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SUMMABILITY TESTS FOR SINGULAR POINTS 

BY 

F. W. HARTMANN 

1. Introduction. King [5] devised two tests for determining when z = l is a 
singular point of the function/(z) defined by 

(1) m = ïanz-
71=0 

having radius of convergence equal to one. The point z = l and radius of con­
vergence one may be chosen without loss of generality. 

In this note a theorem is proved which provides necessary and sufficient con­
ditions that z = l be a singular point of the function defined by (1). The corollary 
to this theorem yields sufficient conditions amenable to calculations since they can 
be phrased in terms of a well-known summability transform of the sequence of 
coefficients {an}. Furthermore the theorem extends the results of King [5] and 
hence of Titchmarsh [8, p. 216] and Hille [4, p. 7]. 

2. Results. Let the infinite matrix K[a, f}]=(cnt1c) be defined by 

C 00 == 1 J C0k = 0J K = 1, 2 , . . . . 

r o + i l ^ r i c ^ „=l j2 
L 1—fiz J ft=o 

K[VL, ft] was introduced by Karamata (See [2]) and is the Euler matrix for 
K[l-r,0]=E(r), [1]; the Laurent matrix for K[l-r, r]=S(r), [9], and with a 
slight change the Taylor matrix for K[0,r] = T(r), [3]. (If T(r)=(cnk) then 
[(1 - r )z / ( l -rz)]n+1= 2 w ^k+1l " = 0 , 1 ,2 , . . . ) 

The following lemma with slight modification is that of Sledd [7]. It is included 
for completeness. 

LEMMA. IfK[oi, P] = (cnik)for | a | < l , |/?|<1 then there exists />>0, independent 
ofk, such that for \t\<p and k=09 1 , 2 , . . . 

i o W ~ (1-aO2 I l-«* /• 
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Proof. L e t / ( z ) = [ a + ( l - a - 0 ) z ] / [ l - | f e ] . If 0 < R < 1 < 1 / | £ | then there exists 
Pi>0 such that if \t\<p1 and \z\<R then \tf(z)\<M<\. Fix \t\<px and let 

Uz) = 
1 

l-tf{z) «M, 
= 2tn[f{z)Y. 

Since this convergence is uniform in \z\<,R, one can apply Weierstrass' theorem 
on uniformly convergent series of analytic functions [6] to write 

(2) 

But 

(3) 
1 

l~tf(z) 

i*"i/(z)r=i<Bri«.*z*l 
oo r co "i 

1-Pz 1 

1-ocf 1 / / ?+ ( ! - a - / 3 )A 

\ 1 -a t / 

There exists p 2 >0 such that U|<p2 and |z |<i? imply 

| [ / l + ( l - t l - M z / [ l - « / ] | < l . 

Thus (3) may be expanded in a power series, 

(4) 
1-f/Yz) fcTo(l-art\ 1 -a t / 

Then for l ^ m i n ^ ! , / > 2 ) one has by equating coefficients in (2) and (4) the 
result of the lemma. 

THEOREM 1. A necessary and sufficient condition that z = l be a singular point of 
the function defined by the series (1) is that 

2* cn,k+lak 
fe=0 

1/n 

= 1 lim sup 

for some a < l , /?<1 and a+ / ?>0 and (cn1c) as defined in §2. 

Proof. Consider the function 

( 1 - a X l - f l t / j 8 + ( l - a - / Q A 
F ( 0 = (1-at)2 A 1-at J" ( l - a t f 

f (0 is regular in the region D where 

D = f: 
1 —at 

<«} 
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Furthermore z= l is a singular point of f(z) if and only if 7=1 is a singular point 
of F(t). A simple calculation gives 

I \ l - 0 - 2 o t / I 11—y?—: 

D = I f.Ret < 1, 

L:L+/_SE±£L)|>|_iz-
V I \l-tf-2a/ I 11-/?-: 

l - / ? - 2 a > 0 

l - / ? -2a = 0 

l - £ - 2 a < 0 . 

In each case t= 1 is on the boundary of D and D contains all points of the closed 
unit disk except t=l. Writing F(t) in series form yields 

„»„&=&=&$ J«±flz-=ffif 
V (1-aO2 *=o *\ 1-a* / 

provided / e D. By the lemma there exists />>0 such that for \t\<px<p and 
£ = 0 , 1 , 2 , . . . 

Ô W ~ (1-aO2 I 1-a* / ' 

Since ( l -a) ( l - / î ) / / ( l -aO a vanishes for /=0 and [/?+(l —a—/?)/]/[! — ar] is 
equal to /? for /=0, with |/?|<1, there exists p2(a, /?)</>i such that \t\<p2 implies 

Z, cn,k+itn 

Thus 
w=0 

< Mrfc for some r = r(a, / ? )<! . 

00 00 

^ ^A; ^ Cn.fc+1* 
&=0 n=0 ft=0 

2 Cw,A;+l̂ n 

= MS>»| i* 
&=o 

which converges since (1) has radius of convergence one. Weierstrass' theorem 
now implies 

(5) F(t) = ï(ïc„,k+1aky for |r| ^ p,. 

By analytic continuation (5) holds in a disk whose boundary contains the 
singularity of F(t) nearest the origin and t=l is a singular point of F(t) if and 
only if the radius of convergence of the series (5) is exactly 1, i.e., 

(6) lim sup Z, cn.k+lak 
fc=0 

1/n 

= 1. 

COROLLARY. If the sequence {0, a0, au . . .} w J^[a, /?] summable a < l , /3<1, 
a+/?>0 to a nonzero constant then z= l w a singular point of the function given 
by (1). 
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Notice K[OL, fi] is regular for oc<l, /Î<1 and a + i 8 > 0 (See [2]). If {bn} is the 

K[<x, JS] transform of {0, a09 al9.. .} then b0=0, bn= 2£L0
 cn,k+iak> n=l,2, 

Now if {0, a09 au . . . } is K[&, j5] summable to a nonzero constant then (6) holds. 

If the T(r) transform of {an} is {cn} and the K[0, r] transform of {0, a0, al9 . . .} 

is {yn} then y0=0, yn=cn_1(n>l) and thus one has immediately the Corollary 2 

of [5], In [1] it is proved that E{r) is translative to the right when E(r) is regular, 

so the Corollary of the present paper implies Corollary 1 of [5]. 
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