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Let f:W—*U be a weighted homogeneous polynomial such that d/(0) = 0, let
L = {xeS"~* |/(JC) = O}, and let x(L) be the Euler characteristic of L. The problem is
how to calculate x(L) in terms of/.

In the paper we shall show that there are maps Hu H2:(U" ,0)—>(U",0) defined
explicitly in terms of/such that 0 e U" is isolated in //,"'(()), i = 1,2, and

X(L) = 2 - (degoC//,) + dego(//2) +

where dego(//,) is the topological degree of the map

from a small sphere centered at the origin to S"~\ If / i s a homogeneous polynomial then
the above formula is a consequence of results which have been proved in [6], [7], [8].

The paper has been written at the Department of Mathematics of the University of
New Mexico in Albuquerque. I am very grateful to Professor Wojciech Kucharz for the
opportunity to work here.

We start with a technical lemma.

LEMMA 1. Let cou co2,f:(W,0)—*(U,0) be polynomials such that col>0, CD2>0

everywhere, except at the origin, and lim co^x) = lim (02{x) = +°° for ||x||-»+<». Let
N'r={x\ a,(x) = r, f(x) <0}. Ifr>0is small enough then H*(Nl

r, Z2) = H^N2
r, Z2). In

particular x(Nl) =

Proof. Let M'r= {x \ 0<a),(x)<r, / ( x )<0} , i = 1,2. According to the local tri-
viality of polynomial mappings (see [3]) there is r0 > 0 such that o>,: M'ra-+ (0, r0] is a trivial
fibration. Since w ^ O , a>r'(0) = {0}, and «,(*)—»+00 as | | x | ^ + t » , there are constants
rx,r2 such that 0<r2<rl<ro and M\cM\aM\. From the triviality of oiy \ M\, the
induced homomorphism H^M1^, Z2)-»//*(Mr0, Z2) is an isomorphism. Hence the in-
duced homomorphism H^M1^, Z2)—»//*(A/r,,Z2) is injective. From the triviality of
<ot | Mj, we may deduce that H.(M\,Z2)sif,(A#i,22), H*{M\,T2) = H*(M%,Z2) and so
there is an injection H^M1^, Z2)^*H*(M\, Z2). Using similar arguments we may prove
that there exists the opposite injection, and then H^M1^, I.2) = H*{M\, Z2). From the
triviality of ft), | M'^ we also know that N'ro is a deformation retract of M'^, and then
H*(NlZ2)^H*(Nl,Z2). M

Let <*!,.. . , dn > 1 be positive integers. For every z = (zu . . . , zn) e C" and A e C we
s h a l l d e n o t e A . z = ( k d > z u ..., Xd"zn).

Let /:R"—»R be a weighted homogeneous polynomial such that d/(0) = 0 and
/(A. x) = Xdf(x), d>2, for every xelR", AeR. Let p be the smallest positive integer
such that 2p> d and each dt divides p.

Glasgow Math. J. 33 (1991) 241-245.

https://doi.org/10.1017/S0017089500008302 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500008302


242 ZBIGNIEW SZAFRANIEC

Let a, = pldj and let

(o = (o(xl,...,xn)=^- + . . . + ^ . (1)

Clearly co > 0 except at the origin. Let gi=f - (o and let /, c= R[[xr,. . . , xn]] be the ideal
generated by dgjdxx,. . . , dgx/dxn. Since df(0) = 0, /, is a proper ideal.

LEMMA 2. dim U[[xu . . . , xn]]/Ix < °°.

Proof. Because/is a weighted homogeneous polynomial,

thus

for every z = (zu . . . ,zn)e C", A e C. Hence

-Mid -\ — \d-d, I * (~\ j2a,d,—

According to (1) we have

2fl,d, - d = 2p - d > 1.

Now it is easy to see that the set

( = 1

is compact in C" x C. The continuous map S2n~l x C s (z, A)>-»A. z eC" is onto, so
{z e C" | grad gx(z) = 0} is an algebraic, compact, and so finite subset of C". This means
that 0 e C" is an isolated point in the set of critical points of gx, and so

dimR U[[xx,... , xn]]/Ix = dimc

Let //1 = gradg1:(IRn,0)-»([R'',0). According to Lemma 2, OelR" is isolated in
//^(O), and so dego(//i) is well-defined.

Let Ax = {x e S"'1 \ f(x) < 0}. Then we have

LEMMA 3. x ( ^ i ) = 1 ~ dego(//1).

If / is a homogeneous polynomial of degree d then dx = ... = dn = 1, p = [d/2] + 1
and (o = (x]p + . . . +x2p)l2p. In that case the above formula has been proved in [7].

Proof. Set

V = {(x, r, y) e W x U x U \ (o(x) = r2p, rank(d<o(;t), df(x)) <\,y =f(x)}.

Thus V is an algebraic subset of U" x U x U. Put 2 r = {x e W \ ca(x) = r2p}, where r ^ 0 .
Clearly 2 r is a smooth manifold diffeomorphic to 5""1. Let ^:KnxlRxlR-»lRxlR be
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the natural projection. If r ^ O then

n{V) n {r} x U = {r} x {critical values o f / | 2 r } .

The set of critical values of a polynomial mapping restricted to an algebraic manifold is
finite (see [5, p.16]), so n(V) n {/-} x U is finite.

Let us take (x, r,v) e V and A e R. Then

2a,

2a,

det

— (A. x) — ( A . .
dXi dx:

3x,

= det

= det

3x,

= A2pH d'det

2an

dXi

= 0,

0)

because rank(d(w(Ar), s 1. Hence rank(d<w(A. x), df{k. x)) < 1 too. We have

(ii)

(iii)

So, if (x, r, v) G V then (A. x, Ar, kdy) e V too. Hence n{V) is a finite union of curves and
if (r, y) e n{V) and A G R then (Ar, Ad>>) G n{V). Because 2p > d,

Iv |> r^ (iv)

for every point (r, v) e JT(V^), ^ =^0, sufficiently close to the origin. Set

V = {(x,r, v) | (o(x) = r2**, r a n k ( < t o ( x ) , d g l ( x ) ) * l , y = gl(x)}.

Since gi =f — ca, we have rank(dcu(jc), dg^x)) = rank(d(o(x), df(x)), and then

V = {(x,r,y) | co(x) = r2", rank(dw(x),d/(x))slj =/(*)-r2"}.
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Define @(r, y) = (r,y- r2p). Then

n(V') = e(jt(V)). (v)

Let N={xeZr\f(x)*O}, Nr = {x e l r |g,(*)sO} = {x eZ r | /(*) £<»(*)}. Clearly

From (iv) and (v), if r > 0 is small enough then the function g, | 2 r has no critical
points in Nt — N. In particular, the function g, has an isolated critical point at the origin.
The set TV is closed, semialgebraic and hence, according to [4], can be triangulated. So TV
is a deformation retract of Nu and then #(N) = x(N\)- Let A/, = {x \ \\x\\ = r, gx(x) s 0}.
According to [1], [9], X(MX) = 1 - dego(//,). Of course M, = {x \ \\x\\2p = r2", gl(x) s 0},
Âi = {JC j (o(x) = r2p, gi(x) ^ 0} and then from Lemma 1 we have %{M{) = x(N\) (where
ft>i = Ikll2p> a>2= a>). The polynomial / is weighted homogeneous and so x(/4,) = #(A').
Hence x(^i) = l-dego(//1). •

Let g2 =-(f + (o) = -f-co, let A2= {x e Sn~l \f(x) >0}, and let /2<r
R[[jCi,. . . ,xn]] be the ideal generated by dg2/ dx,,..., dg2/dxn. Using the same
arguments as above we can prove that dim [R[[jt]]//2<°°, so 0e(R" is isolated in //^'(O),
where H2 = gradg2:(K",0)^(IR",0). Clearly A2= {x eS"'1 \ -f(x) <O}, so from
Lemma 3 we have

LEMMA 4. x(A2) = 1 - dego(//2)- •

Let L = {x e 5""1 | f(x) = 0}. Since L = A1 n / 1 2 and S"~l = Ax U A2, we have ^(L) =
xiAJ + xiAd-xiS-1); thus

THEOREM 5. x(^) = 2 - (dego(i/,) + dego(//2) + z(5n-'))- •

If d is odd then T:T(X) = (-1) . x is an involution on S"'1 such that /(T(JC)) =
(-\)df{x) = -f(x). It follows that T(AI) = A 2 and then Ax is homeomorphic to /42. From
Lemmas 3, 4 and Theorem 5 we have

COROLLARY 6. If d is odd then

According to Lemma 2, dimensions of local algebras associated to Hx, H2 are finite,
so we may compute dego(//,) using the Eisenbud-Levine algorithm (see [2]). In the
following examples we shall apply a computer program by Andrzej Lecki from the
Institute of Mathematics in Gdansk which is able to calculate dego(//,) using that
algorithm.

The author wants to express his gratitude to Andrzej Lecki for his cooperation.

EXAMPLE 1. Let f(x,y,z) =x2y -y4-yz3. The polynomial / is weighted homoge-
neous, where dx = 3, d2 = d3 = 2, d = 8. Clearly p = 6 has the property (1), and so ax = 2,
a2 = a3 = 3. Hence to = x4/4 + / / 6 + z6/6, and

Hx = grad(/ - o>) = (2xy - x\ x2 - 4y3 -z3-y5, -3yz2 - z5),

H2 = grad(-/ - a)) = (-2xy - x3, -x2 + 4y3 + z3 - y5,3yz2 - z5).

Thanks to the computer program by Andrzej Lecki we have been able to calculate that
dego(//i) = dego(H2) = 1. From Theorem 5, x(L) = —2. Since

L = {(x,y,z)eS2\y(x2-y3-z3) = 0}
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is homeomorphic to a union of two circles with two common points, the solution is
correct.

EXAMPLE 2. Let f(x,y,z)=x3+ x2z—y2. The polynomial / is weighted homoge-
neous, where dx = d3 = 2, d2 = 3, d = 6. Then /> = 6, ax = a3 = 3, a2 = 2 and co = x6/6 +
/ / 4 + z6/6. Hence

//, = grad(/ - co) = (3*2 + 2xz - x5, -2y - y3, x2 - z5),

H2 = grad(-/ - co) = (-3x2 - Ixz - x5,2y - y3, -x2 - z5).

A computer has calculated that dego(//i) = 1, dego(//2) = - 1 , and so x(L) = 0. The reader
may easily check that the solution is correct.

EXAMPLE 3. Let f(x,y,z)=x3 -xy2 + xyz + 2x2y -2y3-y2z -xz2 + yz2. The poly-
nomial / is homogeneous of degree d = 3, so dx = d2 = d3 = 1, p = 2, ax = a2 = a3 = 2 and
(o = (x4 + / + z4)/4. Hence Hx = (3x2 - y2 + yz + 4xy - z2 - x3, -2xy+xz + 2x2- 6y2 -
2yz + z2-y3, xy-y2-2xz+ 2yz - z3). A computer has calculated that dego(//!) = 3.
According to Corollary 6, x(L) = —6. The reader may check that / = (x — y)(x +y + z)
(x + 2y — z), so the solution is correct.
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