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Abstract
Let G be a finite group and let p be a prime. In this paper, we prove a strengthened version of Brauer’s height zero
conjecture for the principal p-block of G that takes the action of a certain group of Galois automorphisms into
account. This answers a conjecture recently proposed by Malle, Moretó, Rizo and Schaeffer Fry. We then use this
to obtain a structural result which can be seen as a Galois version of the Itô–Michler theorem.

1. Introduction

Many local-global conjectures in the representation theory of finite groups have been generalized to take
Galois automorphisms into account. For example, the McKay conjecture, recently proven by Cabanes
and Späth in [1], received such a generalization in [16].

Another instance of this phenomenon is the Brauer Height Zero Conjecture, which was also recently
proven in [14]. The principal block case of this conjecture asserts that if p is a prime and G is a finite
group then all irreducible characters in the principal p-block of G have 𝑝′-degree if and only if G has
an abelian Sylow p-subgroup.

In [13], the authors considered the action of a specific automorphism 𝜎 on the characters of the
principal 2-block of a finite group. In that context, they showed that it sufficed to consider the set of
𝜎-invariant irreducible characters in the statement of Brauer’s Height Zero Conjecture for principal
blocks, for 𝑝 = 2.

Let p be a prime number and let Qab be the maximal abelian extension of Q. Then, we write J to
denote the set of elements of order p of the group Gal(Qab/Q) that fix all p-power roots of unity. In
[12], it was shown that, in fact, it sufficed to consider the set of J -invariant characters in the statement
of Brauer’s Height Zero Conjecture, provided the group G does not contain a certain set of composition
factors for specific primes p.

In this paper, we remove this restriction on the composition factors and prove the theorem below,
which is [12, Conjecture 1]. In the following, 𝐵0(𝐺) denotes the principal p-block of G and IrrJ (𝐺),
the set of irreducible complex characters of G that are invariant under J .
Theorem A. Let G be a finite group, let p be a prime number and let 𝑃 ∈ Syl𝑝 (𝐺). Suppose that the
elements in IrrJ (𝐵0 (𝐺)) are all of 𝑝′-degree. Then P is abelian.

In order to do so, we use many results of [12], especially those relying on the Classification of Finite
Simple Groups (CFSG). However we also employ substantially different techniques from those of [12].
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In fact, the approach in [12], as that in [13], went through a Galois version of the Itô–Michler theorem,
which was known to have exceptions with our set of Galois automorphisms J .

Our approach now relies more on arguments from [11]. In particular, we use deep classification
theorems on the structure of primitive permutation groups. As a consequence of Theorem A, we are also
able to prove the following, which is probably the closest one can get to a Galois version of Itô–Michler.

Theorem B. Let G be a finite group, with p a prime and suppose that IrrJ (𝐺) ⊆ Irr𝑝′ (𝐺). Then,
O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝐾 , where 𝐾 � 𝐺, O𝑝′ (𝐾) is solvable and 𝐾/O𝑝′ (𝐾) is a direct product of non-
abelian simple groups of order divisible by p, whose J -invariant irreducible characters are all of
𝑝′-degree.

We remark that Theorem B generalizes the main result of [5]. Unfortunately, as we discuss in
Section 4, it appears that the proof in [5] is not correct.

2. Preliminary results

In this section, we outline some of the main tools that will be used to prove Theorems A and B. To do
so, we begin by substituting the group J , which is an infinite group, for a finite one that has the same
action on the characters of a finite group G. Contrary to the set J and the automorphism 𝜎 from [13],
which are defined globally, this finite group will depend on G. This will, however, not be an issue in
view of the lemma below.

Given a natural number n, if we writeQ𝑛 = Q(𝜉), where 𝜉 is a primitive n-root of unity, and 𝑛𝑝 for the
biggest power of p that divides n, then we define Ω(𝑛) as the set of elements of order p of Gal(Q𝑛/Q𝑛𝑝 ).
The interplay between J and Ω(𝑛) for the context of finite groups is given by the following result.

Lemma 2.1. Let G be a finite group and let 𝜒 ∈ Irr(𝐺). Then, 𝜒 is Ω(|𝐺 |)-invariant if and only if it is
J -invariant.

Proof. This is [12, Lemma 2.1]. �

Even though Ω depends on n, for groups we can usually get around this by using the lemma below.
As such, we will work with the sets Ω(|𝐺 |) instead of J for the remainder of the paper. We will write
Ω for Ω(|𝐺 |), if the finite group G is clear from context, and write IrrΩ(𝐺) for the characters of G that
are Ω-invariant.

Lemma 2.2. Let G be a finite group, let 𝜒 ∈ Irr(𝐺) and let m be a multiple of |𝐺 |. Then, 𝜒 is Ω(|𝐺 |)-
invariant if and only if it is Ω(𝑚)-invariant.

Proof. This is [12, Corollary 2.2]. �

The three results below, all from [3] and relying on the CFSG, are the deep classification theorems
mentioned in the Introduction. A subgroup 𝐻 ≤ GL𝑛 (𝑉) is called p-exceptional if p divides |𝐻 |, but
none of its orbits on the vectors of V has size divisible by p. Analogously, a subgroup 𝐻 ≤ 𝔖Λ is called
p-concealed if none of its orbits on the subsets of Λ has size divisible by p.

Theorem 2.3. Let G be an irreducible p-exceptional subgroup of GL𝑛 (𝑝) = GL(𝑉) and suppose that
G acts primitively on V. Then one of the following holds:

1. G is transitive on 𝑉 \ {0};
2. 𝐺 ≤ ΓL1(𝑝

𝑛);
3. G is one of the following:

(i) 𝐺 = 𝔄𝑐 ,𝔖𝑐 where 𝑐 = 2𝑟 − 2 or 2𝑟 − 1, with V the deleted permutation module over F2, of
dimension 𝑐 − 2 or 𝑐 − 1 respectively;

(ii) SL2 (5) � 𝐺 < ΓL2 (9) < GL4(3), orbit sizes 1, 40, 40;
(iii) PSL2(11) � 𝐺 < GL5(3), orbit sizes 1, 22, 110, 110;
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(iv) 𝑀11 � 𝐺 < GL5 (3), orbit sizes 1, 22, 220;
(v) 𝑀23 = 𝐺 < GL11 (2), orbit sizes 1, 23, 253, 1771.

Proof. This is [3, Theorem 1]. �

Theorem 2.4. Suppose 𝐺 ≤ GL𝑛 (𝑝) = GL(𝑉) is irreducible and p-exceptional with 𝐺 = O𝑝′ (𝐺). If
𝑉 = 𝑉1 ⊕ · · · ⊕ 𝑉𝑛 (𝑛 > 1) is an imprimitivity decomposition for G, then 𝐺𝑉1 is transitive on 𝑉1 \ {0}
and G induces a primitive p-concealed subgroup of 𝔖Λ, where Λ = {𝑉1, . . . , 𝑉𝑛}.

Proof. This is [3, Theorem 3]. �

Theorem 2.5. Let H be a primitive subgroup of𝔖𝑛 of order divisible by a prime p. Then H is p-concealed
if and only if one of the following holds:

1. 𝔄𝑛 � 𝐻 ≤ 𝔖𝑛, and 𝑛 = 𝑎𝑝𝑠 − 1 with 𝑠 ≥ 1, 𝑎 ≤ 𝑝 − 1 and (𝑎, 𝑠) ≠ (1, 1); also 𝐻 ≠ 𝔄3 if
(𝑛, 𝑝) = (3, 2);

2. (𝑛, 𝑝) = (8, 3), and 𝐻 = AGL3 (2) = 23 : SL3 (2) or 𝐻 = AΓL1 (8) = 23 : 7 : 3;
3. (𝑛, 𝑝) = (5, 2) and 𝐻 = 𝐷10.

Proof. This is [3, Theorem 2]. �

One consequence of this latter classification which will be of particular use to us is the following
variation of [11, Lemma 3.4].

Lemma 2.6. Let p be a prime number and let H be a primitive subgroup of 𝔖𝑛 of order divisible by p.
If H is p-concealed, then there exists 𝜒 ∈ IrrΩ(𝐻) such that 𝜒(1)𝑝 > 1.

Proof. We go through the cases of Theorem 2.5. Suppose first we are in case (1). If 𝑛 ≤ 4, we get that
𝑝 = 2, as (𝑎, 𝑠) ≠ (1, 1), and 𝐻 ≠ 𝔄3. Thus, the only possible case is 𝐻 = 𝔖3, where we can find a
rational character of degree divisible by 2. Hence we may assume that 𝑛 ≥ 5. If 𝐻 = 𝔖𝑛, all irreducible
characters of H are rational and we are done by the Itô–Michler theorem, since𝔖𝑛 does not have normal
Sylow p-subgroups for any prime p. Finally, if 𝐻 = 𝔄𝑛, by [12, Theorem 2.8], a counterexample could
only happen if 𝑝 ≠ 2 and 𝑛 ∈ {5, 6, 8}. It is straightforward to check (for example, with GAP [2]) that
the result holds in all of these cases.

Now suppose we are in case (2). Then, we may compute the character tables of the two groups
explicitly using GAP and we see that AGL3(2) possesses a rational (hence Ω-invariant) character of
degree divisible by 3 and that AΓL1(8) has two characters of degree 3; since Ω is a 3-group in this case,
both must beΩ-invariant. Finally, for case (3), 𝑝 = 2 andΩ is the set of 2-elements of Gal(Q10/Q). There
is exactly one such element besides the identity, which is complex conjugation. Since all characters of
𝐷10 are real, its characters of degree 2 are Ω-invariant. �

Next, we state one property of simple groups which will be of fundamental importance to us. Notice
that the case 𝑝 = 3 is, in fact, independent of the CFSG.

Lemma 2.7. Let S be a non-abelian finite simple group and let p be an odd prime dividing |𝑆 |. Then,
there exists 1𝑆 ≠ 𝛼 ∈ IrrΩ (𝐵0 (𝑆)) of 𝑝′-degree.

Proof. Suppose first that 𝑝 = 3. By [9, Corollary 1.6], 3 | |Irr𝑝′ (𝐵0 (𝑆)) |. Since Ω is a 3-group, we have
|Irr𝑝′,Ω (𝐵0 (𝑆)) | ≡ |Irr𝑝′ (𝐵0 (𝑆)) | (mod 3), meaning (since 1𝑆 is of 3′-degree and Ω-invariant) there are
at least two non-trivial characters in Irr𝑝′,Ω (𝐵0 (𝑆)). We may thus assume 𝑝 > 3.

For alternating groups, there is nothing to prove, since every irreducible character is Ω-invariant (as
Ω is a p-group, 𝑝 > 2 and characters of 𝔄𝑛 have at most 2 Galois conjugates).

For sporadic groups (and the Tits simple group 2𝐹4 (2)′), we may check with GAP [2] that, if 𝑝 | |𝑆 |,
then there exists a rational character of 𝑝′-degree in the principal p-block of S. Finally, if S is a simple
group of Lie type, the result follows by [20, Theorems 5.4, 5.5]. �

We also need a couple of results that allow us to deal with normal subgroups and certain characters
thereof.
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Lemma 2.8. Suppose that N is a normal subgroup of G, with 𝐺/𝑁 a 𝑝′-group. Let Ω = Ω(|𝐺 |). If
𝜃 ∈ IrrΩ (𝑁), then there exists 𝜒 ∈ IrrΩ (𝐺) over 𝜃. Furthermore, if 𝜃 ∈ IrrΩ(𝐵0 (𝑁)), then there exists
𝜒 ∈ IrrΩ(𝐵0 (𝐺)) over 𝜃.

Proof. This is [12, Lemma 3.2]. �

Lemma 2.9. Let 𝑁 � 𝐺 and let 𝜃 ∈ Irr𝑝′,Ω (𝐵0 (𝑁)). Suppose that 𝜃 is G-invariant and that p does not
divide 𝑜(𝜃). Then there exists 𝜒 ∈ Irr𝑝′,Ω (𝐵0(𝐺) |𝜃).

Proof. Let 𝑅 ∈ Syl𝑝 (𝐺). Since 𝜃 is G-invariant and (𝜃 (1)𝑜(𝜃), |𝑅𝑁/𝑁 |) = 1, 𝜃 has a canon-
ical extension 𝜓 ∈ Irr𝑝′,Ω(𝑅𝑁) and since 𝑅𝑁/𝑁 is a p-group, 𝜓 lies in 𝐵0 (𝑅𝑁). Now by the
Alperin–Dade correspondence (see [12, Lemma 3.1], for instance), we have that 𝜓 has an extension
𝜓̂ ∈ Irr𝑝′,Ω (𝐵0 (𝑅𝑁C𝐺 (𝑅))).

Now Δ = 𝜓̂𝐺 is Ω-invariant and has degree coprime to p. We consider Δ𝐵0 (𝐺) , the sum of the
irreducible constituents of Δ that belong to 𝐵0 (𝐺), including multiplicities. Now write 𝑋 = 𝑅𝑁C𝐺 (𝑅).
By the argument in [17, page 213], we have that 𝐵0 (𝑋)

𝐺 is defined. By Brauer’s Third Main Theorem,
we have that 𝐵0(𝑋)

𝐺 = 𝐵0 (𝐺). Now by [17, Corollary 6.4], we have that

Δ𝐵0 (𝐺) (1)𝑝 = ((𝜓̂𝐺)𝐵0 (𝐺) ) (1)𝑝 = 𝜓̂𝐺 (1)𝑝 = 1.

Notice that Δ𝐵0 (𝐺) is Ω-invariant. Indeed, if 𝜒 ∈ Irr(Δ) lies in the principal block, then, since Δ
is Ω-invariant, if 𝜎 ∈ Ω, we have that 𝜒𝜎 ∈ Irr(Δ𝜎) = Irr(Δ) and 𝜒𝜎 lies in the principal block,
hence 𝜒𝜎 ∈ Irr(Δ𝐵0 (𝐺) ). Now we apply [18, Lemma 2.1 (ii)] to Δ𝐵0 (𝐺) to conclude that there exists
𝜒 ∈ Irr𝑝′ (Δ𝐵0 (𝐺) ), Ω-invariant. Then 𝜒 ∈ Irr𝑝′,Ω (𝐵0 (𝐺) |𝜃), as desired. �

To finish off this section, the following allows us to deal with the case of groups with a semisimple
minimal normal subgroup which is not simple.

Lemma 2.10. Let G be a finite group and let p be a prime such that 𝐺 = O𝑝′ (𝐺). Assume G contains
a minimal normal subgroup N which is isomorphic to 𝑆1 × · · · × 𝑆𝑘 , for isomorphic non-abelian finite
simple groups 𝑆𝑖 , with 𝑘 > 1. Then, there exists 𝜒 ∈ IrrΩ(𝐺) such that 𝜒(1)𝑝 > 1. Furthermore, if p is
odd and divides |𝑆1 |, such a 𝜒 can be taken in the principal block.

Proof. We will tackle both the general case and the case where p is odd and divides |𝑆1 | at the same
time, making the necessary modifications as we go. Let 𝐻 =

⋂𝑘
𝑖=1 N𝐺 (𝑆𝑖) and let 𝐺 = 𝐺/𝐻, which

acts transitively on the set Λ = {𝑆1, . . . , 𝑆𝑘 } by conjugation. Notice how 𝐻 ≠ 𝐺, as 𝑘 > 1.
Suppose, first, that this action is not p-concealed, meaning there exists a subset Γ of Λ such that p

divides |𝐺 : Stab𝐺 (Γ) |. Write 𝑆 = 𝑆1. In the general case, let 1𝑆 ≠ 𝜙 ∈ Irr(𝑆) be an irreducible character
that extends rationally to Aut(𝑆) (such a character exists by [7, Lemma 4.1]). If p is odd and divides |𝑆 |,
let instead 1𝑆 ≠ 𝜙 ∈ Irr𝑝′,Ω (𝐵0 (𝑆)) be a character as in Lemma 2.7. In any case, let 𝜃 be the character
of N obtained by placing 𝜙 in the positions corresponding to Γ and 1𝑆 in the remaining positions.

Then, in the first case, 𝜃 is an Ω-invariant character of N which extends to 𝜓 ∈ Irr(𝐺 𝜃 ). Furthermore,
by [15, Theorem 7.3], for instance, we can take 𝜓 to be rational-valued. In the second case, by Lemma
2.9, there exists an irreducible character 𝜓 ∈ Irr𝑝′,Ω (𝐵0(𝐺 𝜃 ) |𝜃).

Notice that, if 𝑔 ∈ 𝐺 𝜃 , then g stabilizes Γ and hence 𝑔𝐻 ∈ Stab𝐺 (Γ). Thus, 𝐺 𝜃𝐻/𝐻 ⊆ Stab𝐺 (Γ)
and therefore 𝑝 | |𝐺 : 𝐺 𝜃 |. Then, in both cases, 𝜓𝐺 is irreducible, Ω-invariant, and has degree divisible
by p. In the second case, by [17, Corollary 6.2] and Brauer’s Third Main Theorem, it also lies in the
principal block of G.

Now, we may assume the action is p-concealed. Take the blocks of maximal order Δ 𝑖 that partition
Λ, in the sense of [11, Lemma 2.4]. Then, by that lemma, there exists 𝐻 ≤ 𝐿 � 𝐺 such that 𝐺/𝐿 acts
primitively on {Δ1, . . . ,Δ𝑟 }, and this action is p-concealed. Also, as O𝑝′ (𝐺) = 𝐺, p divides |𝐺/𝐿 |. By
Lemma 2.6, there exists an Ω-invariant character of G with degree divisible by p, which finishes off the
first case.
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For the second one, let 𝑄 ∈ Syl𝑝 (𝑆) and let 𝑅 = 𝑄 × · · · × 𝑄 ∈ Syl𝑝 (𝑁). Let 𝑔 ∈ 𝐺 \ 𝐻. Then,
g moves at least one of the 𝑆𝑖 through its action on Λ by conjugation, say 𝑆1. Then, if 1 ≠ 𝑥 ∈ 𝑄,
(𝑥, 1, . . . , 1)𝑔 ≠ (𝑥, 1, . . . , 1), and so, 𝑔 ∉ C𝐺 (𝑅). Consequently, C𝐺 (𝑅) ⊆ 𝐻. Let 𝑈 ∈ Syl𝑝 (𝐿)
contain R (notice how 𝑁 ⊆ 𝐻 ⊆ 𝐿). Then, C𝐺 (𝑈) ⊆ C𝐺 (𝑅) ⊆ 𝐻 ⊆ 𝐿. By [11, Lemma 4.2],
Irr(𝐺/𝐿) ⊆ Irr(𝐵0 (𝐺)). Finally, by Lemma 2.6, there exists 𝜒 ∈ IrrΩ (𝐺/𝐿) with 𝑝 | 𝜒(1), as
desired. �

3. Proof of Theorem A

We are now ready to prove Theorem A, which we restate for convenience.

Theorem A. Let G be a finite group, let p be a prime number and let 𝑃 ∈ Syl𝑝 (𝐺). Suppose that the
elements in IrrΩ (𝐵0(𝐺)) are all of 𝑝′-degree. Then P is abelian.

Proof. We break the proof down into a series of steps.

Step 0. We may assume O𝑝′ (𝐺) = 𝐺 and O𝑝′ (𝐺) = 1. Moreover, if 1 < 𝑁 � 𝐺, 𝐺/𝑁 has abelian
Sylow p-subgroups. Also, G has a unique minimal normal subgroup N and 𝑝 ≠ 2.

First, suppose O𝑝′ (𝐺) < 𝐺. If there exists 𝜃 ∈ IrrΩ(𝐵0 (O𝑝′ (𝐺))) of degree divisible by p, then, by
Lemma 2.8, we could find 𝜒 ∈ IrrΩ (𝐵0 (𝐺) | 𝜃). Since 𝜃 (1) divides 𝜒(1), 𝜒(1)𝑝 > 1, which goes against
our hypothesis. Thus, O𝑝′ (𝐺) also fulfills our hypothesis, meaning it has abelian Sylow p-subgroups by
induction. As |𝐺 : O𝑝′ (𝐺) | is not divisible by p, this implies G has abelian Sylow p-subgroups and we
are done.

Now, let 1 ≠ 𝑁 � 𝐺. Then, IrrΩ (𝐵0 (𝐺/𝑁)) ⊆ IrrΩ (𝐵0 (𝐺)), meaning 𝐺/𝑁 also satisfies the
hypothesis. By induction, it has abelian Sylow p-subgroups. In particular, assume O𝑝′ (𝐺) > 1. Then,
𝐺/O𝑝′ (𝐺) has abelian Sylow p-subgroups and if 𝑃 ∈ Syl𝑝 (𝐺), then 𝑃 � 𝑃O𝑝′ (𝐺)/O𝑝′ (𝐺) ∈

Syl𝑝 (𝐺/O𝑝′ (𝐺)), meaning P is also abelian, as we wanted to prove.
Finally, let 𝑀, 𝑁 be distinct minimal normal subgroups of G. Then, the diagonal map composed

with the canonical projections gives an embedding of G into 𝐺/𝑁 ×𝐺/𝑀 . By our previous paragraph,
both of these have abelian Sylow p-subgroups. Since the Sylow p-subgroups of G embed into those of
𝐺/𝑁 ×𝐺/𝑀 , they are abelian as well. The fact that we can assume 𝑝 ≠ 2 follows from [12, Theorem 2].

Step 1. Let N be the unique minimal normal subgroup of G. We may assume that N is not semisimple;
in particular, O𝑝 (𝐺) > 1.

Suppose 𝑁 = 𝑆1 × · · · × 𝑆𝑡 is a product of isomorphic non-abelian simple groups of order divisible
by p, which are transitively permuted by G-conjugation. If 𝑡 > 1, then the result follows by Step 0 and
Lemma 2.10. Now, if 𝑡 = 1, by the uniqueness of 𝑁 = 𝑆, C𝐺 (𝑆) = 1 and G is an almost simple group with
socle S, without proper normal subgroups of 𝑝′-index. Then, the result holds by [12, Theorem 2.17].

Step 2. If 𝑁 ⊆ Z(𝐺), then we are done.

Suppose that 𝑁 ⊆ Z(𝐺) (so |𝑁 | = 𝑝). Then, O𝑝′ (𝐺/𝑁) = 𝑁/𝑁 . Otherwise, if 𝑁 � 𝐾 is such that
𝐾/𝑁 = O𝑝′ (𝐺/𝑁), then 𝐾 = 𝑋𝑁 , by the Schur–Zassenhaus Theorem. But the centrality of N implies
𝑋 � 𝐾 , and thus X is characteristic in K, hence normal in G, contradicting N being the unique minimal
normal subgroup of G.

Since 𝐺/𝑁 has abelian Sylow p-subgroups, by [11, Theorem 4.1], we have that G is the central
product of some normal subgroups X, 𝑆1, . . . , 𝑆𝑡 , where 𝑋/𝑁 is an abelian p-group and, for each i, 𝑆𝑖/𝑁
is a non-abelian simple group with abelian Sylow p-subgroups. Since N is the unique minimal normal
subgroup of G, 𝑁 ⊆ 𝑆′𝑖 . Then, as 𝑆𝑖/𝑁 is non-abelian simple, we have that 𝑆𝑖 is perfect, hence 𝑆𝑖 is a
quasi-simple group with center N, for every i.

Let 1𝑁 ≠ 𝜆 ∈ Irr(𝑁). By [12, Theorem 2.9] there exists 𝜓𝑖 ∈ IrrΩ (𝐵0(𝑆𝑖)) of degree divisible
by p lying over 𝜆 (if necessary, replacing 𝜓𝑖 by a Galois conjugate). Now, letting 𝜉 ∈ Irr(𝑋 |𝜆), then
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𝜉 ∈ IrrΩ(𝐵0 (𝑋) |𝜆). By [13, Lemma 4.1] we have that the central product of characters

𝜒 = 𝜉 ★ 𝜓1 ★𝜓2 ★ · · ·★𝜓𝑡

lies in the principal block of G. Hence 𝜒 ∈ IrrΩ (𝐵0 (𝐺)) has degree divisible by p, a contradiction.

Step 3. We may assume that F(𝐺) = F∗(𝐺).

Since O𝑝′ (𝐺) = 1 we have that 𝐹 = F(𝐺) = O𝑝 (𝐺) > 1. Suppose that 𝐸 = E(𝐺) > 1 and let
𝑍 = Z(𝐸). Since N is the unique minimal normal subgroup of G, 𝑁 ⊆ 𝑍 (notice that 𝑍 > 1 since
otherwise F∗(𝐺) = F(𝐺) × 𝐸 in contradiction with the fact that 𝑁 ⊆ 𝐸). We claim that 𝐸/𝑍 =
𝑆1/𝑍 × · · · × 𝑆𝑛/𝑍 , where 𝑆𝑖 � 𝐺 for every i. Let 𝑊/𝑍 be a (non-abelian) minimal normal subgroup
of 𝐺/𝑍 contained in 𝐸/𝑍 . By the Schur–Zassenhaus Theorem and Step 0, we know that |𝑊/𝑍 | is
divisible by p. Now, since 𝐺/𝑍 has abelian Sylow subgroups, we can once again use [11, Theorem 4.1].
Then, if 𝐾/𝑍 = O𝑝′ (𝐺/𝑍), 𝐾 ∩𝑊 = 𝑍 and 𝑊𝐾/𝐾 is a minimal normal subgroup of 𝐺/𝐾 , which is
the direct product of an abelian p-group and non-abelian simple groups of order divisible by p. Since
𝑊𝐾/𝐾 � 𝑊/𝑍 , we have that𝑊/𝑍 is simple and the claim follows.

Write 𝑆 = 𝑆1, so that 𝑆′ is a quasi-simple normal subgroup of G. Using again that N is the unique
minimal normal subgroup of G, we have that 𝑁 ⊆ Z(𝑆) ∩ 𝑆′ ⊆ Z(𝑆′). Looking at the Schur multipliers
of the simple groups [4], if 𝑝 ≥ 5, we deduce that Z(𝑆′) has cyclic Sylow p-subgroups. We claim that
Z(𝑆′) has cyclic Sylow p-subgroups for 𝑝 = 3 as well.

Indeed, it can be checked in [2] that the unique simple group S whose Schur multiplier has a non-
cyclic Sylow 3-subgroup is PSU4 (3), but this group does not have abelian Sylow 3-subgroups.

In all cases, we conclude that N is cyclic and hence |𝑁 | = 𝑝. Now, the order of 𝐺/C𝐺 (𝑁) divides
𝑝 − 1. Using Step 0 we conclude that N is central in G and we are done by Step 2. Therefore, we may
assume that 𝐸 = 1, so that F(𝐺) = F∗(𝐺), as desired.

Step 4. We may assume that G has a unique p-block.

Since O𝑝′ (𝐺) = 1 and we have that O𝑝 (𝐺) = F(𝐺) = F∗(𝐺) by Step 3, then C𝐺 (O𝑝 (𝐺)) ⊆ O𝑝 (𝐺),
by Hall–Higman’s Lemma 1.2.3 ([8, Theorem 3.21], for instance). In this situation, G has a unique p-
block, since, by [17, Theorems 4.8, 4.14], each p-block of G is induced from a p-block of O𝑝 (𝐺), and
there is only one such block.

Step 5. We may assume that if 𝜆 ∈ Irr(𝑁), then p does not divide |𝐺 : 𝐺𝜆 |.

We first prove that there exists an Ω-invariant 𝜒 ∈ Irr(𝐺𝜆). Let 𝑅 ∈ Syl𝑝 (𝐺𝜆) and let 𝜓 ∈ Irr(𝑅 |𝜆)
of minimum degree among the characters in Irr(𝑅 |𝜆). Let Δ = 𝜓𝐺𝜆 , so Δ is an Ω-invariant character
(notice that 𝜓 is Ω-invariant because R is a p-group). Now notice that if 𝜒 ∈ Irr(Δ), then 𝜒 lies over 𝜓
and hence over 𝜆. Since 𝜆 is 𝐺𝜆-invariant, if 𝜉 ∈ Irr(𝑅) is a constituent of 𝜒𝑅, then 𝜉 lies necessarily
over 𝜆 and then 𝜉 (1) ≥ 𝜓(1), and since they are p-powers, 𝜓(1) | 𝜉 (1). Hence, if 𝜉 is an irreducible
constituent of Δ𝑅, we have that 𝜓(1) | 𝜉 (1). Write Δ𝑅 = 𝑎1𝜉1 + . . . + 𝑎𝑘𝜉𝑘 , with 𝜉𝑖 ∈ Irr(𝑅).

Then

|𝐺𝜆 : 𝑅 |𝜓(1) = Δ (1) = 𝑎1𝜉1 (1) + . . . + 𝑎𝑘𝜉𝑘 (1) = 𝜓(1)
(
𝑎1
𝜉1 (1)
𝜓(1)

+ . . . + 𝑎𝑘
𝜉𝑘 (1)
𝜓(1)

)
,

and hence

|𝐺𝜆 : 𝑅 | = 𝑎1
𝜉1 (1)
𝜓(1)

+ . . . + 𝑎𝑘
𝜉𝑘 (1)
𝜓(1)

,

and, since |𝐺𝜆 : 𝑅 | is a 𝑝′-number, we conclude that there exists i such that 𝑎𝑖 is not divisible by p. Now
by [18, Lemma 2.1 (i)] applied to 𝐺𝜆, R, 𝐴 = Ω and Δ , we conclude that there exists an Ω-invariant
𝜏 ∈ Irr(𝐺𝜆) with [Δ , 𝜏] ≠ 0. In particular, 𝜏 lies over 𝜆 and is Ω-invariant. Then 𝜏𝐺 ∈ Irr(𝐺) is
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Ω-invariant and by our hypothesis, combined with Step 4, 𝑝 � 𝜏𝐺 (1). Then |𝐺 : 𝐺𝜆 | is a 𝑝′-number, as
wanted.

Step 6. We may assume that O𝑝′ (𝐺/𝑁) > 1.

Recall that by Step 0, 𝐺/𝑁 has abelian Sylow p-subgroups. Suppose O𝑝′ (𝐺/𝑁) = 1. Then, since
𝐺/𝑁 has abelian Sylow p-subgroups, using [11, Theorem 4.1], there exist 𝑋,𝑌 � 𝐺 containing N such
that 𝑋/𝑁 is an abelian p-group, 𝑌/𝑁 is a direct product of non-abelian simple groups 𝑉𝑖/𝑁 of order
divisible by p and 𝐺/𝑁 = 𝑋/𝑁 ×𝑌/𝑁 . Furthermore 𝑉𝑖/𝑁 is normal in 𝐺/𝑁 , since it is normal in 𝑌/𝑁
and commutes with all elements of 𝑋/𝑁 . Notice that X is a p-group, so 1 < Z(𝑋) � 𝐺. Therefore,
𝑁 ⊆ Z(𝑋). Then 𝑋 ⊆ C𝐺 (𝑁). Moreover, since 𝑉𝑖/𝑁 is simple, C𝑉𝑖 (𝑁) = 𝑉𝑖 or C𝑉𝑖 (𝑁) = 𝑁 . If the
former happens for some i, then 𝑁 ⊆ Z(𝑉𝑖) and hence, as in Step 3, it is cyclic. Then |𝑁 | = 𝑝, and
|𝐺 : C𝐺 (𝑁) | divides 𝑝 − 1. By Step 0 we conclude that 𝑁 ⊆ Z(𝐺) and hence we are done by Step 2.
Therefore C𝐺 (𝑁) = 𝑋 .

Using Step 5, we now apply Theorem 2.3 and Theorem 2.4 to the action of 𝐺/𝑋 � 𝑌/𝑁 on Irr(𝑁).
Suppose first that this action is primitive, so that Theorem 2.3 applies. Since 𝐺/𝑋 is not solvable, we
are not in case (2). Suppose now that we are in case (3). In subcases (i) and (v), 𝑝 = 2 in contradiction
with Step 0. Since 𝐺/𝑋 � 𝑌/𝑁 is a direct product of simple groups, subcase (ii) does not occur.
In subcases (iii) and (iv), we may assume that 𝐺/𝑋 = PSL2 (11) or 𝐺/𝑋 = 𝑀11 and that 𝑝 = 3,
respectively. In subcase (iii), there exists 𝜒 ∈ IrrΩ (𝐺/𝑋) such that 𝜒(1) = 12, a contradiction. Suppose
that 𝐺/𝑋 � 𝑌/𝑁 = 𝑀11 and 𝑝 = 3. Then there is a rational character of degree 45 in Irr(𝐺/𝑋), another
contradiction.

Finally, assuming we are in case (1), we may argue as in Step 8 of the proof of [11, Theorem 4.6].
Doing so, we see that all of the cases we need to consider – namely, the simple groups with abelian
Sylow p-subgroup that appear in [10, Appendix 1] – require 𝑝 = 2, and this goes against Step 0.

Now, we may assume that the action of 𝐿 = 𝑌/𝑁 on N is imprimitive. We apply Theorem 2.4 (recall
that 𝐿 = O𝑝′ (𝐿) by Step 0). Let 𝑁 = 𝑁1 ⊕ · · · ⊕ 𝑁𝑛 be an imprimitivity decomposition for N. Therefore,
N𝐿 (𝑁𝑖) is transitive on 𝑁𝑖 \ {0} and 𝑀 := 𝐿/

⋂
N𝐿 (𝑁𝑖) induces a primitive p-concealed subgroup

of 𝔖𝑛. Note that M is a factor group of G. By Lemma 2.6, this group has an Ω-invariant irreducible
character 𝜒 such that 𝜒(1)𝑝 > 1 and the result follows in this case.

Step 7. We may assume that 𝑁 = F(𝐺); in particular, C𝐺 (𝑁) = 𝑁 .

Let 𝐾/𝑁 = O𝑝′ (𝐺/𝑁). By Step 6, we may assume that 𝐾 > 𝑁 . By the Schur–Zassenhaus Theorem,
there exists a p-complement H of K, so 𝐾 = 𝐻𝑁 and 𝐻 ∩ 𝑁 = 1. Then by the Frattini argument we have
𝐺 = 𝑁N𝐺 (𝐻). Write 𝐿 = N𝐺 (𝐻). Now, since N is abelian and normal in G, N𝑁 (𝐻) is also normal in
𝐺 = 𝑁N𝐺 (𝐻) = 𝑁𝐿, and so either N𝑁 (𝐻) = 1 or N𝑁 (𝐻) = 𝑁 . If N𝑁 (𝐻) = 𝑁 , then 𝐻 � 𝐺, and we
get a contradiction since O𝑝′ (𝐺) = 1 by Step 0. Thus, 𝐿 ∩ 𝑁 = N𝑁 (𝐻) = 1 and L is a complement
of N in G.

Let 𝐹 = F(𝐺) = O𝑝 (𝐺). We claim that 𝐹 = 𝑁 . Notice that 𝑁 ⊆ Z(𝐹) since Z(𝐹) > 1. Let
𝐹1 = 𝐹 ∩ 𝐿. Then 𝐹1� 𝐿 and since𝐺 = 𝑁𝐿, we have that 𝐹1�𝐺. Since N is the unique minimal normal
subgroup of G, this forces 𝐹1 = 1, so 𝐹 = 𝑁 as claimed. Also, since 𝑁 = F(𝐺) = F∗(𝐺) by Step 3, we
have C𝐺 (𝑁) ⊆ 𝑁 , as wanted.

Step 8. Completion of the proof.

Let 𝐾/𝑁 = O𝑝′ (𝐺/𝑁). By Step 6, we may assume that 𝐾 > 𝑁 . Again, by Step 0 we have that there
exist 𝑋,𝑌 � 𝐺 containing N such that 𝑋/𝐾 is an abelian p-group,𝑌/𝐾 is a direct product of non-abelian
simple groups 𝑉𝑖/𝐾 � 𝐺/𝐾 of order divisible by p and 𝐺/𝐾 = 𝑋/𝐾 × 𝑌/𝐾 .

As in Step 7, let H be a p-complement of K and let 𝐿 = N𝐺 (𝐻). Then 𝐺 = 𝑁𝐿 and 𝑁 ∩ 𝐿 = 1. By
Step 7, we may assume that L acts faithfully and irreducibly on Irr(𝑁). By Step 5, this action can be
assumed to be p-exceptional.

Suppose first that the action of L on Irr(𝑁) is primitive. We apply Theorem 2.3. In case (2), G is
solvable and we are done by [12, Theorem 3]. Assume that we are in case (3). In subcases (i) and (v)
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have that 𝑝 = 2, in contradiction with Step 0. In subcases (ii), (iii) and (iv) 𝐺/𝑁 has a normal subgroup
𝑉/𝑁 = SL2(5), PSL2(11) or 𝑀11 respectively and in all cases 𝑝 = 3. Note that one of the simple direct
factors of 𝑌/𝐾 is then 𝔄5, PSL2(11) or 𝑀11, respectively. Since they all have Ω-invariant irreducible
characters of degree divisible by 3, the result follows in these cases.

Now, we may assume that we are in case (1). So L is transitive on Irr(𝑁) \ {1𝑁 } and L is one of
the groups from Hering’s theorem. Again, we use the description in [10, Appendix 1]. We start with
the infinite classes described in (A). Since 𝐺/𝑁 is not solvable and has abelian Sylow p-subgroups,
it follows that 𝐺/𝑁 has a normal subgroup 𝑉/𝑁 � SL2(𝑝

𝑛), where |𝑁 | = 𝑝2𝑛 > 3. Now, write
𝐺/𝐾 = 𝑋/𝐾 ×𝑌/𝐾 = 𝑋/𝐾 ×𝑌1/𝐾 × · · · ×𝑌𝑡/𝐾 . Since PSL2(𝑝

𝑛) is a non-abelian composition factor
of G of order divisible by p, it is a composition factor of 𝐺/𝐾 . Hence, there must be some i such that
𝑌𝑖/𝐾 � PSL2(𝑝

𝑛). Write 𝑀/𝐾 = 𝑌𝑖/𝐾 and let 𝜑 ∈ IrrΩ (𝑀/𝐾) of degree divisible by p (using [12,
Theorem 2.8], for instance). Then 𝜒 = 1× · · · × 1× 𝜑 × 1× · · · × 1 ∈ Irr(𝐺/𝐾) ⊆ Irr(𝐺) is Ω-invariant
and of degree divisible by p.

Next, we consider the extra-special classes described in (B). The first four groups in [10, Table 10]
are solvable, so they do not occur. The last case of this table (where |𝑁 | = 34) can be handled with [2].
In this case we have that L (𝐺0 in the notation of Liebeck) has a normal 2-subgroup R such that 𝐿/𝑅 is
isomorphic to a subgroup of 𝔖5. Since G is not solvable, 𝐿/𝑅 cannot be solvable and hence 𝐿/𝑅 � 𝔄5
or 𝐿/𝑅 � 𝔖5. As before, this means that one of the simple direct factors of 𝑌/𝐾 is isomorphic to 𝔄5
and we know it possesses an Ω-invariant character of degree divisible by 3.

Finally, we consider the exceptional classes described in (C). In the cases where
𝑝𝑑 ∈ {112, 192, 292, 592} in [10, Table 11], we have that 𝐺/𝑁 (and hence, G) is p-solvable, so we
are done by [12, Theorem 3]. Since 𝐺/𝑁 has abelian Sylow p-subgroups, we are left with the first and
the last cases of Table 11. In the last case, 𝑝 = 3 and 𝐺/𝑁 � SL2(13). Here, there is 𝜒 ∈ Irr(𝐺/𝑁)
of degree 6 which is Ω-invariant. The first case can be handled as above, since we again have 𝔄5 as a
simple direct factor of 𝑌/𝐾 .

Now, assume that the action of L on N is imprimitive. Arguing as in the last paragraph of Step 6, we
find 𝜒 ∈ IrrΩ(𝐿) such that 𝜒(1)𝑝 > 1. This final contradiction completes the proof. �

The following will be used in the proof of Theorem B.

Corollary 3.1. Let G be a finite group, with p a prime and suppose that IrrΩ(𝐵0 (𝐺)) ⊆ Irr𝑝′ (𝐺). Then,
if 𝑁 = O𝑝′ (O𝑝′ (𝐺)), O𝑝′ (𝐺)/𝑁 � 𝑋/𝑁 × 𝑌/𝑁 , where 𝑋/𝑁 is an abelian p-group and 𝑌/𝑁 is either
trivial or a direct product of non-abelian finite simple groups of order divisible by p without Ω-invariant
characters of degree divisible by p in the principal block.

Proof. By Theorem A, G has abelian Sylow p-subgroups. The result then follows by [11, Theorem
4.1]. The fact that the simple direct factors of 𝑌/𝑁 do not possess any Ω-invariant characters of degree
divisible by p in the principal block follows from Lemma 2.8 and the fact that 𝑌/𝑁 � O𝑝′ (𝐺)/𝑋 . �

4. Proof of Theorem B

We may now use the results of the previous section to obtain a stronger version of the main theorem of
[5]. We remark that there seems to be an unfortunate mistake in the 7th paragraph of the proof of that
result. There, the author claims that, embedding a group G into a group Γ, such that O𝑝 (𝐺) ⊆ O𝑝 (Γ)
and the latter has a normal complement in Γ, then there is a normal complement of O𝑝 (𝐺) in G.
A counterexample is given by Γ = 𝐶4 × 𝑆3 and 𝐺 = 𝐶3 � 𝐶4 for 𝑝 = 2.

In order to do this, we need to cite some slight modifications of results of [6]. As the proofs are very
similar to those of [6], we omit them.

Lemma 4.1. Let 𝑞 ≠ 𝑝 be a prime, let P be a p-group and let V be an irreducible, finite dimensional
𝐾𝑃-module, where K is a finite splitting field for P of characteristic 𝑞 ≠ 𝑝, such that C𝑉 (𝑃) = 0. Let
Ω be a set of automorphisms of V of order p and which commute with the action of P. Then, for each
𝜎 ∈ Ω, there exists 𝑔𝜎 ∈ 𝑃 such that 𝜎𝑣 = 𝑔𝜎𝑣, for all 𝑣 ∈ 𝑉 .
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Lemma 4.2. Let 𝑞 ≠ 𝑝 be a prime, let P be a p-group and let V be a finite dimensional F𝑞𝑃-module,
and assume C𝑉 (𝑃) = 0. Let Ω be a set of automorphisms of V of order p and which commute with the
action of P. Assume also that 𝜎𝑣 ∈ spanF𝑞 〈𝑣〉, for all 𝑣 ∈ 𝑉, 𝜎 ∈ Ω. Then, there exists 0 ≠ 𝑣 ∈ 𝑉 such
that |𝑃 : C𝑃 (𝑣) | = min{|𝑃 : C𝑃 (𝑤) | | 0 ≠ 𝑤 ∈ 𝑉} and, for each 𝜎 ∈ Ω, there exists some 𝑔𝜎 ∈ 𝑃 with
𝜎𝑣 = 𝑔𝜎𝑣.

The following is a version of [6, Theorem B] adapted to use Ω instead of an automorphism 𝜎 ∈ Ω.
The proof is not fundamentally different from the one in [6], and so we omit it.
Theorem 4.3. Let 𝑃 ∈ Syl𝑝 (𝐺) and suppose IrrΩ (𝐺) ⊆ Irr𝑝′ (𝐺). Then, N𝐺 (𝑃) intersects every
minimal normal subgroup of G non-trivially.

We are now ready to prove Theorem B. We do this by breaking it down into three separate parts,
which we prove individually.
Lemma 4.4. Let G be a finite group with p a prime and suppose that IrrΩ(𝐺) ⊆ Irr𝑝′ (𝐺). Then,
O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝐾 , where 𝐾 � 𝐺 is such that 𝐾/O𝑝′ (𝐾) is a (possibly empty) direct product of
non-abelian finite simple groups of order divisible by p.
Proof. Let G be a minimal counterexample to the assertion in the theorem. Write, as in Corollary 3.1,
O𝑝′ (𝐺)/𝑁 = 𝑋/𝑁 × 𝑌/𝑁 , where 𝑁 = O𝑝′ (O𝑝′ (𝐺)). Notice that 𝑋 = 𝐻𝑁 , where H is an abelian
p-group; from this, it follows that O𝑝′ (𝐺) = 𝐻𝑌 . Notice also that O𝑝 (𝐺) ⊆ O𝑝′ (𝐺) and hence
O𝑝 (𝐺)𝑁/𝑁 ⊆ 𝑋/𝑁 = O𝑝 (O𝑝′ (𝐺)/𝑁). It follows that O𝑝 (𝐺) ⊆ 𝑋; in particular, it is contained in H.

Step 1. O𝑝′ (𝐺) = 𝐺.

Assume otherwise. By Lemma 2.8, O𝑝′ (𝐺) also satisfies our hypothesis, since each of its Ω-invariant
irreducible characters lies under some Ω-invariant irreducible character of G. Then, by the minimality
of G, we have O𝑝′ (𝐺) = O𝑝 (O𝑝′ (𝐺)) × 𝐾 , for some 𝐾 � O𝑝′ (𝐺) in the conditions of the statement
of the lemma, as O𝑝′ (O𝑝′ (𝐺)) = O𝑝′ (𝐺). But also O𝑝 (𝐺) ⊆ O𝑝′ (𝐺). Thus O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝐾 .
Finally, since 𝐾/O𝑝′ (𝐾) is a (possibly empty) direct product of non-abelian finite simple groups of
order divisible by p, O𝑝 (𝐾) = 𝐾 and thus 𝐾 = O𝑝 (O𝑝′ (𝐺)), meaning K is normal in G. This violates
G being a counterexample.

Step 2. O𝑝 (𝐺) = 1.

If 𝑀 = O𝑝 (𝐺) > 1, write 𝐺̄ = 𝐺/𝑀 . Since 𝐺̄ satisfies our hypothesis, we have, by the minimality
of G, that O𝑝′ (𝐺̄) = 𝐾̄ , where 𝐾̄/O𝑝′ (𝐾̄) is a (possibly empty) direct product of non-abelian simple
groups of order divisible by p. Notice that O𝑝′ (𝐺̄) = O𝑝′ (𝐺)/𝑀 = 𝐺/𝑀 . Since 𝑋/𝑁 = O𝑝 (𝐺/𝑁)
and 𝑀𝑁/𝑁 is a normal p-subgroup of G, 𝑀𝑁 ⊆ 𝑋 . But also |𝑋 : 𝑀𝑁 | is a power of p and 𝐺/𝑋 is
a direct product of non-abelian simple groups of order divisible by p, meaning 𝐺/𝑁𝑀 has no proper
normal subgroups of 𝑝′-order. Consequently, 𝑀𝑁/𝑀 = O𝑝′ (𝐺/𝑀). We conclude that 𝐺/𝑀𝑁 is the
direct product of non-abelian simple groups and therefore, 𝑋 = 𝑀𝑁 which implies that 𝐻 = 𝑀 , from
which 𝐺 = 𝑀 × 𝑌 , which violates it being a counterexample.

Step 3. If 𝑀 ⊆ 𝑁 is a minimal normal subgroup of G, then M is not abelian.

First, notice that if 𝑁 = 1 we have the desired result, so we can exclude this case. Now, suppose that
M is abelian. Let P be a Sylow p-subgroup of G containing H. Then, by Theorem 4.3, we have that

1 < N𝐺 (𝑃) ∩ 𝑀 = C𝑀 (𝑃) ≤ C𝑀 (𝐻𝑀) = 𝑀 ∩ Z(𝐻𝑀).

We claim that Z(𝐻𝑀) is normal in G. Indeed, by induction 𝐺/𝑀 = O𝑝′ (𝐺/𝑀) = O𝑝 (𝐺/𝑀) ×𝐾1/𝑀 .
Notice that O𝑝 (𝐺/𝑀) ⊆ 𝑋/𝑀 and therefore O𝑝 (𝐺/𝑀) ⊆ 𝐻𝑀/𝑀 .

Notice that 𝑁 ⊆ 𝐾1, and hence O𝑝′ (𝐾1) = 𝑁 . Then 𝐾1/𝑁 is a (possibly empty) direct product of
non-abelian simple groups of order divisible by p. Also notice that 𝐾1 = O𝑝 (𝐺), as 𝐾1 = O𝑝 (𝐾1) and
|𝐺 : 𝐾1 | is a power of p. Since the same is true of Y, it follows that 𝑌 = 𝐾1.
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Therefore, we conclude that 𝐻𝑀/𝑀 = O𝑝 (𝐺/𝑀), by comparing orders. Hence 𝐻𝑀 is normal in
G, and so is Z(𝐻𝑀), as wanted. Since 𝑀 ∩ Z(𝐻𝑀) > 1, we conclude that 𝑀 ⊆ Z(𝐻𝑀). Hence H is
normal in 𝐻𝑀 and therefore characteristic, so it is normal in G. As O𝑝 (𝐺) = 1, 𝐻 = 1 and 𝐺 = 𝑌 , a
contradiction to G being a counterexample.

Step 4. Final contradiction.

By Steps 2 and 3, M is the product of non-abelian simple groups of order not divisible by p,
transitively permuted by G-conjugation. Write 𝑀 = 𝑆1 × · · · × 𝑆𝑘 . By Lemma 2.10, 𝑘 = 1, meaning
𝑀 = 𝑆, a non-abelian simple group of 𝑝′-order. In particular, 𝐺/C𝐺 (𝑆) is an almost simple group with
socle 𝑆C𝐺 (𝑆)/C𝐺 (𝑆) � 𝑆.

Now, 𝐺/𝑆C𝐺 (𝑆) � 𝐺/C𝐺 (𝑆)
𝑆C𝐺 (𝑆)/C𝐺 (𝑆) is solvable by Schreier’s conjecture. Write𝑊/𝑆 = O𝑝 (𝐺/𝑆), and

notice that, by induction 𝐺/𝑆 = 𝑊/𝑆 × 𝐾1/𝑆 for some 𝐾1 such that 𝐾1/𝑆
O𝑝′ (𝐾1/𝑆)

is a product of non-
abelian simple groups. Let 𝐿 = 𝑊C𝐺 (𝑆). Then, 𝐺/𝐿 is solvable and hence 𝐾1/(𝐾1 ∩ 𝐿) is solvable.
Thus, 𝐾1 = (𝐾1 ∩ 𝐿)𝑁 and we have that 𝐾1/(𝐾1 ∩ 𝐿) is a 𝑝′-group. But since 𝐺 = 𝑊𝐾1, we have that
𝐺 = 𝐿𝐾1 and hence 𝐺/𝐿 � 𝐾1/(𝐾1 ∩ 𝐿) is a 𝑝′-group. As O𝑝′ (𝐺) = 𝐺, we obtain that 𝐺 = 𝐿 and
hence 𝐺/𝑆C𝐺 (𝑆) � 𝑊/(𝑊 ∩ 𝑆C𝐺 (𝑆)) is a p-group.

By the proof of [12, Theorem 2.8], if 𝐺 ≠ 𝑆C𝐺 (𝑆), since p does not divide |𝑆 |, there exists
𝜒 ∈ IrrΩ(𝐺/C𝐺 (𝑆)) of degree divisible by p, which goes against our hypothesis. Thus, 𝐺 = 𝑆C𝐺 (𝑆).
But this is a contradiction, as 𝑆 ∩ C𝐺 (𝑆) = 1 and |𝑆 | is not divisible by p. �

Lemma 4.5. Let G be a finite group with p a prime and suppose that IrrΩ(𝐺) ⊆ Irr𝑝′ (𝐺). Then,
O𝑝′ (𝐺) = O𝑝 (𝐺) ×𝐾 , where 𝐾 �𝐺 is such that 𝐾/O𝑝′ (𝐾) is a (possibly empty) direct product of non-
abelian finite simple groups of order divisible by p without Ω-invariant characters of degree divisible
by p.

Proof. By Lemma 4.4, we may write O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝐾 where 𝐾/O𝑝′ (𝐾) is a direct product of
non-abelian finite simple groups of order divisible by p. If these groups have an Ω-invariant character
of degree divisible by p, then so does 𝐾/O𝑝′ (𝐾), and hence, so does O𝑝′ (𝐺)/O𝑝 (𝐺). This means
that O𝑝′ (𝐺) has an Ω-invariant character of degree divisible by p and, by Lemma 2.8, so does G, a
contradiction. �

Finally, we get the complete proof of Theorem B, which we restate below.

Theorem B. Let G be a finite group, with p a prime and suppose that IrrΩ (𝐺) ⊆ Irr𝑝′ (𝐺). Then,
O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝐾 , where 𝐾 � 𝐺, O𝑝′ (𝐾) is solvable and 𝐾/O𝑝′ (𝐾) is a (possibly empty) direct
product of non-abelian simple groups of order divisible by p without Ω-invariant characters of degree
divisible by p.

Proof. By what we did before in Lemma 4.4 and Lemma 4.5, O𝑝′ (𝐺) = O𝑝 (𝐺) × 𝑌 , 𝑌/𝑁 is a direct
product of non-abelian finite simple groups of order divisible by p without Ω-invariant characters of
degree divisible by p, where 𝑁 = O𝑝′ (O𝑝′ (𝐺)), and O𝑝′ (𝐺) = 𝑋𝑌 , where 𝑋 = O𝑝 (𝐺)𝑁 . Also,
𝑌/𝑁 = O𝑝 (O𝑝′ (𝐺)/𝑁), meaning 𝑌/𝑁 is normal in 𝐺/𝑁; hence, Y is normal in G.

All that is left is to show that O𝑝′ (𝑌 ) is solvable. In view of that, we may assume 𝑝 ≠ 2 by the
Feit–Thompson theorem. If O𝑝′ (𝐺) ≠ 𝐺, then, by Lemma 2.8, we get the desired result by induction.
Hence, we may assume 𝐺 = O𝑝′ (𝐺). Along the same lines, as 𝐺/O𝑝 (𝐺) � 𝑌 , if Y had an Ω-invariant
character of degree divisible by p, so would G. Thus, Y also satisfies our hypothesis.

Notice that O𝑝′ (𝑌 ) = 𝑌 , since 𝑌 � 𝐺/O𝑝 (𝐺) and O𝑝′ (𝐺) = 𝐺. Consequently, if 𝑌 ≠ 𝐺, by
induction, we get that O𝑝′ (𝑌 ) is solvable, which is our desired result. So we may assume 𝑌 = 𝐺. In this
situation, O𝑝 (𝐺) = 1, 𝑁 = O𝑝′ (𝐺) and 𝐺/𝑁 is a direct product of non-abelian simple groups of order
divisible by p whose Ω-invariant characters are of 𝑝′-degree. Let 𝑅 = R(𝑁) be the solvable radical of
N and suppose 𝑅 ≠ 1. Then, by induction on 𝐺/𝑅, we get that O𝑝′ (𝐺/𝑅) = 𝑁/𝑅 is solvable, meaning
so, too, is N. Thus, we may assume 𝑅 = 1.
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Let M be a minimal normal subgroup of G contained in N. By the previous paragraph, 𝑀 =
𝑆1 × · · · × 𝑆𝑘 , a product of non-abelian simple groups transitively permuted by G-conjugation and
of order not divisible by p. If 𝑘 > 1, then the result follows by Lemma 2.10. Thus, we may assume
𝑘 = 1. Then, 𝑀 = 𝑆 is a non-abelian simple group and 𝐺/C𝐺 (𝑆) is an almost simple group with socle
isomorphic to S. By the Schreier Conjecture, 𝐺/𝑆C𝐺 (𝑆) is solvable. In particular, due to the structure
of G, |𝐺 : 𝑆C𝐺 (𝑆) |𝑝 = 1. Consequently,𝐺 = 𝑆C𝐺 (𝑆) as O𝑝′ (𝐺) = 𝐺. But this is impossible, as 𝑝 � |𝑆 |
and S is a quotient of G. �

Notice how the conclusion of Theorem B fails if one considers only the Ω-invariant characters in
the principal block of G. A small counterexample is 𝔖3, whose characters in the principal 2-block are
rational and linear, and also O2(𝔖3) = 1,O2′ (𝔖3) = 𝔖3; nevertheless, it is not a 2′-group, as would be
implied by the theorem.
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