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SUMMABILITY TESTS FOR SINGULAR POINTS

BY
F. W. HARTMANN

1. Introduction. King [5] devised two tests for determining when z=1 is a
singular point of the function f(z) defined by

W 1@) =S az"

having radius of convergence equal to one. The point z=1 and radius of con-
vergence one may be chosen without loss of generality.

In this note a theorem is proved which provides necessary and sufficient con-
ditions that z=1 be a singular point of the function defined by (1). The corollary
to this theorem yields sufficient conditions amenable to calculations since they can
be phrased in terms of a well-known summability transform of the sequence of
coefficients {a,}. Furthermore the theorem extends the results of King [5] and
hence of Titchmarsh [8, p. 216] and Hille [4, p. 7].

2. Results. Let the infinite matrix K[a, 8]=(c, ;) be defined by

000=1, COk=0, k=1,2,--.-

[oc+(1—°!—/3)2}" S

l_ﬂz =k§0c”'kzk, n = 1, 2’ e

K[a, ] was introduced by Karamata (See [2]) and is the Euler matrix for
K[1—r,0]=E(r), [1]; the Laurent matrix for K[1—r, r]=S(r), [9], and with a
slight change the Taylor matrix for K[0, r]=T7(r), [3]. (f T(r)=(c,,) then
[(1=P)z/(1=r2)]" = 32,0 a3 n=0,1,2,...)

The following lemma with slight modification is that of Sledd [7]. It is included
for completeness.

LemMmA. If K[«, Bl=(c,,5) for |a| <1, |B| <1 then there exists p>0, independent
of k, such that for |t|<p and k=0,1,2, ...

< n_ (1=0)A=p)t (B+(1—a—p)t\*
,Zoc,,_kﬂt T (1) ( 1—at )
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Proof. Let f(z)=[a+ (1 —a—p)z]/[1—pz]. If 0KR<1<1/|B| then there exists
p1>0 such that if |¢|< p, and |z] <R then |#f (z)| K M <]1. Fix |t|<p, and let

1L S n
P —got @1

Since this convergence is uniform in |z] <R, one can apply Weierstrass’ theorem
on uniformly convergent series of analytic functions [6] to write

Plz) =

=0

SrEr = it[icz]

2
X -5 3]
But k=0 n=0
3 1 _1-fz 1 _
1—1f(z) 1—at 1_(ﬂ+(1—a—ﬂ)t)z
1—at

There exists p, >0 such that [¢|< p, and |z| <R imply
B+ (1 —o—p)lz/[1 —at]] < 1.

Thus (3) may be expanded in a power series,

L5 0p) B,
1—1tf(z) #=o(1—at) 1—at

“

Then for [t|<min(p;, p,) one has by equating coefficients in (2) and (4) the
result of the lemma.

THEOREM 1. A necessary and sufficient condition that z=1 be a singular point of
the function defined by the series (1) is that

1/n

lim sup =1

2. Cr g1
k=0
Jor some a<1, <1 and a+B>0 and (c, ;) as defined in §2.

Proof. Consider the function

_ (=a)(1—p)t . (B+(1—a—p)t
T (l—at)? f( 1—at )

F(1)
F(¢) is regular in the region D where

.- B+(1—a—p)t
) 1—at

D={ <1}
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Furthermore z=1 is a singular point of f(z) if and only if #=1 is a singular point
of F(t). A simple calculation gives

ot B ) l 1—a
tt{———— —_—, 1—-4-2 0
+(1—-,3—-2a 1-f—2a p=2a>
D={tRet<1, 1—f—20=0
a+4B ) ' 1—a
|t |—— —_—, 1—p-2 0.
+ (1—/9—2a > 1=f—2 p=2a <

In each case =1 is on the boundary of D and D contains all points of the closed
unit disk except =1. Writing F(¢) in series form yields

(1—)1=pt2 [(p+(1—a—p)t\*
2 zak
(1—at)* E=0 l—at
provided ¢ e D. By the lemma there exists p>0 such that for [f]<p;<p and

k=0,1,2,...

F(f) =

2 n (1-—oc)(1—ﬂ)t(
t =
nzocn'kJr1 (1—at)?
Since (1—a)(1—p)t/(1 —at)? vanishes for t=0 and [f+ (1 —a—p)t]/[1—at] is
equal to ﬁ for t=0, with |§]| <1, there exists p,(x, §) <p, such that |¢|< p, implies

B +(1—a—ﬁ)t)"_

1—ot

< Mr* for some r = r(a, f) < 1.

0
z cn.k—!-lt”
n=0

Thus
o0 0 0 o]
a4, 2 Cupnat” | S Ml | X cpppat”
k=0 n=0 k=0 n=0
0
=M 2 [zl r*
=0

which converges since (1) has radius of convergence one. Weierstrass® theorem
now implies

) FO) = 3 (Seasnar) " for 11 < pu

n=0 \k=
By analytic continuation (5) holds in a disk whose boundary contains the
singularity of F(¢) nearest the origin and ¢=1 is a singular point of F(¢) if and
only if the radius of convergence of the series (5) is exactly 1, i.e.,

1/n

6) lim sup = 1.

0
> Cr e
k=0
CoROLLARY. If the sequence {0, ay, ay,...} is K[a, f] summable a <1, <1,

o+p>0 to a nonzero constant then z=1 is a singular point of the function given
by (1).
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Notice K[, 8] is regular for «<1, f<1 and a+g>0 (See [2]). If {b,} is the
K[o, B] transform of {0, a,, @y, . . .} then by=0, b,= D2 Cp 12y n=1,2, .. ..
Now if {0, aq, a4, ...} is K[«, f] summable to a nonzero constant then (6) holds.

If the T(r) transform of {a,} is {c,} and the K[O, r] transform of {0, a,, a;, . . .}
is {y,} then y,=0, y,=c,_1(rn>1) and thus one has immediately the Corollary 2
of [S]. In [1] it is proved that E(r) is translative to the right when E(r) is regular,
so the Corollary of the present paper implies Corollary 1 of [5].

REFERENCES

1. R. P. Agnew, Euler transformation, Amer. J. Math. 66 (1944), 318-338.

2. B. Bajsanski, Sur une classe générale de procédés de sommations du type D’Euler-Borel,
Publ. Inst. Math. (Beograd) 10 (1956), 131-152.

3. V. F. Cowling, Summability and analytic continuation, Proc. Amer. Math. Soc. 1 (1950),
536-542.

4. Einar Hille, Analytic function theory, Vol. II, Ginn & Co., New York, 1961.

5. J. P. King, Tests for singular points, Amer. Math. Monthly, 72 (1965), 870-873.

6. K. Knopp, Theory of functions, Part 1, Dover, New York (1945), p. 83.

7. W. T. Sledd, On the relative strength of Karamata matrices, Illinois J. Math. 15 (1971),
197-202.

8. E. C. Titchmarsh, The theory of functions, Oxford Univ. Press, London, 1952.

9. P. Vermes, Series to series transformations and analytic continuation by matrix methods,
Amer. J. Math. 71 (1949), 541-562.

VILLANOVA UNIVERSITY,
VILLANOVA, PENNSYLVANIA

https://doi.org/10.4153/CMB-1972-092-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1972-092-4

