.

Corollary 5.5. Suppose that € is finitely aligned. Then I, x 92 = I, x 02 is minimal if and only if for
all v, € € there exist x,, . . . , x, € 0€ with wCU(x;) # ¥ for all 1 < i < n, such that for all x € v€ there
exists 1 <i<nwithx€ N x;C#£ .

This characterisation also appears in [53, Theorem 6.6] (the countability assumption on € in [53] is
not necessary).
Let us furthermore present a sufficient condition for local contractiveness.

Lemma 5.6. I, x 92 is locally contractive if and only if I, x 92 is locally contractive.

I, x 02 is locally contractive if for all 0 # e € J there exists s € I, and fy, . . ., f, € J \ {0} such that
fi<es7'sforall0 <i<n, foralll <i<nandf <sfs™' thereexistsO<j<n withf'f; # 0, and fysf; = 0
forall) <i<n.

Proof. The first statement follows from Lemma 3. The second statement is an application of
[25, Theorem 6.5]. ]

As a consequence, we obtain the following sufficient condition for local contractiveness in the finitely
aligned case.

Corollary 5.7. Suppose that € is finitely aligned. Then I, x 0Q =1, x 3 is locally contractive if for
all x € € there exist c,d € € with 0(c) =0(d) and y,, . . .,y, € € such that dy,€ <x€ for all 0 <i<n,
foralll <i<nandze CwithzC€ C cy,C there exists 0 < j <nwith z&Ndy,& # 0, and dy,& Ncy,E =0
forall0 <i<n.

Finally, we characterise topological freeness or effectiveness of boundary groupoids. First we present
a general characterisation for topological freeness of tight groupoids attached to inverse semigroups.
To the best of the author’s knowledge, such a characterisation has not appeared before. We work in
the setting of [25]. Let S be an inverse semigroup with zero and E its semilattice of idempotents. As
in Section 2.2, we write E for the space of characters of E. As in Section 2.5, we write me for the
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maximal filters on E and 9E : = Emax C E. Note that 9E is denoted by Elighl in [25]. The action S ~ Eis
defined as in Section 2.2 and restricts to an action S ~ 9E (see also [25], for instance). As in Section 2.2,
we define SxE:={(s, x) €S x E: x(s's)=1} and S x E: = (S * E)/~, where we set (s, x) ~ (¢, ¥) if
x = V¥ and there exists e € E with x(e) =1 and se = te. As above, equivalence classes with respect to
~ are denoted by [ - ]. The groupoid structure is defined as in Section 2.2.

Definition 5.8. Ser S°: = {s€ S: e(ses) £0V 0 £ e <s7's}.
Lemma 5.9.

(i) S¢ is closed under inverses, i.e., s € S¢ implies s™' € S°.
(ii) Forall s,t € S, st also lies in S°.
(iii) Whenever s € §° and t € S, we have t~'st € S°.

Proof. (i) is straightforward to prove. To prove (ii), take 0 #e <(st)"!(sf). Then e<t't.
Hence e(tet™") # 0. Moreover, e(tet™') < s~'s. Thus 0 # e(tet ')se(tet™")s™! = e(tet ") (ses™!)stet 's7' <
estet's™!. For (iii), take 0 # e < (" 's£)~'(t"'st). Then e < 171, so that 0 # ter ™! < s~ 's. Since s € ¢, we
deduce that ter~'stet~'s~! # 0. Hence, it follows that e(t~'stet"'s7'f) £ 0, as desired. O

In the following, we write S¢ x dE : = {[s, x]eSx dE:s € S¢}. We start with a preparatory observa-
tion.

Lemma 5.10. We have S x 9E C Iso(S x 9E).

Proof. Take s€ S and yx € dE with x(s7's)=1 and s.x # x. Since Emax is dense in OE,
we may assume that x € Emax. s.x # x implies that there exists e€ E with x(e)=1 and
s.x(e)=0, i.e., x(s 'es)=0. Since x eEmaX, the analogue of Lemma 2.21 implies that there exists
fe€E with x(f)=1 and f(s'es)=0. Hence, sfs~'ess™' =0. Moreover, x(s™'s)=1 implies that
x(fs7's)=1 and thus yx(efs~'s)=1, so that efs's # 0. Clearly, we have efs~'s < s~'s. Furthermore,
(efs~Ls)s(efs Ls)s! =fs1s(efs 'ss™ )ses™! = 0. We conclude that s ¢ S¢, as desired. O

Theorem 5.11. The following are equivalent:

(i) S OF is topologically free.
(ii) §°x E is topologically free.
(iii) Foralls€ S, e,fi,....f, € Ewithf,<e <s'sforall 1 <i<nsuchthatthere exists 0 £f <e
with ff; =0 for all 1 <i<n, there exists 0 Af <ewithf'fi=0foralll <i<nandsf =f.

Proof. (i) = (ii) follows as in the proof of Theorem 4.4 because S° x JE is an open subgroupoid of
S x 9E.

For (ii) = (i), assume that S x 9E is not topologically free. Then there exists s € S and an open
set U C 9E with [s, U] C Iso(S x 9E) \ 9E. Take ¥ € Eny N U and 7 € S with ¥ (t7~') = 1. Assume that
tst™! ¢ S¢. Then there exists 0 £ f < (¢t~ 's7't)~!(t"'s7'f) with f(r's~'tft"'st) = 0. By the analogue of
Lemma 2.21, there exists 7, € Ema With 7,(sfi=") = 1. Thus n,(r"'t) = 1. Moreover, f(r~'s'tft"'st) =0
implies (¢fi~")(s™'tft"'s) = 0. Hence if n,(s™'s) = 1, then s.n, # n,. Applying this reasoning to all r € S
with ¥ (#7!) = 1, we obtain a set {,}, C Eppa With n.(tt™") =1 for all such ¢. It follows by maximal-
ity that v lies in the closure of {n,},. As ¥ € U, this implies that n, € U for some ¢. In particular,
n:(s~'s) = 1, which implies s.n, # n,. This however contradicts the assumption that [s, U] C Iso(S x 8/15).
We conclude that there exists ¢ € S with W (#~') =1 and ¢~'st € §¢. The latter implies 7t~ 'sttr™! € ¢
by Lemma 5.9. Set V:=UnN dE(rr™"). Then V is not empty because y € V. Moreover, we claim
[s, V1 C [t~ str7", V]. Indeed, given ¢ € V, we have ¢(tr7') = 1 as well as ¢ = s.Z, so that £ (s~ 't 's) =
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5.2(tt7") = 1. Hence, n(s~'tr7tstr™") = 1. In addition, 7~ stt™! = s(s~ 1~ stt™"). This shows that (s, ) ~
(et 'str7', £), as desired. We conclude that [s, V] C [~ str™!, V] C 8¢ X 9E. Hence [s, V] C[s, U] C
Iso(S x 8’5) \ dE implies [s, V] C Iso(S¢ x BE\) \ 9E. This shows that S¢ x JE is not topologically free.

(ii) < (iii): Lemma 5.10 implies S¢ x oE C Iso(S x 8/11:). Thus §¢ x JE is topologically free if and
only if every nonempty bisection of S¢ x 9F has nonempty intersection with oE. Every nonempty bisec-
tion contains a basic open set of the form [s, 8f(e;fl, . SR 8E(e;ﬂ, ..., f,) is not empty if and only
if there exists x € me with x(e) =1 and x(f;) =0 for all 1 <i <n. By the analogue of Lemma 2.21,
the latter holds if and only if there exists f € E with f < e and ff; =0 for all 1 <i <n such that x(f) = 1.
Hence we may assume that s, e,fi, ..., f, are exactly as in (iii). Now [s, BE(eJ], o fln IE #0 if
and only if [s, 8E(e;ﬁ s flN Emax # (. We claim that the last statement is equivalent to (iii). Indeed,
if there exists x € Eux With x@=1, x()=...=x()=0and [s, x] = x, then there exists f € E
withf <e, ffi=0forall 1 <i<nand x(f)=1. [s x1= x implies that there ex1stsfe E with x(f)=1
and sf =f. Now f': =ff has the desired properties. Conversely, if (iii) holds, then by the analogue of
Lemma 2.21, there exists x € Epex With x(f)=1.Itfollows that x € BE(efl, ..., fy),and sf" = f" implies
[s, x1=x. R O

To complete the picture, we state the following characterisation of effectiveness of S¢ x dE. It follows
from Lemma 5.10 and also appears (implicitly) in [25, Section 4].

Lemma 5.12. § x OF is effective if and only if for all s € ¢, there exist e, .. .,e, € E with ¢; <s7's
and se; = e; for all 1 <i <n, such that for all f < s 's, there exists 1 <i <n with fe; # 0.

The following summarises our findings and combines them with the results in [25, Section 4].

Corollary 5.13. Consider the following statements:

(i) S OE is effective.
(ii) S°x OE is effective.
(iii) For all s € 5°, there exist ey, . . .,e, € E with e; < s 's and se; = e; for all 1 <i < n, such that
forall f < s7 s, there exists 1 <i <n with fe; # 0.
(iv) S X OE is topologically free.
(v) §x OE is topologically free.
(vi) Foralls€ S, e,fi,....f, € Ewithf;<e <s 'sforall 1 <i<nsuch thatthere exists 0 £f <e
with ff; =0 for all 1 <i <n, there exists 0 #f" <ewithf'f;=0forall 1 <i<nandsf =f.

Then (i) = Q'i) < (iti) = (iv) & (v) & (vi). If S X OF is Hausdorff, then all these statements are
equivalent. If OF = E ., then (i) < (ii) < (iii).

Proof. All this follows from what we showed above, except for the very last statement, which follows
from [25, Theorem 4.10]. O

Corollary 5.13 applied to S =1, yields a characterisation when I, x d€2 is topologically free and a
necessary condition for effectiveness of 1, x 9. Now we turn to I, x 9.

Definition 5.14. We set I, : = {sel: 3f € J with 0 £f <s~'s}.

Lemma 5.15. Given s € I, s lies in 7{ if and only if s7" lies in 7{ if and only if there exists x € Q. With

x(s7ls)=1.

Proof. The first equivalence is easy to see. If s7's=-¢\ U;;l f, then existence of x € Q. with
x(s7's)=1 implies that x(e)=1 and x(f;) =--- = x(f,) = 0. Hence, there exists f € J with f <e,
fi=--=f,=0and x(f)=1 by Lemma 2.21. Thus 0 #f <s~'s. Conversely, if there exists f €
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J with 0#£f <s7's, then Lemma 2.21 implies that there exists x € Q. With x(f)=1 and thus
x(s7ls)=1. O

Now we define the analogue of S¢ or I}
Definition 5.16. We define I} : = {s € D:e(ses)#0Vee J with0#e < s~'s}.

The following is the analogue of Lemma 5.9. The proof is similar.

Lemma 5.17.

(i) 7,‘ is closed under inverses, i.e., s € 7,‘ implies s~ € if.
(ii) Foralls,te I with st e Ilf, st also lies in I.
(iii) Foralls€lf and t €1, witht™'st € I, we have st I.

As_ explained in Re_mark 2.16, we have an identiﬁcati9n I x Q=T x Q. In the following, we work
with [, x 92. We set If x 9Q2: = {[s, xlel, x 0Q2: s eI,”}.

Theorem 5.18. We have Iso(I, x 92)° =I¢ x 9.
The following are equivalent:

(i) I x 9Q =1, x 9 is effective.
(ii) I¢ x 9 = 9Q.
(iii) Foralls e 7,‘ there existe,, ..., &, € J with se; =¢;forall 1 <i<nsuchthatforall ge J with
0+ g <sls, there exists 1 <i<n with gg; #0.

Proof. Let us prove Iso(I; x 9Q)° =1I¢ x 9Q. We first show “D”: Take s € I and x € Q,, With
% (s7's) = 1. As we have seen in the proof of Lemma 5.15, there exists f € J with f < s~ 'sand x(f) = 1.
We claim that for all e <f, x(e) =1 implies that x(ses™') = 1. Indeed, if x(ses™') =0, then Lemma
2.21 implies that there exists ¢ € J with €'(ses™')=0 and yx(¢’)=1. Thus ee'(see’s™') =0, while
ee’ #0 since x(ee¢’) = 1. This contradicts s € 7,". Now given g€ 7, s.x(9)=1 & s.x(sfs ') =1 &
x(fs7'gs)=1= x(sfs"'g)=1 = x(g) = 1. Maximality implies s.x = x. Hence, s.x = x for all x €
3Q(s™"s). Now we show “C”: Take s,7€ 1, and U = 3Q(#+~") with U C 9Q(s™'s) and [s, U] C Iso(l, x
d$2). Without loss of generality, we may assume s, € I, because of Lemma 5.15. Take x € U. Then
' x((t'st)" (¢t 's1)) = 1. Lemma 5.15 implies that r'st € . If st ¢ I¢, then there exists 0 # e € J
with e < (+ 's)(t"'s)~! such that e(r~'s~'ter~'st) = 0. Hence (tet " )(s 'tet 's) =0. e < (" 'st)(t " 'st)!
implies e <17 't, hence tet™' € J. Take v € Q. With Y(ter™')=1. This is possible by Lemma
2.21. Then ¥ (¢##~') =1 and thus ¥ € U. In particular, s.y = . However, ¥ (s~ 'tet"'s) = s.(tet™!) =
V(tet™') =1, which contradicts (ter™')(s™'tet"'s) = 0. We conclude that ¢~'st € I. Since there exists
feJwithO#£f < (s 'st)™', wehave 0 # tft~' <tr~'s~'tr~'st~", which implies 17~ 'str™" € I Since
t"'stel¢, Lemma 5.17 implies that #~'str~' € I. Finally, [s, x]=[t""stt™!, x] in I, x 3Q because
x(s 't lstty =1 and st~ = s(s7'tr7'str™'). We conclude that [s, x]=[t""str™!, x]1 € I¢ x d2.
This shows “C”.

(i) < (ii) follows from what we just proved. To prove (ii) <> (iii), observe that if X 02 =08 if
and only if for all s € I° and x € 32 with x(s7's) = 1, there exists ¢ € J with e <s7's, x(¢)=1 and
se =¢. Fix s e i,". By compactness of dQ(s~'s), we deduce that there are ¢i,...,¢, € J with $8; = &;
for all 1 <i<n such that 3Q(s™"s) = |J_, 9S2(s;). We claim that this last equality is equivalent to the
statement that for all g € 7 with 0 # g < s~ 's, there exists 1 <i <n with ge; # 0. Indeed, given g € J
with 0 £ g <s7's, Lemma 2.21 provides x € Q. With x(g) = 1. This implies x(s~'s) = 1 and hence
x (&) =1 for some 1 <i <n. We deduce that ge; # 0. Conversely, assume that there exists x € 92 with
x(s7's)=1 and x(g)=0 for all 1 <i<n. By density, we may assume that x € Q,,,. The proof of
Lemma 5.15 shows that there exists f € J withf < s~'ssuch that x(f) = 1. Write ¢; = ¢; \ U_,. f; for some
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e, f; € J. Either x(e;) =0 or x(e;) =1= x(f;) for some j. In the first case, Lemma 2.21 implies that
there exists g; € J with x(g;) =1 and g;e; =0, which implies g;e; = 0. In the second case, set g; : =fj;.
Then we also obtain x(g;) =1 and g;&; =0. Now define g: =fg, - - - g,. Then x(g) =1 implies g # 0.
By construction, we have g < s~'s. In addition, we have ge; =0 forall 1 <i <n. O

Let us now specialise to the finitely aligned case.

Corollary 5.19. Suppose that € is finitely aligned.

(i) I x 0Q =1, x 3R is topologically free if and only if for all c,d € € with 3(c) =0(c) and
t(c) = t(d) with the property that for all x € € with cx € d€, we have cx€ N dx€ # O, there exist
Vo 21y s 20 € Ewith z; € Y€ for all 1 <i<n, cy € d€, and with the property that there exists
7€y withz&ENz,& =W for all 1 <i<n, such that there exists 7 € € with 7 €N z,& = @ for all
1<i<nandcz =d7.

(i) I, x 0Q =1, x 3 is effective if and only if for all c,d € € with d(c) = 0(c) and t(c) = t(d),
§=a€\ |, a,€ for a € € and {a,} C € finite with the property that § € c¢~'(d€ N ¢€) and for
all x € € with x€ C §, we have cx€ N dxC £ (), there exist &; = b€\ Uj b;<€ (for some b; € €
and finite subset {b,;,v} C €), 1 <i<n, with the property that ¢; C 6 and cy = dy for all y € ¢; for
all 1 <i<n, such that for all 7 € §, we have z&EN &; £ @ for some 1 <i<n.

Note that for certain finitely aligned left cancellative small categories, effectiveness of the boundary
groupoid has been characterised in [53, Theorem 6.4].

Corollary 5.20. If the conditions in Lemma 5.1 and Corollary 5.13(iv) for S =1, are satisfied, then
C:(1; x 9K2) has the intersection property. If, in addition, the condition in Lemma 5.4 is satisfied, then
C:(1, x 9R2) is simple. And if, in addition, the condition in Lemma 5.4 and the condition in Lemma 5.6
are satisfied, then C*(I; x dK2) is purely infinite simple.

If the conditions in Lemma 5.2 and Theorem 5.18(iii) are satisfied, then C*(I; X 3S2) has the intersec-
tion property. If, in addition, the condition in Lemma 5.4 is satisfied, then C*(I; x ) is simple. And if,
in addition, the condition in Lemma 5.4 and the condition in Lemma 5.6 are satisfied, then C*(, X 32)
is purely infinite simple.

Suppose that € is finitely aligned. If the condition in Corollary 5.3 and one of the conditions in
Corollary 5.19 are satisfied, then C*(I, x Q) = C:(I; X 2) has the intersection property. If, in addition,
the condition in Corollary 5.5 is satisfied, then C:(I, X 92) = C*(I, X 02) is simple. And if. in addi-
tion, the condition in Corollary 5.5 and the condition in Corollary 5.7 are satisfied, then C*(I; x 0Q2) =
C:(I; x 3K2) is purely infinite simple.

We also present the following observation, which is inspired by [15, Lemma 5.7.10 and Theorem
5.7.16].

Proposition 5.21. 0<2 is the smallest nonempty closed invariant subspace of a if and only if 9S2 is the
smallest nonempty closed invariant subspace of 2 if and only if for all v, 1o € €°, we have w€v # . In
that case, I, x 3R is purely infinite in the sense of [47, Definition 4.9] if and only if for all v € €°, there
exist a, b € b€ with a® N bE = (.

Proof. First suppose that 92 is the smallest nonempty closed invariant subspace of 2. Then for
every v € €°, the orbit closure of x, contains all of ,,,,. Hence, given tv € €°, there exists s € I; such
that 5.x,(t0€) = 1. It follows that there exists x € to€ such that s~'(x) is defined and x,(s™'(x)) =1,
which implies that s~ (x) = u for some u € b€*. Hence x = s(u) and thus x € w&0d(u), which implies that
xu~! € oo,
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Now suppose that for all v, to € €°, we have toC€v = @. Take x € j;m and n € 7 arbitrary. Let v € ¢°
be such that n(v€) = 1. Forevery e € J with x (¢) = 1, take a € e and b € d(a)€v. Then 0(ab) = v, so that
ab.n is defined, and we have ab.n(ab) = 1, which implies ab.x (e) = 1. Set x, : = ab.n. By maximality,
x must lie in {x.: e€ J, x(e)=1}.

This concludes the proof of the first part. For the second claim, if there exists v € €° such that
aC N b #£ P for all a, b € v<€, then 92(v) degenerates to a point and /; X dS2 cannot be purely infinite.
Conversely, given v € €° and a basic open set U C d2(v) of the form U = dQ2(x;n) for some x € v€,
n C vl we can find x € UN Q.. Lemma 2.21 implies that there exists z € v€ such that z&€ <x€
and z&€Ny& =9 for all y € y. It follows that every n € Q2 with n(z&) =1 satisfies n € U. Now take
a,b ed(z)CwithaCNbC =P and a' € 0(a)Cv, b’ € 0(b)Cv. Then aa’€ NbY'EC =@ and ad’, bb' € ¥(z)Cv.
We conclude that zaa’.U C U, zbb'.U C U and zaa’.U N zbb'.U = . O]

Now let us prove Theorem A. Let P be a submonoid of a group G. Denote by 1 the identity element
of P and G. The remaining part of this section deals with the special case where € = P.

Definition 5.22. We set G°: ={g e G: (pP)N(gpP) #V VpeP}.

Theorem 5.23. The boundary groupoid 1, x 9S2 for P is effective if and only if G* = {1}.

Proof. We will use the same notation as in [15, Section 5].

First, we show that for all g € G° and x € U,-1 N 92, we have g.x = x. Without loss of generality, we
may assume that x € Q... x € U1 implies that there exists f € J with g7'(f) € J and x(g7'(f)) = 1.
Now take e € J arbitrary. g.x (¢) = 1 if and only if g.x (ef) = 1 if and only if x(g~'(ef)) = 1. Note that
g '(ef) must lie in 7 as well. Assume that x (¢) = 0. By Lemma 2.21, there exists ¢’ € J with x(¢) =1
and ¢'e=0. Take x € ¢'g"'(¢f). Since g € G°, we know that (xP) N (gxP) # @. However, xP C ¢ and
gxP C ef C e. Hence, we obtain a contradiction to ¢'e = 0. This means that for all g € G¢, {g} x U,-1 N
02 CIso(I; x 02)°. So if I; x 92 is effective, then we must have G° = {1}.

Conversely, assume that G° = {1}. If [, x Q2 is not effective, then there exists 1 # g€ G and a
nonempty open set U € U,-1 N0 with {g} x U CIso(l; x 9R). Take x € UN Qyx and e € J with
x(e)=1. Pick an element x € e. g # 1 implies that x"'gx # 1, so that x'gx ¢ G°. Hence, there exists
p € Pwith (pP) N (x"'gxpP) = @. It follows that (g~'xpP) N (xpP) = @. By Lemma 2.21, there exists y, €
Qmax With x.(xpP) = 1. By maximality, x lies in the closure of {x.: e € 7, x(e) = 1}. Hence we can find
X. in U. Now we have 1 = x.(xpP) = g.x.(xpP) = x.(g"'xpP). This contradicts (g~'xpP) N (xpP) = @.
We conclude that /; x 92 must be effective, as desired. O]

Corollary 5.24. (see [15, Section 5.7]) Let P be a submonoid of a group G. If G* = {1}, then 0C;(P) is
simple, and 9C;(P) is purely infinite simple unless P = {1}.

Remark 5.25. As Marcelo Laca and Camila F. Sehnem kindly informed me, Theorem 5.23 and
Corollary 5.24 also follow from [40, Proposition 6.18 and Corollary 6.19].

6. C*-algebras of Garside categories
6.1. Preliminaries on Garside families in small categories

In the following, we give a brief introduction to Garside categories and collect a few facts about Garside
families in small categories which will be needed later on. Our exposition follows [18], where the reader
will find more details (but note that our convention is opposite to the one in [18], as explained at the
beginning of Section 2.1).
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Let € be a left cancellative small category.

Definition 6.1. Given a, b € €, we write a < b if a is a left divisor of b, i.e., b € a€. We write a < b if
b€ C aC. We write a<"b if a is a right divisor of b, i.e., b € €a. We write a<"b if €b C Ca.

We write a =" b if a € b&* (which is equivalent to a€ = b¥).

Definition 6.2. € is called left Noetherian if there exists no infinite sequence ...<as; < a, <a,. € is
called right Noetherian if there exists no infinite sequence . .. <~a;<"a,<"a,. € is called Noetherian if
it is both left and right Noetherian.

The following notion already came up in Remark 2.18.

Definition 6.3. Given a, b, c € €, c is called an mcm of a and b if ¢ is minimal with respect to < among
{de€:a<dand b <d},ie,a=<c, b=<c andforallde Cwitha<dandb<d, ifd<cthend="c.
We write mcm(a, b) for the set of all mecms of a, b € €.

It would be more precise to use the term ‘right mecm’. However, there will be no danger of confusion
because left mcms will not appear in this paper.

Definition 6.4. A finite or infinite sequence s, s, . . . in € is called a path if 0(s;) = t(s,,,) for all k. We
denote this path by s,s, - - -

Definition 6.5. Given & C €, we set G° : = &¢* U €*.

Definition 6.6. A subset S C € is closed under right comultiples if for all r,s € S and a € Ewithr < q,
s <a, there existst€e S withr <t,s<tandt=<a.

Definition 6.7. Suppose S C € is closed under right comultiples, S U €* generates € and & is closed
under right divisors.

A path s, - -5, € &% is called S-normal if forall | <k <I—1and r €S, if r < ;514 then r < sy.
We also call a S-normal path a G-normal word.

For a € €, a G-normal decomposition (or &-normal form) of a is given by a S-normal path s, - - - s,
inS*witha=s,---s,.

G is called a Garside family if every element in € admits a S-normal decomposition.

Our assumption on & is justified by [18, Chapter IV, Proposition 1.23]. We used a simplified version
of normal decomposition (compare [18, Chapter III] for the general definition), which is allowed because

of [18, Chapter IV, Proposition 1.20]. In the following, whenever & is understood, we will drop the prefix
‘G-’ (for instance, we will write ‘normal’ instead of ‘G-normal’).

Remark 6.8. If s, - - -5, is normal, then for all 1 <j <k <landre G, if r <s;--- s, then r X s; (see
[18, Chapter IlI, Proposition 1.12]).

Remark 6.9. If S is a Garside family, then €& C &* by [18, Chapter III, Proposition 1.39].

By choosing one representative in each =*-class, we may (and will) always arrange that for all s,, s, €
G, s; =5, implies s, = s, (see [18, Chapter III, Corollary 1.34], i.e., & is =*-transverse.
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Proposition 6.10. (see [IS, Chapter IlI, Corollary 1.27]) If S is a Garside family which is =*-
transverse, then every a € €\ €* admits a unique normal decomposition s, - - - s; with s, € & \ €* for
alll1 <k<l—1ands €&\ €.

Definition 6.11. Suppose that S is a Garside family which is =*-transverse. Given a € S, we define
lall:=0ifae € and |a| :=1if s, - s is the unique normal decomposition of a as in Proposition
6.10.

There are many criteria which ensure that a subset G of € is a Garside family. We mention the
following example.

Proposition 6.12. (see [18, Chapter 1V, Corollary 2.26]) Suppose that € is left cancellative and
Noetherian. Then G C € is a Garside family if and only if & U €* generates € and &° is closed under
mcms and right divisors.

Definition 6.13. Given G C €, s € G is called an G-head of a € € if s is a maximal left divisor in G of
a with respect to <, i.e., s < a, and every r € G with r < a satisfies r < s.

If G is a Garside family, then by [18, Chapter IV, Proposition 1.24], every noninvertible element a
of € admits an G-head, which is unique if G is =*-transverse. In that case, the G-head will be denoted
by H(a).

The following are immediate consequences of [18, Chapter III, Proposition 1.49].

Proposition 6.14. Suppose that S is a Garside family which is =*-transverse with S N €* = (.

Given a path ay, . .., a, in 6, we have H(a, - - -a,) =H(a, . .. H(a,_,H(a,_,a,)) ... ). If nry--- is
a normal path in G and a, - - - a, is a path in G, then the normal form of a, - - - a,r\r, - - - starts with
H(a1 e a,,rl).

6.2. Classification of closed invariant subspaces

From now on, let € be a countable left cancellative category. Suppose G C € is a subset which generates
€. Given an infinite path w =55, - - - in G, we writew, : =8, -+ - s, W, i =S, and w., : =8, (S0 -+ - .
Moreover, we set 2., : = Q \ {},: x € €}.

Lemma 6.15.

(i) Define a function x,,: J — {0, 1} by setting, for all e € J, x.(e):=1ifw, € e for some n and
Xx.w(e) = 0 otherwise. Then x,, € Q.

Now assume that € is finitely aligned.
(i) Every x € Q. is of the form y,, for some infinite path w in S.
(ii) Given c,d € € with t(d) = t(c) and an infinite path w in &, we have that cd™'.y,, is defined

if and only if there exists n such that d < cw,. In that case, if we have dx, = cw,, then cd™".
Xw = X(?xnw>,,° D

Proof.
(i) Itis immediate that yx,, is indeed a character satisfying the condition in Definition 2.9.
(ii) Given x € Q\ {)x;: x e}, set F,: ={x e € x(x€) = 1}. Write F, = {x;, x5, ... }. Now define

wh:=x,. For n > 1, since x(w" Y€ Nx,&) =1, there exists w" € mecm(w" ), x,) such that
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x (W™ ) = 1. Here, we use that € is finitely aligned and x € €. Since x ¢ {x.: x € €}, we may
assume that w ¢ ¢* for all n. Thus, we can write w" =s{" - - - 5. Now set
W i S(ll) ... SEI)S(IZ) o .. s§2>s(13) “oe e s§3) PEEEE
cT 1 2 3
We claim that x = x,,. Indeed, for x € €, x,,(x&) = 1 if and only if x < w™ for some # if and
only if x(x€) = 1. The last equivalence follows from x (Ww") =1 and x, < w" for all n. Now
our claim follows from Lemma 2.19 (ii).
(iii) cd™'.yx,, is defined if and only if x,,(d) = 1, and hence the first claim follows. If dx, = cw,, then
Aw = XdX"W>n' ThuS, Cd71 Xw = Cdild'XX,,w;n = XL'.\',,W>,,' D

Definition 6.16. We call a subser S C € locally finite if v& is finite for all v € €°.
We call a subset S C € locally bounded if for every v € €°, there exists no infinite sequence s, S5, . . .
nmvSwiths, <s, <....

In the following, a finite or infinite word x in & is called normal if x = s;s, - - - for anormal path s;s, - - - .
In case x is an infinite normal path, we set ||x|| : = co. Given two words x =5, - - - and y=#1, - - - in
G, equality of words x =y means s, =t,,5, =1, ....

Lemma 6.17. Suppose that € is finitely aligned and that G is a Garside family in € with G N ¢* =
which is =*-transverse and locally bounded. Then every x € Q\ {Xn3 ve CO} is of the form x, for some
normal word x. Moreover, given two normal words x and 'y, we have x, = x, if and only if x =y.

Proof. By Lemma 6.15 (ii), there exists w =r,r, - - - (where r,, r,, ... € &) with x = . Set sﬁ") T=

1) . . PR 1 .
Hw,). As s\ <w,,; and s\""" is the maximal left divisor of w,,, we must have s\’ < s'""". Because & is

=*-transverse and locally bounded, it follows that the sequence s\", 53", . . . must be eventually constant,
say eventually equal to s,. We introduce the notation H(w) : = s,. Now define s, : = H(s;'w), ..., s, : =
H(s,' - s;'s;'w),.... Set x=s,5,.... By construction, s;s, - - - is normal. We claim that x = ..

Indeed, proceed inductively on n to show that for all n, there exists N(n) such that x, < wy,: This is true
by construction for n = 1. Now suppose that x, < wy,. Then Xx;‘va<n;»V>N<n>(S"+1) =1 implies that s, <
X 'Wp) for some sufficiently big N(n + 1). It follows that x,,; < W1, as desired. Thus, given z € €,
if x.(z€) =1, then z < x, for some 7, and hence z < x,, < wy,, which implies x,,(z&€) = 1. Let us show

that, conversely, given z € €, if x,(z€) = 1, then x,(z&) = 1. By construction and because of x, < Wy,

the normal form of wy, starts with s;s, - - - s,. It then follows from [18, Chapter III, Proposition 1.14]

that w, < s, - - - 5, = x,,. Hence, given z € €, if x,(z&€) = 1, then z < w, for some n, so that z <w, <x,,
and thus y,(z€) = 1.
Suppose that x =s,s, - - - for a normal path s;s,--- and y=1t,--- for a normal path #,¢, - --. If

Xx = X,» then x,(s;€) =1, hence s, <y, for some n. But since ¢, is the maximal left divisor of y,, this
implies s; < t,. By symmetry, we also obtain ¢, <s,. It follows that s, =" #,. As & is =*-transverse, we
conclude that s, = t,. Now proceed inductively, applying the previous argument to s;'x = 5,55 - - - and
n'y=tt -, using that 1, =57 . =17 X, = X, O

From now on, in the remaining part of Section 6, we will assume the following:

Standing assumptions: ¢ is finitely aligned and & is a Garside family in € with & N €* = ¢ which
is =*-transverse and locally bounded.

Let W be the set of (nonempty) normal words in &. Then Lemma 6.17 implies that there is a one-to-

one correspondence W LI €° = Q, w > ,,, b — x,. In the following, to simplify notation, given x € €,
we will denote x€ by x.

Lemma 6.18. Given a sequence w” € W and w € W, we have lim; x,,o = x,, if and only if for all n, w,
is maximal with respect to < among {v € €: |v|| <n, v < w? for almost all i}.
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If & is locally finite, then {x.} is open for every x € €, Q. is closed, and given a sequence w € W
and w € W, we have liny; x,.0 = x,, if and only if for all n, w, = w? for almost all i.

Proof. The first part follows from the following observations: Given v € € with ||v|| < n, we have that
lim; x,o(v) =1 if and only if v < w® for almost all i, whereas x,,(v) = 1 if and only if v < w,.

For the second part, if S is locally finite, we have {y.} = Q(x;0(x)&) is open for all x € € and thus
Qo =Q\ U,ce (1.} is closed. Moreover, we claim that w, is maximal among {v € C: |[v|| <n, v <
w!? for almost all i} with respect to < if and only if w, =w!” for almost all i. Indeed, by deleting the
first few elements of the sequence, we may assume that w, < w® for all i. If we do not have w, = w?
for almost all #, then by passing to a subsequence, we may arrange w, < w” for all i. Since & is locally
finite, &" is also locally finite. Hence, by further passing to a subsequence, we may arrange that w” is
constant, say equal to v. It follows that w, < v, and thus x,« does not converge to y,, by the first part.
This is a contradiction. O]

Given a sequence s” in & and s € G U &°, we write lim; s” = s if s is maximal with respect to <
among {r e G U r <52 for almost all i}.
In the following, we denote I, x Q2 by G.

Proposition 6.19. Suppose that V C W 11 ¢°.

Given a normal word in &, w=s,5, - -+, we have x, € G.{x,: v €V} if and only if for all j, there
exists a sequence VW inV such that for all i, there exist a; € € and m; € N with |VO| < m; or a; € C0(v?)
if V0 € € such that, if we set s : = H (av®,) in the first case or s\ : = H(a;) in the second case, then
lim; sj(«i) =5

Forw € €% we have x, € G. {x,: v €V} if and only if to € V or there exists a sequence v in'V such
that for all i, there exist a; € € and m; € N with |V7| < m; or a; € C0(?) if v € € such that, if we set

5O = H(ap®, ) in the first case or s : = H(a;) in the second case, then lim; s = rv.

Proof. We prove the first claim, the argument for the second claim is analogous.

For “«<”, write ;0 : = a;(r\’ - - "52,1)71' X0 in the first case and x;o : = a;(v?)~'. x,o in the second
case. Then x;0 € G. {x,: v € V}. Moreover, the normal form of 7 starts with s}”. By compactness of
€2(t(s;)), we may assume without loss of generality that x;» converges to x.. Then x, € G. {x,: ve V}.
The assumption lim; s\’ =5, implies that the normal form of x starts with s;. Now set x,o :=
(81 -+ 8j_1)-Xx- Then the normal form of w¥ starts with s, - - - 5;. Since the normal form of w also starts
with s; - - - 5;, we conclude that lim; x,.» = X, as desired.

Now we show “=". Without loss of generality, we may assume that j = 1. Assume that we can

find ¢;, d; € € with t(d;) = t(c;) and v € V such that lim; d"'¢;. x,0 = x,,. By Lemma 6.15 (iii), we can

write d7' ¢ 0 = Xan®, for some a; € € or d'¢c;. x,0 = X, for some a; € €Cd(»?) (which implies v €
¢). The normal decomposition of a,-v(fM starts with s\ : = H (a,-v(i)N[) in the first case, and the normal
decomposition of a; starts with s(l’) : = H(a;) in the second case. Then lim, d;'c;. x,o = x,, implies that
lim; s = 5,, as desired. O

Definition 6.20. Let T C S and ® < ¢,

(i) (%,D)is called admissible if for all t € T, there exists t' € T such that t t’ is normal or 0(t) € ®.
(ii) (%,9) is called H-invariant if for all a € €\ € and x € TUD with 0(a) = t(x), H(ax) lies
in%.
(iii) (%,D) is called max%-closed if for every sequence t; in X, if lim; t; exists in G, then lim; t; €
TUD.

Definition 6.21. Given X C , let YV C W L D° be such that X = {x,: v € V}.
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Define T(X):={reS:t=v_;forsomeve VNWandie N} and @(X)::Vﬂ@“:{ne@’:
XUGX}.

Lemma 6.22. (T, D) is admissible if and only if there exists X C Q such that ¥ = T(X) and ® = D(X).
(TX), D(X)) is H-invariant and max?% -closed if and only if X is G-invariant and closed.

Proof. For the first claim, to see “<"”, suppose that t =v_;. Then tv_;,, is normal if ||v|| > i+ 1, and
0(s) € ® if ||v|| =i. For “=", given t € ¥, we can inductively construct an infinite normal word in T
starting with ¢ or a finite normal word with 9 in ©.

For the second claim, “=" follows from Proposition 6.19. For “<”, if X={x,:veV} is G-
invariant, then (%,®) is H-invariant because of Proposition 6.14, and if X is closed, then by
compactness of (v) for all v € €® and Proposition 6.19, (T,®) is max>-closed, where ¥ =
{teG:t=v_ forsomeve VNWandieN}and®=VNe*={ve e’ x, eX}. O

Given (T, D), there is a smallest H-invariant and max%-closed pair (f, 5) containing (T, ®), which
can be constructed by adjoining elements H(ax) (for a ec \ €*, x € TUD with 0(a) = t(x)) and lim; ¢;
(for sequences ¢; in ) step by step and taking the union at the end. Similarly, given (¥, ®), there is a
biggest admissible pair (i, b) contained in (¥, ®), which can be constructed by deleting elements ¢ for
which there does not exist ¢ € T such that ¢ £ is normal and for which ?(¢) ¢ ® step by step and taking
the intersection at the end.

Corollary 6.23. If (%, D) is admissible, then (%, D) is admissible. In addition, (T, D) is obtained by
first adjoining elements H(ax) (for a € €\ €, x € ¥ UD with 0(a) = t(x)) and then adjoining elements
of the form lim, 1;, i.e., this process does not have to be repeated.

Suppose that (T, D) is H-invariant and max%-closed. Then (f, ©) H-invariant and max%-closed.

Proof. Let us prove the first claim. By Lemma 6.22, there exists X C € such that T =%(X) and
D =D(X). It now follows from Proposition 6.19 that (T, D) = (%(G.X), ©(G.X)), and that (T, D) is
obtained by first adjoining elements H(ax) (fora € € \ €*, x € T U D with 0(a) = t(x)) and then adjoining
elements of the form lim; 7; (i.e., this process does not have to be repeated).

Now we prove the second claim. It follows from the first c_laim that (é, ’iv)) is admissible. Moreover,
since (¥, ®) is H-invariant and max?—closed, we must have ¥ C % and @) C ®. Hence, by maximality

of (f, 55), we conclude that (i, ’}5) = (%, 5). O
Definition 6.24. Let T C S and D C €°. We set X(T, D) :={x,: v, € TV ie N} U {x,: b € D}.

Theorem 6.25. The maps X +— (T(X), D (X)) and X(T, D)(X, D) establish an inclusion-preserving one-
to-one correspondence between G-invariant, closed subspaces of 2 and admissible, H-invariant, max? -
closed pairs (T, D) with T C S and D C €°.

Here, we write (%,,9,) C(%,,9,)if ¥, C T, and D, C D,.

Proof. Lemma 6.22 implies that these maps are well-defined. Moreover, Lemma 6.22 implies that
T=T(X(%,®)) and © =D (X(%T, D)). Finally, it remains to show that X(T(X), D (X)) = X. “D” is clear.
For “C”, take yx, € X(T(X), D(X)). If v € €°, then yx, € X. If v € W, then, for all i € N with i < ||v||, there
exists w € W with y,, € X and w_; = v_;. It then follows from Proposition 6.19 that x, € X because X is
G-invariant and closed. It is clear that the maps preserve inclusions. 0

Corollary 6.26. If G is locally finite, then the maps X — (T(X), D(X)) and X(T, D)%, D) establish

an inclusion-preserving one-to-one correspondence between G-invariant, closed subspaces of Q and
admissible, H-invariant pairs (T, D) with ¥ C & and D C ¢°,
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Proof. This follows from Theorem 6.25 because every pair (T, D) is automatically max%’-closed as
G is locally finite. O

Next we characterise G-invariant, closed subsets which are contained in the boundary.

Definition 6.27. Let D .., be the subset of all v € €° with v€ = vC*. Define
Tty © = {teG:Vng(t)G with# F < 00, ﬁeGerFﬂxe@withxﬂf:(f)erF}

U {t € G: 3 finite normal path v and i < ||v||withv_; =t and 0(v) € D .x} -

Proposition 6.28. We have ©,,,, = D (Rmnax) and T(Q2pnax) S Fniax S T(IQ).

Proof. The first claim is clear. Now take t € T(2,..x). Then there exists x,, € Q. With w_; =1¢. If
w is a finite normal path, then d(w) € ® ... Now suppose that w is an infinite normal path. As 2.
is G-invariant, we may assume i = 1. Take a finite subset F C 0(f)& with 7 € G for all tit € F. Then
X (1) =0 for all 7 € F. By Lemma 2.21, there exists x € € with x,(&x)=1and txNt =@ for all 7 € F.
Hence, x N7 = for all f € F, and we conclude that t € Ty,,. To show Ty, S T(IQ), take t € Ty If
there exists a finite normal path vand i < ||v|| withv_; =t and d(v) € D .., then x, € Q. and € T(I2).
Now suppose that for all finite subsets F C 9(+)& with 7 € G forall 7 € F, there exists x € € withx N7 =0
for all 7 € F. It suffices to show that there exists x,, € 92 with w € YW and w, = t. Order all finite subsets
F Co(1)& with 1 € G for all 7 € F by inclusion and find xr € Q. With xz(tx) = 1. Such xr exist by
Lemma 2.21. By compactness of €({(¢)), we may assume that limy x» = x,, € 9€2. Then xx(f) =1 for
all F while y,(f) = 0 whenever 7 € F. It follows that w, = ¢, as desired. O

The following are immediate consequences.

Corollary 6.29. We have (T(9€2), D(02)) = (Tntax> D max)- Under the correspondence in Theorem 6.25,
a G-invariant, closed subspace X is contained in 92 if and only if (¥(X), D(X)) € (Tmax> Dmax)-

Lemma 6.30. If S is locally finite, then
Tvn = {1 €G: Ax € CwithxNT=P VT 0(s)S with i € &}
U {t € G: 3 finite normal path v and i < ||v||with v_; = tand 0(v) € D .y} -
Moreover, Ty = T(Lmax)-
Proof. The first claim follows since # 0(#)S < 0o as & is locally finite. For the second claim, it suffices
to show that Ty € TQmax)- Given t € Ty, take x € € with xNF=¢ for all 7 € 0(s)S with € &.

By Lemma 2.21, there exists x,, € Qm.x (Where w € W) with x,,(x) = 1. It then follows that w, =1, as
desired. O]

6.3. Topological freeness and local contractiveness

Let us establish a sufficient condition for topological freeness.

Proposition 6.31. Let (%,,,) and (%,,D,) be admissible, H-invariant and max%-closed pairs with
(T1,D1) C(%,,D,). Set X, : = X(T,.,D,) for « = 1, 2. Assume that v€*v = v forall v € D, \ D, and that
for all finite normal paths a, b in G with t(a) = t(b), 0(a) =0(b), a; # b, and s € T, \ T, withd(s) = 0(a),
there existst € T, \ T, suchthat s t is normal and H(at) # H(bt). Then I, x (X, \ X)) is topologically free.

Proof. Given c,d € € with 0(c) = 0(d) and a basic open set U = (X, \ X,)(x;0) € Q(d), where x € €
and y) C € is a finite set, we want to show that [cd~!, U1 N U # @ or there exists x € U with cd™'.x # x.
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If there exists a finite normal word w with y, € U, then we must have ?(v) € D, \ D,, and cd~'.x, =
X, implies that cd™'(v) = vu for some u € 9(w)EC*0(w) = 0(w) (the last equality holds by assumption).
Hence, cd~'(v) = v and thus [c¢d~ !, x,] = x.-

Now suppose that there is an infinite normal word v with x, € U. Set L : = max {||y||: y € y}. Then we
claim that for every normal word v’ with ||V'|| > L, v, =v, and x/ € X, \ X, imply that x € U. Indeed,
given y €, if x /(y) =1, then y </, for some n, which would imply y <v'; =v, by [18, Chapter III,
Proposition 1.14], contradicting x,(y) = 0. Now if ¢v, = dv;, then c¢d'(v;) = v, and hence [cd', x,] =
Xv- If cvp # dv, then we can find finite normal paths r, a, b with a, # b, such that cv; = ra and dv, = rb.
For s =v_;, there exists by assumption € %, \ ¥,. Thus, we can find a normal word w with w; =¢
such that x,, € X, \ X;. Since s ¢ is normal, we obtain that v, is normal, so that yx,,,, € U. Now write
aw = H(at)z, and bw = H(bt)z, for some normal words z, and z,. We conclude that

C‘XVLW =CVe Xw =Ta. Xy = r-XH(ut)z” ;é r'XH(bt)zb = rb'Xw = de'XW = d'Xva'
Next, we present a sufficient condition for local contractiveness.

Proposition 6.32. Suppose that € is left Noetherian. Let (T,,9,) and (%,,,) be two admissible,
H-invariant and max® -closed pairs with (T, 9,) C (%,,D,). Set X, : =X(%,,D,) for * = 1, 2. Assume
that for every admissible, H-invariant and max®-closed pair (T, D) with (T;, D) € (T, D) C (%,,D,),
there exists an infinite normal path in T, \ T. Further suppose that for all finite normal paths c in T, \ T,
there exists a maximal element s € %, \ ¥, with respect to < together with a normal path p such that cps
is normal and two distinct normal paths q,, q, such that sq,c and sq.c are normal. Then I, X (X, \ X;)
is locally contractive.

Proof. As above, suppose that we are given a basic open set U = (X, \ X;)(x;9) € Q(c™'(c N d)), where
x e € and y C € is a finite set. Our first assumption implies that there exists an infinite normal word v
such that y, € U. Set L: = max {||y||: y € v} and ¢ : = v;. As shown above, for every normal word v’ with
IVIl>L,V.=cand x € X;\ X, imply that x, € U.

Now let {#;} be the minimal elements with respect to < among {r € G: st € T,}. The elements ¢; exist
because € is left Noetherian. Without loss of generality assume that ; # #; for all i # j. Now we claim
that # {t;} < oco. If not, then we show that by passing to a subsequence, we may arrange lim; st; = st
for some t € G U €°. Indeed, if s is not maximal among {r € &: r < st; for almost all i}, by passing to a
subsequence we may arrange that there exists ¥ € & with s’ < st, for all i. If st” is not maximal among
{r e &: r < st; for almost all i}, then we obtain, by passing to a subsequence if necessary, an element
t" € G with ¢ < ¢’ such that s’ < st; for all i. Continuing this way, we obtain a sequence ¥ <’ <. ..,
contradicting our assumption that & is locally bounded. So there exists r € & such that st is maximal
among {r € &: r < st; for almost all i}. It follows that lim; s¢; = sz. If £ = ¢; for some j, then st = st; < ¢,
implies #; < t; and hence #; = ¢; by minimality. But #; # ¢, for all i # j. So st < st; for all i. Since (T, D)
is max%-closed, we must have st € T,. This contradicts minimality of #; unless r = d(s), which would
contradict s ¢ T,. So we conclude that # {t,} < oo, say {t.} = {r,,....1}.

Define V: = {x € X,(0(s)): x(¢,) =0V 1 <i <j}. Given a normal word z in ¥, such that x, € V, we
claim that cpsz is normal. Indeed, this follows from H(sz) = s, which is shown as follows: If H(sz) = st €
G, then st € T, because (%,,9,) is H-invariant. If st # s, then st € T; because s is maximal in T, \ ¥;.
Now H(sz) = st implies that x,,(st) = 1 and hence x.(r) = 1. But x, € V implies that x,(#) =0, which is
a contradiction. Moreover, H(sz) =s and s € %, \ T, imply that z must be a normal word in %, \ T,. It
follows that cps.V C X, \ X;. In addition, we have V # ). Indeed, as s lies in ‘%, \ ¥}, there exists a normal

word w starting with s, say w = ss;s, - - -, such that x,, € X,. Thens~'.x,, = x,-1,,, where s 'w=s5, - - -,
must lie in V because s~'.x,,(t;,) = 1 would imply #; < s, - - - 5, for some n and thus st; < ss, - - - 5,. But
this, together with st; € &, would contradict that ss;s, - - - is normal.

Our findings imply that cps.V € U. Now the bisection [cpsq;, cps.V] has source cps.V C U and range
cpsqicps.V C cps.V because (cpsq cps.V) N (cpsq.cps.V) = 0. O
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We derive the following consequences with the help of [6].

Corollary 6.33. Suppose that I, x Q2 is Hausdorff, inner exact in the sense of [2, Definition 3.7] and
[6, Definition 3.5], € = €°, and that every admissible, H-invariant and max®-closed pair (T, D) has
the property that for all finite normal paths a, b in S with t(a) = t(b), 0(a) = 0(b), ay #b, and s ¥
with 0(s) = 0(a), there exists t € T such that s t is normal and H(at) # H(bt). Then the map (%, D) +—
(Co(R2\ X(T,D))) establishes an inclusion-preserving one-to-one correspondence between admissible,
H-invariant, max%-closed pairs (¥, D) with T C & and © C €° and ideals of CH(I, x Q).

Suppose, in addition, that € is left Noetherian, and that every admissible, H-invariant and max®>-
closed pair (T,9) satisfies the following: For every admissible, H-invariant and max>-closed pair
(T, D) with (V,D") C(%,D), there exists an infinite normal path in T\ ¥, and for all_ﬁnite normal
paths c in %, there exists a maximal element s € ¥ with respect to <X together with a normal path p
such that cps is normal and two distinct normal paths q,, q, such that sq,c and sq.c are normal. Then
Cx(I; x Q) is strongly purely infinite.

Proof. Proposition 6.31 implies that I, x €2 is essentially principal, in the sense of [6, Section 2.1].
Now our first claim follows from [6, Corollary 3.12]. The second claim follows from Proposition 6.32
and [6, Theorem 4.2]. O]

7. Examples

We apply our findings to two concrete classes of examples, higher rank graphs, and Artin—Tits monoids.

7.1. Higher rank graphs

Let P = Zg, where Zy,=1{0, 1,2, 3, . ..} denotes the set of nonnegative integers. A higher rank graph is
a small category € equipped with a P-valued degree map, i.e., a functor : € — P such that the following
unique factorisation property holds: For all ¢ € € with (c) = pg, there exist a, b € € with ¢ = ab, (a) =p,
(b) =g, and if we have ¢ = a'b’ for some @', b’ € € with (a’) =p, (V') = ¢, then ' = a and b’ = b. Note
that € is automatically cancellative, and we have €* = ¢°,

C*-algebras attached to higher rank graphs have been introduced in [36]. Given a higher rank graph
¢, its C*-algebra in the sense of [36, 59, 60] is canonically isomorphic to C¥(I; x 9€2) (see [31, 68]). In
the following, we want to apply our findings to higher rank graphs. In particular, our goal is to classify
closed invariant subspaces of €2 and to compare our results with previous work.

First, we need to find a Garside family in €. This will be discussed in [45, Section 6] in more
detail and in a more general context. In the following, we simply summarise what we need in
our specific situation. First, since P is Noetherian, then so is €. Moreover, € has disjoint mcms
in the following sense: Given v € €° and a, b € v€, take C C v€ such that the canonical projection
¢ — €/ induces a bijection C — ("'(Iem(a, b)) N (a€ N bE)). Then a€ NbE = [l.ccc€. Let Sp:=
{0,...,00#P1,....p)€P:0<p; <1V 1<j<k} Let &:=""(Sp). Then & is a Garside family in
¢ which is always locally bounded.

In the following, we will always assume that € is finitely aligned (which is not automatic in general).
To give an example for a sufficient condition, if v=!(p) < co for all v € €° and p € P, then € is finitely
aligned. Actually, in that case G will be locally finite. Note that in the literature, higher rank graphs with
locally finite G are called row-finite.

Let us now apply the classification of closed invariant subspaces of €2 in our situation. First observe
that given s, r € G, s ¢ is normal if and only if (s) > (¢). Moreover, a € G is an atom if and only if (a) is
one of the standard generators of P. The following are easy to see.

Lemma 7.1. (T, D) C (G, €% is admissible if and only if the following is satisfied:
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(A) For every t € X there exists t € T with (t) > (¢) or 0(¢) € D.

(T,9) C (6, € is H-invariant if and only if the following is satisfied:

(I) For every t € ¥ UD and every atom a with 0(a) = t(1), if (a) £ (¢), then at € T, and if (a) < (t) and
t = rs with (s) = (a), then ar € .

(%,D) C (6, € is max>-closed if and only if the following is satisfied:

(C) Given a sequence az; € T with (z;) =d € P, if whenever ¢ <d is a standard generator of P and
s; X z; satisfies (s;) = &, we must have s; # s; for all i # j, thena € TUD.

With these observations, we obtain the following applications of Theorem 6.25 and Corollary 6.26.
As before, we write G : =1, X Q.

Corollary 7.2. Suppose that € is a countable, finitely aligned higher rank graph. Then the maps X —
(X)), (X)) and X(T, D)(X, D) establish an inclusion-preserving one-to-one correspondence between
G-invariant, closed subspaces of @ and pairs (T, D) with T C & and ® C ¢° satisfying conditions (A),
(1) and (C).

If, in addition,  is locally finite, then the maps X — (¥(X), D (X)) and X(T, D)(T, D) establish an
inclusion-preserving one-to-one correspondence between G-invariant, closed subspaces of 2 and pairs
(T,D) with ¥ C & and D C € satisfying conditions (A) and (I).

Moreover, Proposition 6.31 yields the following sufficient condition for topological freeness, and
hence also effectiveness since our groupoids are Hausdorff (as € is cancellative and finitely aligned).

Corollary 7.3. Suppose that € is a countable, finitely aligned higher rank graph. Let (T, D) satisfy
(A), (I) and (C). Set X : = X(%, D). Assume that for all finite normal paths a, b in G with t(a) = «(b),
0(a) =0(b), a, # b, and d € (%), there exists t € ¥ such that (t) =d and H(at) # H(bt). Then I, x X is
effective.

Let us now consider the boundary. The following are consequences of Corollary 6.29 and
Lemma 6.30.

Corollary 7.4. Suppose that € is a countable higher rank graph which is locally convex such that S is
locally finite. Then, for all v € €°,

D %vax = 0T(Qnax) = {5 € 06: (s) = max {(r): r e vS}}.

Under the correspondence in Corollary 7.2, a G-invariant, closed subspace X is contained in 92 if and
Ol’lly lf(‘I(X)s Q(X)) g (TMax, Qmax)'

Let us compare this last result with the classification of gauge-invariant ideals of higher rank graph
C*-algebras in [59]. In the following, we write 9G : = I, X 9€2.

Lemma 7.5. Let € be a countable, finitely aligned higher rank graph. An ideal I of the C*-algebra
CH(0G) of € is gauge-invariant if and only if it is induced from an open invariant subspace of 9Q, in the
sense that I = (Co(U)) = Ci(I; x U) for some open, 0G-invariant subspace U C 3S2.

Proof. Let 6 be the canonical conditional expectation on C*(dG) given by averaging over the gauge
action. If 1 is gauge-invariant, then 6(/) C 1. Now the image of 6 is given by C*(H), where H is the
subgroupoid of 3G describing C*(3G)? identified in [61]. As H is principal, it follows from [6] that the
ideal (1) is induced, i.e., if 6': C:(H) — Co(9S2) is the canonical conditional expectation, then 8'(6(1)) C
0(I). So we conclude that (8'(6(1))) 1. Now 6’ o0 is the canonical conditional expectation C?(I; X
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aQ2) — Cy(02), and we always have I C (6'(6(1))). As 6'(6(])) is an ideal of Cy(9£2), it must be of the
form Cy(U) for some open, dG-invariant subspace U C 9€2. O]

In [59], it was shown that gauge-invariant ideals of C*(9dG) are in one-to-one correspondence to
hereditary, saturated subsets $) C €°. The following result enables us to translate between this result in
[59] and Corollary 7.4.

Lemma 7.6. The assignment (%, ) — H(T, D) : = {U e 9Q(p) CIN\ X(T, CD)} defines a one-to-
one correspondence between pairs (£, ) with (T(X), (X)) C (Tmax> Omax) sSatisfying conditions (A)
and (I) and hereditary, saturated subsets $) C €°.

Proof. First of all, (%, D) is hereditary. Indeed, given a € € with t(a) = v and 0(a)v, where 9Q2(10) €
02\ X(%, D), take an infinite normal word x with x, € 02 and t(x) = v. Then a.x, € 9Q \ X(%, D) as
t(ax) =1. As 02\ X(T,®) is dG-invariant, it follows that x, € 02 \ X(¥, D), as desired. Moreover,
H(T, D) is saturated because we have Uuef)(g,@) CpaQ CIN\ X(F,9).

Now given a hereditary, saturated subset $ C €°, define O($) : =, 5 C00€2. We claim that 9€2 \
X(T,D)=0H(%,D)). ‘D’ is clear. To show ‘C’, take an infinite normal word x = s,s, - - - with x, €
a2\ X(%, D). Then there exists n such that s, ; ¢ T and thus sy ¢ T forall N > n + 1. We then claim that
0 =0(s,41) € H(T, D). Indeed, if there exists ¢ € T with t(f) = v, then (r) = max {(r): r € v&}. It follows
that (¢) = (s,4»). Hence s, is normal. Since (T, ®) is H-invariant, that would imply s, € ¥, which is
a contradiction. This shows that x, € (s, - - - 5,5,41).022(0) C O(H(%, D)), as desired. The conclusion is
that the map (T, D) — H(T, D) — O(H(T, D)) is a bijection between pairs (T, D) with (T(X), D(X)) <
(Twtax> DO max) satisfying conditions (A) and (I) and dG-invariant, open subsets of 3€2.

Hence, it suffices to show that the map $ — O($)) is injective. We claim that for every hereditary,
saturated subset $ C €¢°, we have § = {n €% 9Q(v) C (’)(56)}. Indeed, ‘C’ is clear, and for ‘2’, sup-
pose that v € €0 satisfies 9Q(0) € O(H) = UbEfj €9Q2(v). Then, by compactness of d€2(tv), there exist
finitely many g, € € and v; € § with 9Q(r0) C | J;_, @;.0€2(v,). It follows that {a;} must be exhaustive in
the sense of [65], and thus tv € $) because §) is saturated. O]

Remark 7.7. It would also be interesting to compare our results with the ones in [65] for more general
finitely aligned higher rank graphs.

Finally, we specialise to one vertex higher rank graphs.

Corollary 7.8. Suppose that € is a countable, finitely aligned higher rank graph with one vertex. In that
case S is locally finite if and only if it is finite.

If G is finite, then Corollary 7.2 yields a one-to-one correspondence between >-closed subsets T C Sp
and G-invariant, closed subspaces of Q. given by T — X(~'(T), @). Moreover, if for every standard gen-
erator € of P, #7'(e) > 2, then I, x (X, \ X)) is locally contractive for all G-invariant, closed subspaces
X, C X, of Q.. Furthermore, if for all finite normal paths a, b in G with t(a) = «(b), 0(a) = 0(b), a, # b,
and d € T, there exists t € € such that (t) = d and H(at) # H(bt), then I, X X(T) is effective.

If G is infinite, then Corollary 7.2 yields a one-to-one correspondence between >-closed subsets
T C Sp and G-invariant, closed subspaces of , given by T — X(T) : = X("'(T), €°). Moreover, if for
every standard generator ¢ of P, #7'(¢) > 2, then I, x (X, \ X)) is locally contractive for all G-invariant,
closed subspaces X, C X, of 2. Furthermore, if for all finite normal paths a, b in & with t(a) = t(b),
0(a) =0(b), a, #b, and d € T, there exists t € € such that (t) = d and H(at) # H(bt), then I, x X(T) is
effective.

Remark 7.9. The general results in Theorem 6.25 and Corollary 6.26 can also be applied to monoids
and categories arising from self-similar actions of groups and groupoids on graphs and higher rank
graphs as in [1, 3, 26, 39] (see [45, Remark 7.10]).
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7.2. Artin-Tits monoids

In the following, we analyse reduced C*-algebras of Artin—Tits monoids using our general approach for
Garside categories. Recall that an Artin—Tits monoid P is given by the following presentation:

P=(A| (ab)"# = (ba)™' ¥ a,b e A)",

where A is a set (the set of atoms), m,, € {2,3,...}U{oco} with m,, =m,,, and (ab)™* denotes
the alternating word abab - - - of length m,,,. If m,;, = m,, = 00, then it is understood that (ab)"™! =
(ba)™»< simply means that we do not add a relation involving a and b. For more information about
Artin—Tits monoids and groups, the reader may consult for instance [7, 10, 11]. In the following, given
x € P, we write L(x): ={a€A:a=<x}and R(x):={a €A: ax"x}. It was recently shown in [22] (see
also [19]) that there exists a finite Garside family in every finitely generated Artin—Tits monoid.

Theorem 7.10. Let P be a finitely generated, irreducible, non-spherical Artin-Tits monoid and S C P
a finite Garside family. Suppose T C S is such that (T, V) is admissible, H-invariant and max%-closed.
Then A T and hence T = S.

Proof. Let A* C A be maximal such that A, : =lcm {a: a € A*} exists. By assumption, A° # A because
otherwise, P would be spherical by [7]. Take 7€ T arbitrary and form x;: = A,t. We must have
A* = L(x;). Indeed, if b € L(x;) and b ¢ A®, then lcm(b, A,s) would exist, contradicting maximality of
A*.LetA,,...,A,betheirreducible components of A*. We proceed inductively on n. Since A® # A, there
exista, € A, and a, € A, together with by, ..., by € A\ A* suchthatm,, ;,, My, pys - - s My, iys Moy > 2.
Foralll <m <n,setA, :=Icm{a:acA,}. Wehave a; Zb; A1 Ayx;:If a; < by A Ayxy, thenm,, ,, > 2
implies that b,a,b, < lem(b,, a;) < by A, A,x, and thus b; < a;' A, A,x,. We claim that this would imply
b, < x,. Indeed, write al“AlAz =c, ---¢forsomec,...,c;eA UA,. by <c,---cux implies ¢,b; <
lem(cy, b)) < c; - - - ¢x; and thus b; < ¢, - - - ¢;x,. Now proceeding inductively, we end up with b, < x|,
which is a contradiction. So a; £ b; A, A,x,. Similarly, we obtain b,, a; Z b,b;A;Ayx, .. ., and finally
by, by_1,...,b1,a; A abyby_y - - - bybi A Ayx,. Set x; 1 = abyby_y - - - boby Ay Ayx,. We conclude that
L(x) CA\{a,}UA,U---UA,. By [46, Proposition 4.38], there exists a normal path g, ---g; in
A, with £(g)) ={a,} and L(g) =A, \ {a,}. Define AV:=A,-.- A, and AV:=A,U...UA,. Then
L(g;AD)=L(g) UA? and R(g;AV)=TR(g;) UAD for all 1 <j <k. If we now set g;: = g;A", then
g1+ g isnormal. Withx; : =g/, - - - g'4x,, we obtain L(x3) = {a,} UA". Let by, . . ., by be as above.
Wehave a; £ bya,x; as b, £ x3, and proceeding inductively, we arrive at by, . . ., by, a; Z aby . . . biaxs.
Hence, with x, : = ayby . . . bia,x;, we obtain L(x,) € AV, Repeating this process, we arrive at an ele-
ment x of the form pt for some p € P with L(x) = {a} for some a € A. Now suppose thata’ € A is arbitrary.
Since P is irreducible, there exist d,, . . . ,dy € A such that m, 4, My, 4ys - . . s May > m, ;> 2. An anal-
ogous argument as above shows thatdy, . ..,d,a Zd'dy - - - d\ax. Hence, with y: =d'd), - - - dyax, y is
of the form ¢t for some g € P, and we have L(y) = {¢'}. It follows that H(a'y) =a' € T, as desired. [J

Recall that P is called left reversible if pP N gP # @ for all p, g € P. If our irreducible Artin—Tits
monoid P is not finitely generated, P is left reversible if and only if P is the increasing union of finitely
generated, irreducible, spherical Artin—Tits submonoids.

Theorem 7.11. Let P be an irreducible Artin—Tits monoid which is not finitely generated. If P is not left
reversible, then Q2 is minimal.

Proof. Given F C A, we write P : = (F)" C P. Let U = Q(x;p) be a basic open set and F' C A a finite
subset with x € Py, ) C Pr. As P is not left reversible, we may assume that P is not left reversible and
thus not spherical. Moreover, as P is irreducible, there exists a finite subset FCAwithF - F such that P
is irreducible. Since Py is not spherical, Py is not spherical, either. This follows from the fact that Artin—
Tits presentations are complete for right reversing by [17], which implies that Icms in Py of elements in
Py coincide with their lems in P (see [16, Proposition 6.10]). Now F C F implies that U N Qf,, # 0.
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Hence, because P is irreducible and not spherical, Theorem 7.10 implies that U N 927 # @ and thus
UN Qfmax 9. By Lemma 2.21, there exists z € Pr with x <z and zNy =0 in Py for all y e y. Now
we again use that Artin—Tits presentations are complete for right reversing by [17], so that lcms in Pz
of elements in Pz coincide with their Icms in P by [16, Proposition 6.10]. It follows that zNy =@ in P
for all y € y. By Lemma 2.21, there exists x € Q. With x(z) = 1. Thus, we have found a character x in
UN Q. Hence, 02 = Q. O]

Let Ker, be the boundary ideal, i.e., the kernel of the canonical quotient map C;(P) — dC;(P).

Theorem 7.12. Let P be an irreducible Artin-Tits monoid which is not finitely generated. If P is left
reversible, then Ker, is simple. In particular, Q \ {oo} is minimal.

Proof. Let F C A and Py : = (F)* C P. Let X be the left regular representation of P. First we want to
identify C;(Pr) with the sub-C*-algebra C*(A(Pr)) of C;(P) generated by the image of P under A. The
inclusion Py C P allows us to view £>Py as a subspace of ¢*>P. Restriction to this subspace induces
a homomorphism C*(A(Pr)) — C;(Pr), which restricts to an isomorphism of diagonal subalgebras

D(ML(Pp)) = C(R2p,.), where D(A(Pr)) = C*(A(Pr)) N C(R2). Using the commutative diagram

C*(AU(PF)) — Ci(PF)

l |

D(A(PF)) —— C(Qp;)

whose vertical arrows are the canonical faithful conditional expectations, a standard argument shows that
the homomorphism C*(A(Pr)) — C;(Pr) we just constructed is an isomorphism. Identifying C*(A(Pp))
with C;(Pr), we obtain C;(P) =, C;(Pr), where F runs through an increasing and exhausting family
of finite subsets of A such that Py is irreducible and spherical. Using for instance [5, 11.8.2.4], we deduce
that Ker, = | J,. Ker, ». Now let J be an ideal of Ker,. Then J = | J. J N Ker, » (again by [5, I1.8.2.4]). By
[46, Theorem 4.39], we must have J N Ker; r € {(O), Kr, Kerr,,,F}, where Ky = K(€*Pr). If J N Ker, ;=
(0) for all F, then clearly J = (0). If there exists F' with J N Ker,  # (0), then X € J N Ker,z, and it
follows that for all F with F C F, we have J N Ker, » = Ker, 7 because (Kr)x., . # (0), Kz and hence

Kera'F
Kery r = (’CF)Kera,p C J N Ker, 7. In that case, we conclude that J = Ker,, as desired. O]

Corollary 7.13. Let P be an irreducible Artin—Tits monoid. If P is a finitely generated and spherical,
then Q, Q, and 02 = {oo} are the only closed invariant subspaces of 2. If P is finitely generated and
not spherical, then Q and Q2., = 02 are the only closed invariant subspaces of Q2. If P is not finitely
generated and left reversible, then Q2 and 02 = {00} are the only closed invariant subspaces of Q2. If P
is not finitely generated and not left reversible, then 2 is minimal.

Lemma 7.14. Let P be an irreducible Artin—Tits monoid. If P is left reversible, then G acts topologically
freely on every closed invariant subspace of 2 \ {oo}. If P is not left reversible, then G acts topologically
freely on every closed invariant subspace of 2.

Proof. If P is finitely generated and spherical, then the only closed invariant subspaces of 2\ {oo}
are Q \ {oo} and 2, \ {oo}. On the first one, the G-action is topologically free because P* = {1} implies
that G ~ Q2 is topologically free. Topological freeness of G ~ Q2 \ {oo} follows from (the proof of)
[46, Theorem 4.39]. If P is not finitely generated and left reversible, then 2\ {oco} is minimal, and
G Q) {oo} is topologically free because P* = {1} implies that G ~ 2 is topologically free. If P is
finitely generated and not spherical, then the only closed invariant subspaces of 2 are 2 and Q,, = 9€2.
G ~ Q is topologically free because P* = {1}. Moreover, it is shown in [11] and also follows from
Theorem 5.23 that G ~ 92 is topologically free if P is right-angled, i.e., m,,; € {2, oo} for all a, b € A.
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If P is not right-angled, then we must have #A > 3, so that we can find a, b € A with 2 <m,;, < co. Let
P, :=(a,b)"* be the submonoid of P generated by a and b and G, its enveloping group. P, is itself
a spherical Artin-Tits monoid. Hence, it follows from [46, Remark 4.6] that G, ™~ (£2p,, ) \ 9825, is
topologically free, where €2, denotes the space of characters for P, and 9€2p , its boundary. Thus,
there exists an infinite word w in a, b such that the corresponding character x,,p,, in €2p,, has trivial
stabilizer group in G,,. Let x,, € 2 be the character given by the same infinite word. If g € G satisfies
8- Xw = X, then it follows that g € G,, and hence g = 1. This shows that y,, also has trivial stabilizer
group in G. Finally, if P is not finitely generated and not left reversible, then €2 is minimal, and G ~ 2
is topologically free because P* = {1}. U

Lemma 7.15. Let P be an irreducible Artin-Tits monoid which is not finitely generated and left
reversible. Then Ker, is purely infinite.

Proof. For F CA, let P;: = (F)" be the submonoid of P generated by F, and let ; be the space
of characters for Pr and 02, = {oor} its boundary. Recall from the proof of Theorem 7.12 that Ker, =
Uy Ker; », where F runs through all finite subsets of A. Write Q:=Q \ {oo} and Qp:= Qp \ {oor}).
For a finite subset F' C A such that P is irreducible and spherical, consider a basic compact open subset
U = Qp(x;p) and 1, the corresponding characteristic function. We claim that for every finite subset F
of A with F C F such that P; is irreducible and spherical, 1, is infinite in Ker; 7 and hence also in
Ker,. The image of 1, in Ker,  is given by the characteristic function of Qz(x;n). F C F implies that
pr(x;t)) N (27)s # @. Then the same argument for local contractiveness in [46, Theorem 4.39] shows
that the image of 1 is infinite in Ker, 7, as desired. Now [8, Theorem 4.1] (second countability is not
needed, see [6, Theorem 4.2]) implies that Ker, is purely infinite because sets of the form Q(x;n) for
X € Pr, vy C P, where F is an arbitrary finite subset of A such that Py is irreducible and spherical, form
a basis of compact open subsets of 2. 0

Let us summarise our analysis of left regular C*-algebras of Artin-Tits monoids. Our results on ideal
structure and pure infiniteness extend the corresponding results in the right-angled case in [10, 11] and
in the finitely generated, spherical case in [46, Section 4.2].

Corollary 7.16. Let P be an irreducible Artin-Tits monoid. If P is spherical, then Ker, = K(¢£*P) if
#A = 1 and KC(£2P) is the only nontrivial ideal of Ker, if 2 < #A < oo. In the latter case, Ker,/K({*P)
is purely infinite simple. If P is not finitely generated and left reversible, then Ker, is purely infinite
simple. If P is finitely generated and not spherical, then IC(€*P) is the only nontrivial ideal of C;(P), and
Ci(P)/KK(£*P) is purely infinite simple. If P is not finitely generated and not left reversible, then C;(P)
is purely infinite simple.

If P is left reversible, then C;(P) is nuclear if and only if #A = 1, and Ker; is nuclear if and only if
#A <2.If P is not left reversible, then C;(P) is nuclear if and only if P is right-angled (i.e., m,;, € {2, oo}
foralla,beA).

Proof. Our claims for finitely generated spherical P follow from [46, Remark 4.8, Theorem 4.39,
Proposition 4.15]. If P is not finitely generated and left reversible, our claims follow from Lemma
7.15 and the same argument as for [46, Proposition 4.15] for the failure of nuclearity. If P is not left
reversible, then our claims follow from Corollary 7.13, Lemma 7.14 and [15, Corollary 5.7.17] because
Ci(P)/K(£*P) = dC;(P) if P is finitely generated and Ci(P) = dC;(P) if P is not finitely generated. Our
claims about nuclearity follow from [38, Theorem 4.2] or a similar argument as for [46, Proposition
4.15]. O
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