
R. C. Gunning, "Connec t ions for a C l a s s of P s e u d o - g r o u p S t r u c t u r e s . 

H. H i ronaka , "A F u n d a m e n t a l L e m m a on Po in t Modi f i ca t ions . " 

H. R o h r l , " T r a n s m i s s i o n P r o b l e m s for Ho lomorph i c F i b e r B u n d l e s . " 

H. R o s s i , "At taching Analyt ic Spaces to an Analy t ic Space Along a 
P s e u d o c o n c a v e B o u n d a r y . " 

A. M o r i m o t o , " N o n - c o m p a c t Complex Lie G r o u p s without Non-
cons tan t Ho lomorph i c F u n c t i o n s . " 

E . B i shop , "Uni fo rm A l g e b r a s . " 

B . Mask i t , " C o n s t r u c t i o n of K le in i an G r o u p s . " 

L . V . Ahl fors , "The Modu la r F u n c t i o n and G e o m e t r i c P r o p e r t i e s of 
Q u a s i c o n f o r m a l M a p p i n g s . " 

E . Kal l in , " P o l y n o m i a l Convexity: The T h r e e S p h e r e s P r o b l e m . " 

The vo lume ends with a l i s t of t w e n t y - s i x p r o b l e m s posed by 
m e m b e r s of the C o n f e r e n c e . 

G e o r g e S p r i n g e r , Indiana U n i v e r s i t y 

Number T h e o r y , by Z . I . B o r e v i c h and I . R . Sha fa rev ich . 
A c a d e m i c P r e s s , New York , 1966. x + 435 p a g e s . I}>12.95. 

T h é o r i e des n o m b r e s , p a r Z . I . B o r e v i t c h et I . R . Cha fa rev i t ch . 
T r a d u i t p a r M. et J . - L . V e r l e y ; Monograph i e s i n t e r n a t i o n a l e s de 
m a t h é m a t i q u e s m o d e r n e s , sous la d i r e c t i o n de S. M a n d e l b r o j t . G a u t h i e r -
V i l l a r s , P a r i s , 1967. v i + 489 p a g e s . P r i c e : 78 F . 

With the following nota t ion and t e r m i n o l o g y of the a u t h o r s ' i t i s 
p o s s i b l e to s t a t e the a i m s of th is book fa i r ly s i m p l y . Le t k denote the 
r a t i o n a l field and le t K be any f ini te ex t ens ion of k of d e g r e e n . Le t 
(JL , (JL , . . . , JJL (m< n) be l i n e a r l y independen t e l e m e n t s of K over k 

1 2 m ~~ 

with conjugates u. (1 £ i £ m , 1 £ j £ n) over k and define a f o r m 

F ( x , . . . , x ) of d e g r e e n over k[x^, . . . , x ] by taking the n o r m : 
1 m 1 m 

n 
(1) N ( x u + . . . + x HL ) = n ( x u J + . . . + x p. J ) 

1 1 m m . . 1 1 m m 
J = l 

of x u + . . . + x [i . Then the n u m b e r - t h e o r e t i c ques t ions a r e m a i n l y 
1 1 m ^ m 

conce rned with the r a t i o n a l i n t e g r a l so lu t ions , for g iven a e k , of the 
d iophant ine equat ion 

(2) F ( x . . . . , x ) = a , 
1 m 

the e x i s t e n c e or n o n - e x i s t e n c e of such so lu t ions and, g e n e r a l l y , the 
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s t r u c t u r e of the s e t of so lu t ions . We m a y d i s t ingu i sh two c a t e g o r i e s in 
the t r e a t m e n t of (2), n a m e l y : 

(I) m = n (a i 0) , (H) m < n . 

Br ie f ly , in (I) the ex i s t ence of a solut ion i s shown to lead to an infinity 
of so lu t ions (and to a c h a r a c t e r i z a t i o n of the se t of so lu t ions) by m e a n s 
of the c e l e b r a t e d t h e o r e m of D i r i c h l e t on the s t r u c t u r e of the group of 
uni t s ( i . e . , i n t e g e r s £ £ K with N(£) = _+ 1 ) of K and the t r e a t m e n t 
h e r e follows the u s u a l l i n e s . However , in (II), whe re F e r m â t 1 s equat ion 

I t Jt t 
X l + X 2 " X 3 = 0 

r e s i d e s , the a p p a r a t u s r e q u i r e d for a m o d e r n t r e a t m e n t i s e l a b o r a t e and 
the r e s u l t s a r e by no m e a n s as comple t e as in c a t e g o r y (I). 

F i r s t l y , let us note that , in e i t he r ca t ego ry , the so lvabi l i ty of (2) 
i s c l e a r l y i m p o s s i b l e un l e s s i t i s so lvable as a congruence to e v e r y 
m o d u l u s and the f i r s t chap te r i s devoted to an account of po lynomia l 
c o n g r u e n c e s (in s e v e r a l v a r i a b l e s ) and to the c lose ly r e l a t e d ques t ion 
of p - a d i c i n t e g r a l solut ions of (2), w h e r e the not ion of a d i s c r e t e va lua t ion 
i s f i r s t b r o a c h e d . 

The m a i n p r o b l e m is inves t iga ted by m e a n s of the p r o p e r t i e s of 
the modu le M belonging to F , that i s , the Z - m o d u l e defined as the 
se t of n u m b e r s ( x u + . . . + x UL ) , x. £ Z in K . M (and F) i s 

1 1 m m l 
said to be "ful l" if m = n and "non- fu l l " o t h e r w i s e . A full modu le M 
which conta ins the unit 1 and has r ing s t r u c t u r e is said to be an o r d e r 
D of the field K . In p a r t i c u l a r , the coefficient r ing ( i . e . , take a l l 
a £ K with c*MCM) i s an example of an o r d e r of K and the r e s o l u t i o n 
of the p r o b l e m in (I) t akes the following f o r m : 

If K has s r e a l and 2t complex i s o m o r p h i s m s into the field of 
c o m p l e x n u m b e r s , (n = s + 2 t ) , then t h e r e ex i s t r = s+ t -1 uni ts 
£ , . . . , £ in the o r d e r D and t h e r e ex i s t s a finite s e t of e l e m e n t s 
1 r 

Y . . . , v of M with norm 

f 
|JL £ M , N(JJL) = a => |i = / 

a such that 

v. £ . . . £ 
l 1 r 

U l 
v. i e. . . . £ 

. i 1 r 

n odd. 

u. £ Z ,£ a r o o t of 1. 

n even . 

The s p e c i a l c a s e n = 2 ( r= l ) i s then cons ide red and a c l a s s i f i ca t i on of 
" s i m i l a r " m o d u l e s defined to b r ing the deve lopment into p a r i t y with the 
u s u a l t heo ry of r e p r e s e n t a t i o n of n u m b e r s by b ina ry quad ra t i c f o r m s . 

excep t when K i s a complex quad ra t i c field when the group of uni ts 
i s f in i te . 
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We en te r c a t e g o r y (II) in Chapte r 3 which i s devoted to divisibility-
p r o p e r t i e s in an a r b i t r a r y i n t e g r a l d o m a i n (where , subsequen t ly , K i s 
to be r e g a r d e d as i t s quot ient f ie ld) . Fol lowing h i s t o r i c a l p r e c e d e n t , 
th is i s i l l u s t r a t e d by a d i s c u s s i o n of the u s u a l two c a s e s of F e r m a t ' s 
t h e o r e m , w h e r e the equa t ion i s now e x p r e s s e d in m u l t i p l i c a t i v e f o r m : 

n (x + £ J x J = x J-
l < j < ! * 2 3 

over k = k(£, ) , L, being a p r i m i t i v e £ r o o t of 1 . In the m i n o r i t y of 
2 £-2 

c a s e s w h e r e £ i s p r i m e and the (max ima l ) o r d e r D = { 1, £,, E, , . . . , £ , } 
has the unique f a c t o r i z a t i o n p r o p e r t y ( u . f . p . ) F e r m a t ' s t h e o r e m p r e s e n t s 
no i n s u r m o u n t a b l e difficulty and the m a i n body of th is c h a p t e r i s c o n c e r n e d 
with r e s t o r i n g the def ic iency in the u . f . p . (whether £ i s p r i m e or not) 
a s far as p o s s i b l e . The method c o n s i s t s , in e s s e n t i a l s , in se t t ing up a 
" theo ry of d i v i s o r s " with the u . f . p . , on a modif ied " copy" of D . M o r e 
p r e c i s e l y , s t a r t i n g with an a r b i t r a r y i n t e g r a l d o m a i n D and denot ing by 
D* the m u l t i p l i c a t i v e s e m i - g r o u p of a l l n o n - z e r o e l e m e n t s of D , a 
t heo ry of d i v i s o r s for D i s defined if t h e r e ex i s t s a h o m o m o r p h i s m 
a-* [a) of D v in to «P with the p r o p e r t i e s " 

(1) (31 or in D * < = = M p ) | ( a ) in © , 

(2) ÛC | (a-) , CL\(p),6LE B , a e D * , p £ D * = > \(a±p>) i n £ , 

(3) Given &- e <© , ï E S and the s e t of a l l a. e D such tha t db | (a) 
in c® co inc ides with the s e t of a l l (3 e D such tha t 3S | (p) in «9 . Then 
ÛL = £ . The e l e m e n t s of $ a r e ca l led d i v i s o r s of D and d i v i s o r s of 
the f o r m (a) , w h e r e at D v a r e ca l led p r i n c i p a l d i v i s o r s (unit e l e m e n t 
of o9 is cal led the uni t d i v i s o r ) . A l so , i t i s conven t iona l to w r i t e CL\a 
for <X | (or) . 

It i s i m p o r t a n t to o b s e r v e tha t a t heo ry of d i v i s o r s i s not a s s e r t e d . 
However , i t i s ea s i ly e s t ab l i shed tha t if one such e x i s t s then, up to 
i s o m o r p h i s m s , i t i s unique and tha t D has the u . f . p . if, and only if, 
D has a t heo ry of d i v i s o r s in which e v e r y d i v i s o r i s p r i n c i p a l . Th is 
a p p r o a c h leads n a t u r a l l y to, and p r o v i d e s m o t i v a t i o n for a d i s c u s s i o n of 
d i s c r e t e va lua t ions for D by a s s ign ing to each ae D the i n t e g e r vc(a) 

c o r r e s p o n d i n g to the power to which the p r i m e d i v i s o r £ e n t e r s in the 
(unique) f a c t o r i z a t i o n of the p r i n c i p a l d i v i s o r (a) into p r i m e f a c t o r s in 
# , i . e . , 

Vr (a) 

(a) = n£. Pi ; 
i 1 

It i s i m p o r t a n t to note tha t condi t ion (3) e n s u r e s tha t no e l e m e n t of <& 
i s s p u r i o u s in the s e n s e tha t for e a c h (X e SB t h e r e i s an e l e m e n t a eD 
such tha t GC | (a) . 
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the c o r r e s p o n d i n g ex tens ion to the quot ient field K of D being obtained 
by put t ing 

vç(i) = vp(a) - Vf(p) , 

w h e r e £ = a/fi e K, a z D, (3 e D . M o r e o v e r , the in t roduc t ion of 
va lua t ions p r o v i d e s a c o n s t r u c t i v e method of de t e rmin ing whe ther a 
g iven D has a t heo ry of d i v i s o r s . Thus , for example , i t i s shown that 
if D i s the m a x i m a l o r d e r of K then t h e r e ex i s t s a t heo ry of d i v i s o r s 
for D that i s induced by the se t of a l l ( d i s c r e t e ) va lua t ions of the field 
K (and m o r e g e n e r a l l y the s a m e holds for any Dedekind r ing D) . Then, 
following a br ie f d i s c u s s i o n of d iv i so r c l a s s e s (where two d i v i s o r s of K 
a r e said to belong to the s a m e c l a s s if, and only if, they differ by a 
fac tor which is a p r i n c i p a l d iv i so r ) , the appl ica t ion to F e r m â t 1 s equat ion 
i s a p p a r e n t - the s o - c a l l e d f i r s t c a s e of F e r m â t ' s t h e o r e m holds for a l l 
p r i m e exponents I which do not divide the n u m b e r of d iv i so r c l a s s e s of 
K = k(£j . F u r t h e r e x a m p l e s i l l u s t r a t e the p r a c t i c a l p r o b l e m of finding 
the p r i m e d i v i s o r s of n u m b e r s in specif ic a l g e b r a i c m e m b e r f ie lds 

5 3 
( e . g . , k(6) , w h e r e 9 = 2 and 0 - 96 - 6 = 0) and quad ra t i c f ie lds 
a r e fully t r e a t e d . 

In Chapter 4 we r e m a i n with the g e n e r a l p r o b l e m in c a t e g o r y II 
and inves t iga te the c l a s s of non-ful l f o r m s (1) for which t h e r e a r e but a 
f ini te (poss ib le ze ro ) number of solut ions of the type under c o n s i d e r a t i o n . 
Tha t th is c l a s s is non-void is known f r o m the c l a s s i c a l work of Thue on 
i r r e d u c i b l e b i n a r y f o r m s f(x , x ) of d e g r e e n >_ 3 . However , Thue f s 
me thod , which is based on r a t i o n a l app rox ima t ions to a given a l g e b r a i c 
n u m b e r , in th is c a s e a roo t of f(x, 1) = 0 , i s l imi ted in appl ica t ions and 
the a u t h o r s 1 have p r e f e r r e d (i) to apply the va lua t ion theory of Chapter 
3 to f ini te ex tens ions of comple te f ields and (ii) couple i t to the p ionee r ing 
work of Skolem on loca l me thods for d iophant ine equa t ions . So far a s (i) 
i s c o n c e r n e d , the s u p p l e m e n t a r y m a t e r i a l r e q u i r e d r e l a t e s to the com
p le t ions of the a l g e b r a i c number field K (or, at no e x t r a cos t , any field 
p o s s e s s i n g a t h e o r y of d i v i s o r s ) . Thus if $ i s any p r i m e d iv i so r of K 
and v = VA is the c o r r e s p o n d i n g va lua t ion and we fix upon a r e a l n u m b e r 
p with 0 < p < 1 , a m e t r i c (*) 0 = 0^ on K is induced by put t ing 

0(x) = P
V ( X ) , x e K 

and K = Kp ( i . e . , the £ - a d i c comple t ion of K ) i s s imply the comple t ion 
of K with r e s p e c t to th is m e t r i c . In p a r t i c u l a r , the va lua t ion v on K 
ex tends uniquely to a va lua t ion "v on K with ~v(x) = v(x) for x e K . 
Now K has a l g e b r a i c ex tens ions of a l l d e g r e e s and so , for fixed n > 2 , 
we can c o n s i d e r such a field K1 with [K':K] = n . By the work of 
Chapter 3, we know that t h e r e ex i s t s an ex tens ion of the va lua t ion V of 
K to a va lua t ion v ' of K1 , but now, under the addi t ional hypo thes i s 

* 
In this t r a n s l a t i o n , va lua t ions a r e d i s c r e t e with value group Z and the 
t e r m " m e t r i c " i s r e s e r v e d for s i m i l a r mapp ings into the r e a l s . 
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that K is complete, it follows that v1 is unique and that K1 is complete. 

If/fe ' is the pr ime divisor corresponding to v1 , the set of elements 

<£} e K' with v'(oc') > 0 form a ring (the ring of the valuation) D f and 

the elements are the fp ' -adic integers of K' . With these prel iminary 
remarks about (i) we can briefly sketch the coupling (ii) with Skolem's 

method: 

Regard the module M = ( x u + . . . + x u ) of the form F 
1 1 m m J 

(where now m < n) as a submodule of a suitable chosen full module of 
the shape 

M = {x |A + . . . + X |A +X [L + . . . + X | l } 
1 1 m m m+1 m+1 n n 

and use the technique of Chapter 2 ( c f . (3) above) to find all rational 

integral solutions x , . . . , x of 
1 n 

N(|JL) = a , |JL £ M . 

Then it is sufficient to find a method of picking out those solutions of 
the form u = x u + . . . +X U for which the coefficients of x . . . . , x 

1 1 n n m+1 n 
are simultaneously zero . Now, in t e rms of the dual basis u. * , . . . , u. * , 

1 n 
where we have the usual relations 

T(JJL.|JL.^) = 6.. , l < i < n , l < j < n 

for the t race, the numbers of M which belong to the submodule M are 
completely characterized by the conditions 

T( W i *) = 0 (i = m+1 ,n) . 

But, on reference to (3), we also know that JJI has the form 

u u 
„ 1 r 

|JL = V . t, £ . . . £ 
i 1 r 

Hence the problem amounts to showing that, under suitable conditions, 

the system of equations in the rational integral variables u . , . . . , u : 
1 r 

(4) T ( v , J L i* e i ' ' • 8
r
 r ) = ° ' ( i = m + 1 , " * ' ' n ) 

where v takes one of at most finitely many values in M with norm a , 
does not have an infinity of solutions. Since we have already introduced 
numbers composed from the fields conjugate to K , e .g . jj..* , we now 

fix upon an algebraic number field K1 containing all fields conjugate 
to K . . If Œ , . . . , cr is the set of isomorphisms of K into Kf , then 

1 n 
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T(|) = <r (£) + . . . +0- (£) for all £ cK1 and the system (4) reduces to 

n u u 
(5) Z (r.(vp..*) <r.(e.) 4 . . . <r.(e ) r = 0 , (i = m+1 n ) . 

j=l J X J X J r 

This is a system of n-m equations in r variables and on empirical 
grounds we might expect that, if n-m>_ r , there are at most finitely-
many solutions. However, this is not always the case (when'e.g., M 
contains a full module of a subfield of K which is neither the rational 
field nor an imaginary quadratic field) and, at present, certain technical 
difficulties present a barrier to results of any generality. Skolem!s 
approach, which is successful in some cases, is to extend the domain 
of the variables u , . . . , u by allowing them to take integral values in 

the completion K'& ! , where A1 is a prime divisor of K' . More 
precisely, the system (5) when expressed in logarithmic form: 

n 
(6) 2 A.. L.(u , . . . , u ) = 0 , (i = m+l n) 

j = l 1J J d 

r 
where L.(u , . . . , u ) = 2 u log cr (e ) , A. . = o\(vu, ) and where the 

J 1 r k = 1 k j k lj j i 

left side of (6) is a formal power series (converging for all ^ ' -adic 
integral u ) , is regarded as defining, for each v , a local analytic 

i 
manifold in the r-dimensional space of points (u , . . . , u ) , where each 

1 r 
component u. lies in K1^1 or in some finite extension of K'k1 . The 

success of this method hinges upon showing that (6) has no solution in 
formal power series w (t) of the type u. = w (t) , (i = 1, 2, . . . , r) . The 

i i l 
procedure is illustrated by taking Thue!s example, where m = 2 and 
the condition n -m> r reduces to t>_ 1 , i .e . , f(x, 1) = 0 has at least 
one non-real root. 

The final Chapter (ch. 5) has a distinctly different flavour from 
the preceding ones in the sense that, on introducing analytical methods 
into a discussion of properties of certain arithmetical constants of an 
algebraic number field K , there is a much closer affinity to the works 
of the classical writers, e.g. of Kummer, Dirichlet and Dedekind. This 
is particularly true in the derivation of formulae for the number h of 
divisor classes (a positive integer1.) , where the Dedekind Zeta function, 
Dirichlet1 s principle and the Dirichlet unit theorem not only play their 
classical role but provide the only known general way of expressing h 
in terms of certain simpler arithmetic constants of K . The special 

H 
case K = k(£) , where Ç, = 1 , of cyclotomic fields is discussed at 
length and h is expressed as the product of two positive integers h 

and h* which have special significance in the proof of the second case 
of Fermât1 s theorem (for regular primes I ). Analogous formulae for 
the case of quadratic fields are also given. 
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A p a r t f r o m the c h a p t e r s in the book t h e r e is an exce l l en t appendix 
supplying r e l e v a n t background m a t e r i a l on a l g e b r a i c t o p i c s : equ iva l ence 
of q u a d r a t i c f o r m s (Witt1 s t h e o r e m ) , a l g e b r a i c e x t e n s i o n s , f ini te f ie lds 
and c h a r a c t e r s of f ini te abe l i an g r o u p s . Among the c h a p t e r s and s o m e 
t i m e s augment ing the tex t of the v a r i o u s s ec t i o n s c o m p r i s i n g a chap t e r , 
t h e r e i s a l so a v e r y fine co l l ec t ion of e x a m p l e s . R e f e r e n c e s to the 
l i t e r a t u r e and d i s c u s s i o n s of the l a t e s t d e v e l o p m e n t s on the v a r i o u s top ics 
a r e p a r t i c u l a r l y w e l c o m e and one would have wished tha t the a u t h o r s had 
been m o r e s y s t e m a t i c in th is one r e s p e c t , e s p e c i a l l y as the work of 
R u s s i a n a u t h o r s m a y occas iona l ly be o v e r l o o k e d . The book conc ludes 
with a n u m b e r of t ab l e s of a r i t h m e t i c a l cons t an t s t aken f r o m v a r i o u s 
publ i shed s o u r c e s , e . g . c l a s s n u m b e r s for q u a d r a t i c and cubic f i e lds , 
fundamenta l uni ts for q u a d r a t i c f i e lds , i r r e g u l a r p r i m e s and d i s c r i m i n a n t s 
of m a x i m a l and n o n - m a x i m a l o r d e r s . In to ta l , th is m a k e s a r e a l l y s ign i 
f icant and d i s t ingu i shed addi t ion to the l i t e r a t u r e on N u m b e r - t h e o r y and 
in r e c o r d i n g our i n d e b t e d n e s s to the a u t h o r s , I a l so thank the t r a n s l a t o r 
who has m a n a g e d to convey the m a t h e m a t i c a l s e n s e of the o r i g i n a l whi le 
p e r m i t t i n g the s ty le of the a u t h o r s to p e r m e a t e the t r a n s l a t i o n . 

J . H. H. Chalk, U n i v e r s i t y of Toron to 

Sca les and Weights , by Bruno K i s c h . McGi l l U n i v e r s i t y P r e s s , 
295 pages + 98 p l a t e s . $ 1 5 . 0 0 . 

Th is i n t e r e s t i n g book is devoted to the h i s t o r y of weighing, f r o m 
the e a r l i e s t t i m e s to the i n t roduc t ion of the m e t r i c s y s t e m . P a i n t i n g s 
in Egypt ian t o m b s , exce l l en t ly r e p r o d u c e d in the book, show c l e a r l y tha t 
m e t r o l o g y was a l r e a d y an old a r t , or p e r h a p s an old s c i e n c e , m o r e than 
3000 y e a r s ago . The Egypt ian pa in t ings show beaut i ful ly c o n s t r u c t e d 
s c a l e s s o m e t i m e s weighing m a t e r i a l s and s o m e t i m e s used by Egypt ian 
gods to weigh p e o p l e s 1 sou l s be fo re p a s s i n g divine j u d g e m e n t . This con
cept of s p i r i t u a l weighing w a s , of c o u r s e , a f a m i l i a r one in b ib l i ca l 
t i m e s as i s shown by the f amous s t o r y of B e l s h a z z e r ' s f e a s t . 

The book dea l s faithfully with the v a r i o u s i n s t r u m e n t s used in 
weighing, such as s c a l e s with a v a r i e t y of we igh t s , b i s m a r s with no 
weights and s t e e l y a r d s which u s e only one weight . Many of the 98 p l a t e s 
give c l e a r p i c t u r e s of such a p p a r a t u s dat ing f r o m the e a r l i e s t t i m e s down 
to the m o d e r n c h e m i c a l b a l a n c e . A b i s m a r c o n s i s t s of a b e a m c a r r y i n g 
at one end a sca le pan and having a v a r i a b l e po in t of s u p p o r t . The point 
of suppor t i s moved unt i l a b a l a n c e i s r e a c h e d and a m a r k at the pos i t i on 
of b a l a n c e then shows the weight in the p a n . The s t e e l y a r d i s s o m e w h a t 
s i m i l a r but the point of suppo r t i s fixed on the b e a m while a weight can 
be moved along the b e a m unt i l a b a l a n c e i s r e a c h e d . 

C o m p r e h e n s i v e t ab l e s a r e given of v a r i o u s s y s t e m s of weights 
used f r o m b ib l i ca l t i m e s to our own t ime , a f e a t u r e which should be of 
g r e a t u s e to a l l s tuden ts of m e t r o l o g y . The n u m b e r and v a r i e t y of t h e s e 
s y s t e m s i s a m a z i n g . 

The h i s t o r y of the m e t r i c d e c i m a l s c a l e i s given in chap t e r 3 . It 
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