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WEIGHTED SUBSPACES OF HARDY SPACES 

HONG OH KIM AND ERN GEUN KWON 

1. Introduction. A function / in Hp on the unit disc U of the complex 
plane has the uniform growth 

Az) = o(\ - \z\yu». 

We consider in this paper a subspace Hp of Hp with better uniform 
growth 

f(z) = 0(1 - \z\y\ 0 < y ^ \/p. 

For the previous results on Hp see [5, 6, 7]. We start with proving an 
inequality on Hp which is related to the Hardy-Stein identity (Theorem 
2.1) in Section 2. This is applied in the subsequent section to prove some 
space imbedding theorems related to Hp (Theorems 3.1 and 3.5). These 
theorems have some known theorems as their corollaries. Finally we prove 
some coefficient relations on Hp in the last section. 

The authors wish to thank Professor Patrick Ahern for the helpful 
conversations during his visit to Korea. Actually he suggested to the first 
author the possibility of Theorem 2.1 some years ago. They also express 
the sincere thanks to the referee for the suggestion of rewriting the paper 
in the context of Hp

y. 

1.1. Hp and Hp
y. For 0 < p < oo, the Hardy space Hp is the class 

of those functions / holomorphic in U for which 

| l/l | = sup M' ( r , / ) < oo, 
F 0^r<l F 

where 

wH/r^vf)1" 
See [2] for the theory of Hp. 

For 0 < p < oo and 0 < y â \/p, Hp
y is defined as the class of those 

/ G Hp for which 

f(z) = Oil - \z\yi. 

We note that Hp
Up = Hp. For / e Hp

y, we define 
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HARDY SPACES 1075 

l l /H^ = max( H/H sup (1 - \z\y\f(z)\). 
Z 

It is routine to check that Hp (p ^ 1) is a Banach space and Hp (0 < 
p < 1) a Frechet space. See [5, 6, 7] for more on Hp

y. A different nota
tion is used in [6, 7]. 

1.2. yl77'" and Ap
y
,a. For 0 < /? < oo and a > — 1, the weighted Bergman 

space ^ ' a is the class of functions / holomorphic in U for which 

/ , 

l 
(1 - r)aMp(r,f)pdr < oo. 

The space Ap,a has been extensively studied. See [1, 2, 3, 6, 7, 8, 9] for 
example. A function / e Ap,0L has the uniform growth 

/ (z ) = 0 ( l - | z | ) - < " + 2 ^ . 

For 0 < y < (a + 1)1 p, we define 

^ / = {/ e ^ : sup (1 - |z| )*|/(z) I < oo}. 
Z 

We do not use any linear space theory of Ap,a or Ap
y
a in this paper. 

1.3. Fractional integrals. Uf(z) = 2 f/cz
k is holomorphic in £/, we define 

the fractional integral I^f(z) of order /? > 0 as 

1 f1 / 1\£-1 

T(P) ->°\ pi 

See [3, 5]. 

1.4. For / holomorphic in U and 0 < r ^ 1, we define ^ as fr(z) = 
/ (rz) , z e £/. 

1.5. Constants. Throughout this paper C(. . .) will denote a positive 
constant depending only on the arguments (. . .). The magnitude of C(. . .) 
may vary from occurrence to occurrence even in the proof of the same 
theorem. 

2. An inequality related to the Hardy-Stein identity. Throughout this 
section we assume that / is holomorphic in U with /(0) = 0. The 
Hardy-Stein identity says that, for 0 < p < oo, 

(1) Mp(r, f)" = P- j l fj \f{pe'e) \"-2\f(Pe'e) |2 log -pdpdB. 

See [4, 11]. For 0 < p < oo and 0 < a < oo, we set 

- J(p, a; f) = f\ fj \f{peie) |'~ "l/W") |a(log -)" \dpdd. 
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By letting r —» 1 in (1), we have 

(I) ||/||> = £-./(/>, 2;/) . 
y LIT 

We prove an inequality related to (I) in the following theorem. 

2.1. THEOREM. Let 0 < a = 2 and a ^ p < oo. 7%ew £/zere w a positive 
constant C = C(/?, a) such that 

\\f\\»p ^ CJ(p, a; f). 

For the proof of Theorem 2.1 we note the following facts whose easy 
proofs we omit. 

(II) If 0 ^ a ^ p and / is holomorphic in U then \f\p~a\f\a is 
subharmonic in U. 

(III) If 0 < a ^ p then /( /?, a; / r ) ^ /( /?, a; / ) , 0 < r ^ 1 (by II). 

(IV) For a fixed /?, log J(/?, a; / ) is a convex function of a (0 < a < oo). 
That is, if 0 < a ^ /? ^ y < oo then 

J ( ^ j B ; / ) S / ( ^ a ; / ) ' y ( / > , Y ; / ) 1 - ' , 

where / = (y — yS)/(y — a) (by the Holder's inequality). 

We also recall the following results of Littlewood and Paley [9, 12]. 

(V) If 0 < p ^ 2, then there is a positive constant C(p) such that 

Mp(r,fY ê C(p)J(p, p; fr). 

(VI) If 2 ^ /? < oo, then there is a positive constant C(p) such that 

J(p,p;fr) ^ C(p)Mp(r,f)P. 

2.2. Proof of Theorem 2.1. Case 1. a ^ 2 ^ /?. Set / = (p — 2)/(p — a). 

Mp(r,fy ^ C(p)J(p,2;fr) (by I) 

^ C(p)J(p, a; / r)'j(/>, />; / , ) ' ~' (by IV) 

=g C(/>)J(p, a; /r)'M„(/-, /)'<•-<> (by VI). 

Therefore 

Mp(r,fY ^ C(p,a)J(p,a-fr) 

râ C(p, a)J(p, a; / ) (by III) 

so that 

| | / | | ; S C(p, a)J(p, a; / ) . 

Case 2. a ^ /> ^ 2. Set t = (2 - p)/(2 - a). 
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M , ( r , / ) ' S C(p)J(p, p; fr) (byV) 

^ C(p)J(p, a; frp(p, 2; fr)
x "' (by IV) 

ë C(p)J(p, a; fr)'Mp(r, / y < ' - ' > (by I). 

Therefore 

Mp(r, ff =£ C(p, a)J(p, a; fr) 

=£ C(p, a)J(p, a; / ) (by III) 

so that 

\\f\\p
p =i C(p,a)J(p,a;f). 

This completes the proof. 

3. Imbedding theorems. For / holomorphic in U, we use the following 
notations: 

My(0) = My(f 0) = sup (1 - ry\f(rew) \ 

and 

M(0) = M(f 0) = sup \f(rel6) |. 
0^r<l 

We use a technique of Ahern [5] to prove 

3.1. THEOREM. Let 0 < p, q, s < oo, q > a > 0, y > 0, p ^ 

(q — a)s and let 

u = pas/(p — (q — a)s). 

Then there exists a positive constant C = C(p, q, s, a, y) such that if 
f G Hp with My G Lu(dU) then 

<!> Po (fo I/*'*") l^ 1 ~ rr-'dr^dO ^ C | | / | | ^ - ^ | | M y | | « l 

Proof. Assume/ ^ 0. If / e Hp then M(0) < oo for almost every 6 by 
the complex maximal theorem. For such a 0, we have 

0 < My(0)/M(O) ^ 1. 

Setting p = 1 - (My(0)/M(0) ) 1 / y we have, for almost every 0, 

f0\f(reW)\H\ -rr~]dr 

^ My(0f J0 (1 - r)y{a~q)~xdr + M (Of j (1 - r)ay~ldr 

^ C(q, a, y)M{0f'aMy(0f. 
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Now, if we apply Holder's inequality and the complex maximal 
theorem, we have 

( flir \(q — a)s/p/ Çl'n \oislu 

J 0 Mififd») (J0 My(6)ude} 

% C(p, q, s, a, y)||/||J'-Œ),||3fY||îi. 

This completes the proof. 
3.2. COROLLARY. Let 0<p<oo,q>a>0 and let 0 < y = M p. Then 

there is a positive constant C = C(p, q, a, y) such that iff e Hp then 

/

2TT I f\ n \p/(q-a) 

o (Jo l / ( r e } |,<1 " r)ar~'dr) de = C||/ll^/('"n). 
Proof. We note that 

||My||Lco = s u p ( l - \z\?\f{z)\. 

The corollary is now a special case of Theorem 3.1 where s = 
p/(q - a). 

3.3. COROLLARY [5, Theorem B]. If0<p<q<oo and 0 < y = \/p 
then 

Hp
y c Aq

y
y{q-p)~l. 

Proof Set a = q — p in Corollary 3.2. 

3.4. COROLLARY [5, Theorem 2.1]. Iff e Hp
y then 

fif e tfy
PX^ 

where 0 < ft < y ^ \lp. 

Proof. If we set a = ft/y and q = 1 in Corollary 3.2, then we get 

/ o ' ( / o l - / "^) K1 - rf-'drY^dB S C(/>, ft y)\\f\\%«-*. 

If 0 < £ ^ 1, then 

( loglp'sd- , )^ 1 ; 

so that 

| / ^ ) | g J - /^ (1 - pf-x\f(pr<P) \dp. 
T(j8) 

Therefore 

jyp/(y-p) 
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If p > 1, we can write 0 = ft + 02 + . . . + 0,, with 0 < j8„ j82,. . . , 
fin < 1. The successive applications of the above argument with /?b 

/?2, • . • , fin proves the corollary. 

Theorems 2.1 and 3.1 are applied in the proof of the following 
theorem. 

3.5. THEOREM. Let 0 < s < p < oo, 0 < y < s/(p — s) and let 

y ^ i/p-if 

thenf G Hp
r 

Proof. We may assume /(0) = 0. We set 8 = y(p — s) and choose 
0 < € < min(l, s). By Holder's inequality with the conjugate indices 
s/(s — e) and s/e9 we have 

(2) f\ (1 - Py-*\fr(pe") rW(pe'0) \lpdp 

= (/1 ( 1 _ P)&/(s"t)IX(P^)l(/'"£)5/(^e)(l " P)-Xpdpf~ty' 

If we apply Holder's inequality again to (2), we get 

/

2TT n 

0 J 0 ( l - pf-l\fr(peie)rU(peld)\€pdpd0 

= (Jo Jo*1 ~ P)M,"')"1lMl(r'M,"<Wp<») 

X ( / o ' / I * 1 - Pr8~'\fr(pe'e)\spdpdey 

If we set a = (p — s)e/(s — e) > 0 and q = {p — e)s/(s — e) then 
/;/(# — a) = 1; so by Theorem 3.1 

(A) £ fj f \ (1 - pT-x\fr(pée) \qdpd0 

â C(p,q,a,i)Mp{r,fY\\My\\
a

L~. 

Since 

(iog-)
€ ' s o - P r ' , 

we have, by (3) and Theorem 2.1^ 
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Mp(r,fY S C(p, q, a, yf-f),sMp{r, f)P^^),s\\My\\^-()hBl/s. 

Therefore 

Mp{rJY 

S C(p, q, a, yf-^\\My\\
a[%~()UB 

^ c(P, s, y)\\My\\
ai%~e)U f0 (i - py-y{p's)'lMs(p,fydp. 

Thus 

H/li; ^ C(p, s, Y)||My||$-€)/t fQ(l ~ py-^-s)-'Ms(p,f')SdP. 

Note that 

f(z) = 0(\ - | z | ) - ( Y + 1 ) 

implies 

/(z) = 0(1 - uir^. 
This completes the proof. 

The special case y = \/p gives an interesting corollary, which can also 
be derived from a result of Flett [3, Theorem 2 (i) ]. 

3.6. COROLLARY Let 0 < p < oo and let p/(\ + p) < s < p. If 

f G ^•*(/7+1)//?-2^ 

thenf (= i/^7. 

The following corollary extends a result of Kim [5] for all p > 0. 

3.7. COROLLARY. L<?/ 0 < /? < OO, a > —1 tf«<i to (a + 1)//? < ft < 
y ^ (a + 2)//?. / / / G ^ ' a , /ten 

where q = (yp — a — l)/(y — /?). 

Proof. The case 0 < /? = 2 is proved in [5, Corollary 2.3]. Assume 
/? > 2. By a result of Hardy and Littlewood (see [5] for example), 

since we can check that a — (/? — \)p > — 1. By Theorem 3.5, we have 
Ipf G //« where 

p - (y - 0X? - /») - 1 = a - (j8 - 1)/», 

i. e., q = (y/7 — a — l)/(y — /?). This completes the proof. 
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4. Taylor coefficients. We will prove two theorems on the Taylor 
coefficients of Hp

y functions. We use the following theorem of M. 
Mateljevic and M. Pavlovic [1, 10]. The same technique was used in [8]. 

THEOREM A. If s, a > 0 then there are positive constants A (s, a) and 
B(s, a) such that if ak ^ 0, k = 1, 2, 3, . . . 

A(s, a) f 2-"a( 2 ak)' ^ [1(1 ~ r)a~l( f akr
k]dr 

^ ( M ) S 2 _ 1 2 ak\ 
0 Ue/„ / 

where Ifl = {k'.T ^ k < 2 " + I } . 

4.1. THEOREM. Let 2 ^ s < p < oo, 1/j + 1// = 1 awrf fe/ 0 < y ^ 
1//?. 77* e« //zere w a positive constant C = C(p, s, y) such that if 

oo 

/(*) = 2/*** = o(i - izir* 
l 

0 0 / W f 

(i) I l / l i , y ^c2 2(*w(l/*-,/pV*l)' • 
0 \ /„ / 

Proof Since 

oo 

1 

we have, by the Hausdorff-Young inequality [2, Theorem 6.1], 

CO 

W , ( r , / ) ^ ( | t f / - ' l f 
1 

By Theorem A, we get 

f0(
l - r)"-lMs(r9fYdr É / * (1 - ^ " ' ( 2 l*/^*"1!')"' 

o w„ / 

o W„ / 
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If we set a = s — y(p — s), we have (l) for some positive constant 
C(p, s, y) by Theorem 3.5. 

4.2. THEOREM. Let 0 < p < q, 1 ^ q < 2, \lq + \/s = 1, am/ te/ 

0 < y = 1//?. 77z£/7 there is a positive constant C = C(/?, q, y) swc/z that 
if 

OO 

/ ( * ) = 2 / * * * 6tf> 

then 

Proof. By Corollary 3.3, we have 

/ o (1 - r)«q-p)-XMq(r,fydr S C(/>, 4, y ) | | / | | ^ . 

By the Hausdorff-Young inequality [2, Theorem 6.1], 

(2 l /A) ^Mq(r,f). 

By Theorem A again, we have 

/ o ( l -r)«"-rt-xMq(r9f)*dr 

= JG(1 -^"^"'(Sl/A) 

^ ( M , y ) S 2 l F ( 1 / r l / ^ r • 
0 V /„ / 

The theorem follows. 
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