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Abstract

We describe a C-collocation-like method for solving two-dimensional elliptic Dirichlet
problems on rectangular regions, using tensor products of continuous piecewise polyno-
mials. Nodes of the Lobatto quadrature formula are taken as the points of collocation.
We show that the method is stable and convergent with order A" (r > 1) in the H'-norm
and h"*'(r > 2) in the L>-norm, if the collocation solution ds a piecewise polynomial
of degree not greater than r with respect to each variable. The method has an advantage
over the Galerkin procedure for the same space in that no integrals need be evaluated or
approximated.

1. Introduction

In this paper we define and analyze a C%-collocation-like method for elliptic Dirichlet
problems with variable coefficients on a rectangular domain. The method uses tensor
products of continuous piecewise-polynomial spaces. The collocation points are the
nodes of the Lobatto quadrature formula.

The idea of a collocation method at Gaussian points was introduced and analyzed
for two-point boundary value problems by de Boor and Swartz [4]. A C' finite-element
collocation method was studied by Prenter and Russell [13] and Percell and Wheeler
[12]. The well-known advantage of collocation finite-element methods over Galerkin
finite-element methods is that the formation of the coefficients in the resulting system
of equations is very fast since no integrals need be evaluated or approximated. But the
smoothness of the approximate solution required by C'- and C*-collocation methods is
higher than that required by the finite-element method for the same problems. In order
to weaken the smoothness C?-collocation methods have been considered, where the
approximate solution is only continuous (see [5, 6, 7, 10, 11, 15]) and C°- H~! methods
where the approximate solution is discontinuous (see [7]). The methods presented
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in [5, 6, 7, 15] are combinations of the collocation methods with the finite-element
method and in these methods one also has to evaluate or approximate integrals but
fewer than is required in the finite-element method. The methods described in [10, 11]
need not do any evaluation or approximation of integrals. The method presented in
this paper is a nontrivial extension of the C°-collocation-like method introduced in
[10] to two-dimensional elliptic problems.

The outline of this paper is as follows. In Section 2 we formulate an elliptic Dirichlet
problem in a weak form and describe a partition of a rectangle. The C?-collocation-
like method is defined in Section 3. In Section 4 the equivalent variational formulation
of the method is introduced. The stability of the method and some auxiliary results
are asserted in Section 5. The optimal order error estimates in the H'! and L? norms
are obtained in Section 6. The idea of the analysis used in Section 5 and 6 is taken
from (2], but the analysis is substantially different from that used in [2] since the
second partial derivatives must also be taken into consideration (not only the first
partial derivatives as in the standard finite-element method). Therefore most of the
auxiliary results are also new.

2. The problem and notation

The basic notation used in the paper is adopted from [2]. For any bounded open
set £ in two-dimensional space, the Sobolev space W™4(2) consists of functions f
such that 3* f € LY(S2), || < m, with the norm

i/q
I hmg.e = (Z ||a“f||:’,,,,,9) :

lal<m

where @ = (a;, ;) are multi-integers, 3 = 8y'9;>, 3, = 9/dx, 3, = 3/dy and
||f||g'q79 = fQ | fI?dxdy. We shall also use the seminorms | - |, 40. If ¢ = 2, we

shall write H™(S2), || - lm.c and | - |n g instead of W™2(Q), || - 20 and | - |20
respectively. The Sobolev space H™(£2) is equipped with the inner product (-, -} q-
H, (S2) is defined as the closure of the space C5°(£2) in the sense of the norm || - I q-

The restriction of a function v to the set K is denoted by vx. Throughout the
paper C (also with subscripts) will denote a generic constant with possibly different
values in different contexts. The space of all polynomials in x (in y) of degree at
most r restricted to the interval K, (K,) is denoted by P*(K,) (by P?(K,)) and
R, (K. x K,) = P¥(K,) ® P/(K,), r > 0. The space of all polynomials in x, y on
K C R? of degree at most 7 is denoted by P, (K).

We consider the Dirichlet problem

Lu=f onQQ,

2.1
u=0 ondf, @D
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where 2 = (0, /) x (0, ;) and

2
Lu(x,y) = = Y O (am(x, )u(x, )
’"'2’=’ (2.2)
+ bl(x9y)alu(x’y)+c(xv }')u(x,}’)-

1=1

We can rewrite the problem (2.1) in a weak form.

Find u € H, () such that

a(u,v) =1(w), VYve H(Q), 2.3)
where
2 2
a(u,v) = / (Z Q10U 0, v + Zb,aluv + cuv) dxdy
2 \m,i=1 =1
and

I(v) = /vadxdy.
We shall also consider the problem dual'to (2.3).
Find w € H; () such that
a(v,w) =l(v), Yve Hy(). (2.4)

Assume that the following conditions are satisfied.

Z1: am,b € C'(Q) form,l=1,2andc, f € C(R).
Z2: There exists a constant ay > 0 such that for each (£, &,, n) € R* and (x, y) € Q

2 2 2
D ami(x, Ynbi + ) bi(x, Y)ain + c(x, )0’ a0 ) &
m,l=1 =1 =1

From Z2 it follows that the coefficient matrix {a,,; (x, y)} must be positive definite and
c(x,y) = 0forany (x, y) € Q2.

Under the conditions Z1 and Z2 there exist unique solutions to the problems (2.3)
and (2.4) (see [2]). Moreover , the solutions # and w belong to H%(2) N H, () and
satisfy

lullze < Cill flloe, lwlla.e < Coll flloas (2.5)

where C,, C, are constants independent of u, w, f (see [9]).
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We divide the interval [0, /,] into subintervals ef = [x;, x;4.1].i =0, 1,..., Ny — 1,
where
O=xy<x; <--+ <xy-1 <Xy, =1.

The interval [0, ,] is divided analogously into e; = {y;, yjr]. Writee;; = e X ef .
Lethi; = (xiy1 — Xi), haj = (yj1 — ¥;) and

h=max| max h Apn=min{ min h .
k=12 \o<i<he—1 K ]? min =212 \osishe—1 &7

We assume that the family of partitions is regular, that is, there exists a constanto > 0
suchthath/h, < o,if h > 0.
For f € W™4(¢;;), we adopt the notation

1 Na=1 1/q
0 lmg = (Z > |If||,,.qe,> :

=0 j=0

If g = 2, we shall write || f|,, instead of || fi.2.
Let V, = V* ® V?, where V and V. are finite-element spaces of the form

={veCyU0, L] : v € P (), i=0,..., N, — 1, v(0) = v(,) = 0}
and

={veC(0,L): vy € P(e), j=0,...,N;— 1, v(0) = v(ly) = 0}.

3. The C°-collocation-like method

The Lobatto points {#}/=, on (0, 1) are the roots of the orthogonal Jacobi polynomial
.I @ l)(t) = C,P!(t), t € [0,1)], where P, is the Legendre polynomial of degree r,

:[0,1] — R and C, isaconstant. Letf, =0, ¢, = 1.

Introduce the affine mappings of the form

Fvix(t) =Xx; + h|','t, P}y(t) =Y + hz.jt, !t € [O, 1]

Denote by (xi, yii) = (Ff(t), F] (%)), k,1 = 0,...,r, the Lobatto points on the
element ¢;;. Note that x;_; , = x;0 = x;, yj—1., = yjo = y;. Further, by

[g):(x, y) = g(x—, y) — g(x+, y)

and

[g),(x, y) = g(x, y-) — g(x, y+)
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we denote the discontinuity jump of g at (x, y) in the x and y axes respectively. The
weighted averages of g at a point (x, y) are denoted by

{ghi()(x,y) =aglx—, y)+ (1 —a)g(x+,y)
and

{g},(B)(x,y) = Bg(x, y-) + (1 — B)g(x, y+),

where «, 8 € [0, 1]. Set

2
Dng(x,y) = am(x,)0g(x,y), m=12, (x,y)€Q,
=1

the conormal derivative of g associated with the operator L.
The C°-collocation-like method is defined as follows.

Find U € V, such that

LU (xi, )’jl) = f(xi, }’jt), 3.0
Whl—_,! [D\UX(xi, yj) + {LU ) (@) (xi, yir) = f(x, yin), (3.2)
UJﬁz—,;[Dzuly(xik, J’j) + {LU}y(ﬂj)(xiky J’j) = f(xi, }’j), 3.3)

wh;:{l[DlU]x}y(ﬂj)(xi, yi)+ whl___l,'{[DZU]y}x(ai)(xh i)
+ {{LU} (@)}, (B)(xi, y;) = fxis y)),
where 1 <k, I <r—-1landi =0,...,.N,-1,j =0,...,N, — 1 for (3.1)-

B33andi=1,...,Ny—1,j=1,...,N, — 1 for (3.4). Moreover, w = r> +r,
Fig=hiici+hi Ry j=hoj+hyj, 00 =hyis /R, B = hajo /Ry

34

REMARK. If r = 1, then Equations (3.1)~(3.3) vanish. If A, ; = h, and h, ; = h, for
any i and] then hl,i = 2h1 and hz'j = 2h2 and o; = ﬂj =0.5.

In the Appendix we present another form of the system (3.1)-(3.4).
4. The variational form

We want to give an equivalent formulation of the method (3.1)—(3.4) in a variational
form in order to simplify its investigation. The variational formulation uses a discrete
inner product based on the Lobatto points. In this way we are able to prove existence
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and uniqueness as well as obtain optimal rates of convergence for the method (3.1)-
(3.4). The variational formulation is not good for practical computations. Instead, the
system (3.1)—(3.4) should be used.

Let I(g) = fol g(1) dt and denote by Q(g) the Lobatto quadrature formula on
[0, 1] (see [3]), that is, Q(g) = }_'_, w;g(t). Note that wy = w, = (r* +r)7'. The
following relation is satisfied (see [3]):

Q@) =1(g), Vg € Py ([0, 1]). “4.1)

Let T(g) = g(1-) — g(0+) and I (g) = h,:1(8), @7 (8) = h1: Q(8), T7(g) =T (),
where g(t) = g(F(t)), t € [0,1]. Analogously we define I7(g), Q] (g), 77 (g)-
Moreover, we define the tensor product of any two of the above functionals as follows

(G ® G3) (f) = GH(G3(f)),

where f = f(x, y) and G, and G, stands for I, Q or T with indices i or j.
We transform the integrals [, ’ D,wd, v dxdy using Green’s formula.

Fork =1

/ Dywo,vdxdy =/ (D wv)(x;p1—, t) — (Dywv)(x;+, t)) dt —/ 0, Dywvdxdy

2

= (T ® I)(Dywv) — (I ® 1])(3, Dywv)
and fork =2

f Dy,wdvdxdy = (I ® ij)(Dzwv) — (I7 ® I})(3, Dwv).
We recall that D,w, k = 1, 2, is the co-normal derivative of w associated with L. We
can now rewrite the bilinear form a(w, v) as

Ni—1 Ny—1

a(w,v) =Y Y (TFQ L) (Dywv)+([F RT))(Dywv) + (I @ I} ) (Lwv). (4.2)

i=0 j=0

Substituting in (4.2) the quadratures Q7 and Q; for the integrals I and / jy respectively,
we obtain the bilinear form a,(w, v), that is,

Ni—1 Nx—1
an(w, V)= D> (TF @ @)(Dywv)+(Qf ®T))(Drwv) +(QF ® @) (Lwv). (4.3)
i=0 j=0
Similarly
Ni—1 Ny—1
W)=Y > (27 ® O)(fv). 4.4)
i=0 j=0
The problem
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find U € V, such that
a(U,V)=1U1(V), VVeV, 4.5)

is equivalent to (3.1)—(3.4). To show this, we choose {¢i’j‘¢jy,} as the basis functions of
V, satisfying

wEVS, ¢y eV, (4.6)
¢,'xk (xmn) = ‘Simakn’ (47)
jy}(ymn) = 8jm81m (48)

where x,, and y,,, are grid nodes on x and y axis respectively and §;,, denotes the
Kronecker delta. To get (3.1)—(3.4) one should substitute the functions ¢;; ]’, for V in
(4.5), use (4.7), (4.8) and reduce these expressions.

5. Stability of the method

In this section we prove that the method is stable. The main result of this section
is that the bilinear form a, (W, V) is uniformly V,-elliptic for sufficiently small 4.

THEOREM 1. Let An € W2'°°(e,-j), b[,C € C(e,-]-) fori = 0, 1, ...,N] - 1, j =
0,1,...,N, — 1, where l,m = 1,2, and let Condition Z2 be satisfied. Then there
exist constants y > 0 and hy > 0 such that

YIVIEg <an(V, V), VV eV, (5.1)
forany h < hy.

Stability, and hence existence and uniqueness of the solution to (3.1)-(3.4), is a
consequence of Theorem 1.

COROLLARY 1. Let f € C(eij) fori =0,...,Ny—1, j=0,...,N, — 1, and the
assumptions of Theorem 1 be satisfied. Then for any h < hy

IUMLe = Cll fllo.co.s
where U is the unique solution to (3.1)—(3.4) and hy is given in Theorem 1.

Let K = [0, 1] x [0, 1]. We introduce the quadrature error functionals on e;;

E;j() =L L(f)- 0 ® Q/(f),

wherei =0,..., N, —1,j=0,..., N, — 1. To prove Theorem 1 we need several
auxiliary lemmas. Here s, k and g are some parameters and n is a degree of a
polynomial p.
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LEMMA 1. Let 2/q < s < 2r —n, q € [1,00], 0 < k < n. Assume that f €
Wstka(e,.). Then for any p € R,(e;;)

Q] = I) @ T/ (fD)| < CH™ | fllsss g0l Pl (5.2)
Q] = I ® S(fp)| < CHH 14D fll ik g, 1P llkcerss (5.3)
177 ® (0] = IN(fP)| < CEY 0 fllsinge; | Pllkces» (5.4)
157 ® (@] = I[P < CHH D fll ik g e I Pllkey (5.5)

IEi(fP)) < CHY ' fllsik g ey | Pllice,» (5.6)

where S stands for Q or I and if k = 0, then the norm || f||s4x.q., is replaced by the
seminorm | f |51k q.¢;-

PROOF. First we shall prove inequality (5.2). We have
(@ —IN®T(fp) =hi(Q - DR T(fp), 5.7

\Yhere f&. &)= F(F (&), ij(sz)) and p(§1, &) = p(F (&), ij(&)) for (&1, &) €
K.

I. We prove (5.2) for k = 0. Let G(f) =Q@-D® T(fﬁ). The functional G is
linear with respect to f € W=4(K) and continuous for s > 2/q, (g € [1, o0]) since

IG(H)I = CllifllocoiPllosei < Cllfllsq.illPllok-

In the above, the equivalence of norms in the finite-dimensional space R, (K) and the
inclusion Ws9(K) ¢ L*(K) (s > 2/q) have been used (see [2]).

Since (1 —Q)®T(g) = Oforg € Ryyn_1(K) C Ry_1(K) (see (4.1)), the functional
G vanishes over the space P;_, (IZ ) C Ry (IE' ). By the Bramble-Hilbert Lemma (see
(1

G| < CIfls gkl Pllok- (5.8)

Hence

(QF — I T (fp) = hil(Q — DR T(fP)| < Chlfl,,2llPlloz
< CR= (£ 0 o 1 Plloy

where 2/g < s <2r —n,q €[1,00}],0 < n.

II. We prove (5.2) for k = 1 using the method of mathematical induction with
respect to k. Note that the lemma is valid for k = 0 (see Part I of the proof). Let the
lemma be true for k = [ > 0. We prove that it is true fork =/ + 1. Let p;; € Pi(e;;),
if | =0, and p;; € Pi(e;), if I > 1, be an interpolatory polynomial of p, that is,

https://doi.org/10.1017/50334270000000734 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000734

376 Zbigniew Leyk 9]

Pij(Zijm) = P(Zijm), where z;;,, are different points from e;; withm = 1, 2, 3, ifl =0,
and withm =1, ..., I(l + 1)/2,ifl > 1. We have

Qi —IN®T(fp)=(Qf —IN®T(fpi)) + (Qf I NT (f(p—pij)). (5.9)

We now estimate the first term of the right-hand side of (5.9) using (5.2) with k = [,
n=1For2/g<s<2r—1,q €[l, o0]

1(QF = IF) ® T} (fpip)l < CHH =D f g1 gy I Plle, - (5.10)
We have used the following inequalities: for/ =0, 1
I Pislie; < NP — Pisllie; + 1Plie; < CR7Iplae, + IPlie, < Clipllie,,
since | plae, < Ch'72|pl;., (see [2]); forl > 2
W2ijllie; <P — Pijllie; + 1Pllie, < Cllpllie,-
Replacing s by s 4+ 1 in (5.10), we get
(QF — I}) @ T} (fpip)l < CH "D fllspivrg.e, I Pllie, (.11)

for —142/qg <s <2r —1 — 1. Note that (5.11) is also valid for 2/g < s < 2r —n,
ifl+1=<n < 2r —2/q. We estimate the second term of the right-hand side of (5.9)
using (5.2) withk =1,2/q <s <2r —n,q €1, 00),! < n. We have

Q7 = I ® T (f(p — P < CHM || fllsssge,lP = Pijllie,

= Chs+l+l_(2/q)"f”s-{-l,q,e;j lp|1+1,e,~,~~

(5.12)
We have used the inequalities
lp — pijllo.,; < ChzlPlz.e,,
and

|P|2,e,-,- < Ch_l |P|1.e.~,-’

for I = 0 (see [2]). Combining (5.9) with (5.11) and (5.12) yields (5.2) withk = [+ 1.
Hence (5.2) is valid for any 0 < k < 2r — 2/q. Analogously we estimate (5.4).

Similarly we get bounds on (5.3) and (5.5). Note that now we have one & more
(compare with (5.7)), since

S*®(Q” = P)(fp) = h1ihy ;S ®(Q — D(fp)
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and
(QF — 1) ® 8] (fp) = hiih2;(Q — ) ® S(fp),
where § stands for Q or /. Combining (5.3) and (5.5) with the inequality
|E;(fP) <1QF ® (@] — I+ 1(QF — ) @ ) (fp)|
gives (5.6).
The following lemma will be useful in showing the equivalence of norms in V,.

LEMMA 2. There exists a constant Cy > 0 independent of h such that forany V € V,

1 Np— 1/2
(Z Z 0; ® 0] (Z(akvf)) > GollV 0.

i=0 j=0

PROOF. We have

2
0f ® Q) (Z(akV)z) =h1ih,;0Q Q0 (h;,?(al V)2 + hz_j-(azv)z)
k=1

2
>07'0®0Q (Z(M)Z) :
k=1

where V (&), &) = V(F (&), F (&) for (&, &) € K.
~ - 1/2
The mapping V — (Q ® Q0 (ZLI(G,( V)Z)) ! defines a norm in the quotient

space R,(K)/Py(K). Since the mapping V — |‘7|1' % 18 also a norm in this finite-
dimensional space, there exists a positive constant C; such that

2 1/2
(Q ® Q(Z(akf/f)) 2 CilVIig, YV R (K).
k=1

Hence, forany V € V,

2
0 Q) (Z(amz) >0 'V . 2 CIVE,,
k=1

and
—1Np—
Z Z 0:® Q) (Z(am ) > C|V2,.
i=0 j=0
To complete the proof, notice that the seminorm | - |, o is a norm in the space H, (£2)
equivalent to the norm || - ||; q.
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LEMMA 3. Leta,,,, € W2'°°(e,~j)f0ri = 0, 1, PR Nl -1, j = 0, 1, ey Nz— 1, where
m,l =1,2. Thenforany V € V,

Ni—1 Nx—1

YD U -0He Q] (31(D1VV))‘ < ChlIVIZ,, (5.13)
i=0 j=0

and
Ni—1 N,—-1
Y ool -0) (32(D2VV))‘ < Gh|VI}q. (5.14)
i=0 j=0

PROOF. We first prove (5.13). Since W*®(e;;)) C C!(e;;), we can define af, =
ay(x;, y;), 1 =1, 2, for fixed i and j. Furthermore,

lay = @lllo.co.e; < Chlaulicoe, (5.15)
(see [2]). By virtue of (4.1) it follows that
(7 — 05 ® Q)@ WV) =0,
for any W, V € R, (e;;). Thus, we can write
(I’ - 9H® Q;(an (allalvv)) =h+ L+ 45, (5.16)
where

== 0))® Q) (81au3VV),
L=U'-0)e Q) ((au - a?,)alalvv) ,
S=-0))® Q) ((au -a%)a,va, V) .

In the sequel, we shall frequently use the result
[VInge; < CA"REON Y, (5.17)

where V € R,(e;j), q € [1,00],0 <! < m,n > 0 and the constant C is independent
of h, see [2, p. 140]. Also we make use of the inequality

| fWlnges <C D1 fhooe, Wlntg.e» (5.18)
=0

where f € W™*(e;;), w € W™9(e;),m > 0, g € [1, oo] and C is independent of h
(see [2, p. 192]).
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Using (5.17), (5.18) and (5.3) with f = (Qia)V,p=aV,s=Lk=0n=r,
q = 0o, we estimate the first term of the right-hand side of (5.16) as

|11 < CR*181auV 1 .00.e; 181V llo.e, < Chllaullz.coe, IV, - (5.19)

We now get a bound on the second term of the right-hand side of (5.16) using (5.15),
(5.17), (5.18) and (5.3) with f = (@ —a¥)V,p =8,8V,s =2,k =0,9 = oo,
wheren =r,r > 2,ifl=1,orn=r — 1,r > 1, if I = 2. This yields

|l2| < CR|(au — au®)Vlacoe; 1313V llo.e,
< CR’ (lau —a oo, |V 12,006y 11111000,V |1.00.0; F 181 2,00, |V [0.00,05) 1V f2e;
< Ch* (Chlaul1co.e; Ch ™1V 1000 + N@itll2.00.6, | V II1.00e,) CAT' [V |1
< Chllaullz.c0e; 1V .- (5.20)

Note that if r = 1,/ = 1, the inequality (5.20) is valid, since in this case 32V = 0 and
hence J, = 0.

Finally, we estimate the third term of the right-hand side of (5.16) using (5.15),
(5.18), (5.17) and (5.3) with f = (ay —a})3V,p=3,V,s =1,k =0,n =r and
g = oo. The result is

| /3] < Ch* (|au - allolo,oo,e,-, "aIV”l,oo,e,-j + lauh.oo.e,-,-|31V|0.oo.e,-,) ||31V||0.ei,
= Ch2 (Chlallll'oooeijCh_l|V|l-°°-eij + lallll,oo.e,-jlvll,oo.e,-j) IVll,e;j
< Ch|aul1coe; IV} (5.21)

Lej*

Using the definition of D, and combining (5.16) with (5.19), (5.20) and (5.21), we
derive (5.13) with C, independent of & (but dependent on ay;, [ = 1, 2). Analogously
we prove (5.14).

We are now in a position to prove Theorem 1.

PROOF OF THEOREM 1. We shall use the equalities T°(f) = I7(d;f), Tjy ) =
Ij’(azf) and 9,,(D,,V)V =90, (D,V)V) - D,Va,V form=1,2.
The bilinear form a,(V, V) (see (4.3)) can be rewritten as

Ny=1 N—1

a(V,Vy=>_ 3" (1,.* ® 0)(3(DVV))

i=0 j=0

+0;/ ® [ (3:(D;VV) - Qi ® Q] (0:(D1VV))—0F ® 0] (3:(D,VV))

=1

2
+Q; ® Qj(D\V3,V+D,VaV)+ 07 ® Q) (Zb,a,vv+cv2) )

= Jl + .12 + .13, (522)
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where
N| |N2
= Z(”‘ Q) ® Q] (B(DIVV)),
i=0 j=0
Ny=1 Np—
=y Z 0; ® (I — Q)(B(D,VV)),
i=0 j=0
N| |N2
=) Z 0r® Q) (Z amdVonV + Zb,a,VV + cV2>
i=0 j=0 mi=1
Using condition Z2 and Lemma 2 gives
—1 Np—
Jy = Z Z 20! ® Q) (Z(&W) > aColl VIl g =Gl VITg. (523)
i=0 j=0

To obtain (5.1), it suffices to use the equality (5.22) and the inequalities (5.13), (5.14)
and (5.23). Indeed, taking ko = 0.5C;(C, + C,)™!, we get for h < hy

a,(V,V)>-C h||V||2 - C2h||V||2 + C3||V||2
> (—(Ci + Co)hg + C3) ||V||1 Q> 05C3||V||

REMARK. If ay,(x, y) and ay(x, y), ! = 1,2, are functions independent of x and y
respectively, then (5.1) is valid for any 2 > 0, since J; and J, vanish (as a consequence
of (4.1)).

6. Error estimates

In this section we prove that the C°-collocation method has the optimal rate of
convergence in H'($2) and L?(S2) norms for sufficiently small A.

THEOREM 2. Assume that f € W*9(e;;), u € H**?(e;;) N H*(Q) N H}(RQ) for i =
0,....NM—1,j=0,...,N,— |, where 2/q <s <r,r >1,q > 2. Let the
assumptions of Theorem 1 be satisfied.

Then for any h < hy

lu = Ulha < Ch* ([lullssz + 1 fllsq) -

where u and U are the solutions to (2.3) and (3.1)3.4) respectively, f is as in (2.1)
and hy is given in Theorem 1.
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To get an error estimate in the L2-norm, we apply the inequality

lu~Uloa = sup ligligh( inf (Cllu = Ullalw = Vil
8E€LX()
+1aU, V) = a (U, V)| + 1V) = h(V)]))
6.1)

(see [2, p. 203]), where w is the solution to (2.4) with [(w) = fQ gvdxdy, and u and
U are the solutions to (2.3) and (3.1)—(3.4) respectively.

THEOREM 3. Assume that f € Wst'4(e;;), u € H(e;;) N H* () N Hy(Q) fori =
0,....N—-1,j=0,...,Ny— 1, where2/qg <s <r,§ =max(s +2,4), r =2,
q > 2. Let the assumptions of Theorem 1 be satisfied.

Then for any h < hy

lu = Ullog < CA*' (lluells + 11 £ De+1.4) -
where u, U are the solutions to (2.3) and (3.1)—(3.4) respectively.

To prove Theorems 2 and 3 some lemmas are required.

LEMMA 4. Let a,y € WtE2(g;), b,c € WH12(g,) for i = 0,...,N, — 1,
j=0,...,N,— 1, wherem,l=1,2and 1 < s,k <r. Thenforany W,V €V,

la(W, V) —a,(W, V)| < CE* YW il IV Il (6.2)
la(W, V) —ay(W, V)| < CEH* IV ol W llesr- 6.3)

PROOF. We can write (see (4.2) and (4.3))

~1 Ny— 2 2
WV —aW =33 (Z (257 + I5P) + 3 (50 + 9E0)
m,i=1

i=0 j=0 \ I=I

=1

2
+Y I+ Jé‘“”), (6.4)

where Jii” = T ® (I} = O)(@udWV), 13" = (IF = Q) ® T} (@ud WV),
I = Ej(~8mamdWV), J;'”P, = Eij(=amd.aWV), J& = E (baWV),
Jéi'j) = E;;(cWV). We estimate each term of the above equality for fixed i, j
using (5.17), (5.18) and Lemma 1 with n = r, ¢ = oo. Thus, from (5.4) it follows
that

(U9)] k k—
|11” | < Ch** ||01131W||s+k,oo,e,~,~ ||V||k,e,-,~ < Chr* l"all"s+k,oo.e,-,- "W”:+k+l,e;} ||V||k,e,-,-
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forl/ =1, 2, and

@i.J) k k—1
. 'Jl_‘[" I =< ChH. IlalIVI|s+k,oo,e;,- ”alW"k,e;j < Chs+ 'lallllx+k.oo,e,-,- “V”x+k"W"k+l,e;j

forl=1,2,wherel <s srr=z k.
Similarly we estimate J;;”. Further on, using (5.17), (5.18) and (5.6) with n = r,
g = oo and k — 1 instead of k we obtain

G.§) k
|J3_‘,,f,1| =< Cch*t IlamallaIW"s+k—l.oo,e,-,- ”V“k—l,e;j

k—1
< CH* i lsstcoe, 1W lsst, 1V -ty m, 1= 1,2
and

WD) < CH M 18mam V lstiot,00.0, 18 W lk-1.e,

k—
< CP Y Namllssroo.e, 1V lsthmtie; IWlle,, m,I=1,2,

wherel <s<r,r>k—12>0.

Similarly we estimate J‘ff‘j ) Js(fjj Yand JS*”, m,1 = 1, 2. To complete the proof of

m,l>

(6.2) combine (6.4) with the above estimates using the Cauchy-Schwarz inequality.
Analogously we prove (6.3).

LEMMA 5. Letu € H¥(e;;)NH*(Q)NHN(Q) fori =0,...,N,—1,j=0,...,N,—1,
where 0 <s < r + 3 and § = max(s, 2). Then

NUHs < Cllulls,
where U; € V, is a V,-interpolant of the function u.

PROOF. Observe that H*(2) C C(Q), so U, is well defined. We first prove the
inequality (s =r + 1)

|U1|r+l.e,~,~ .<_ cIu|f+l,e,',‘ (6'5)

for fixed i, j, where C is a constant independent of & and / = 2, 3. Since Uy, €
R, (e;j), then

Uiltae, = [ S0 dxdy

eij k=l

<2 f > @85 (u - Up))2dxdy +2 / D @5 u)* dxdy.
€ij k=l €ij k=l (6.6)
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Let Gi(u) = [, 88;*'*(u — U)) fudxdy, where f; € L*(e;j), k =1,...,r, and

Gi(@) = [ 3k35" ¥ — U)) fi d€1dEy, where (&1, &) = w(F (&), F!(5)). The
symbol w stands foru, U, or fi, k=1,...,r.

We have the estimate |G, (u4)| < Ch”"“lf}k(ﬁ)l. The functional G, is linear with
respect to ii € H™+*'(K) and continuous, since

1GL@) < (il 40,2 + Cllillo o) Fllog < Cilill,rzll fillo -

Above we have used the mequahty 0, I,z < Cllalloo g < Cllitll, 4z and the
inclusion H™*(K) c C(K).

Now we show that the functional G, vanishes over the space P,+,_1(IZ ). If
i€, &) =&rE; and 0 < m, n < r, then 0,(51, &) = £r'g] and thus G (@) =

If u6,6) = &7, n = 0,. — 2, then U;(61,&) = Pﬁ”")(é) +

p#"(&)8;, where pimtm € P([O 1]) m = 1,2. Hence 3* 3" *@ —U;) =0
fork=1,...,r and Gk(u)

Inasimilarway we obtain that G() =0, 1fu(§'|, &)= "” 1”'5{',n =0,...,1—
2. From the above equalities it follows that G@) =0 for ue P,+,_1(IZ ). By the
Bramble-Hilbert Lemma (see [1])

1Ge@)] < Culitl,y gl fillog, k=1,....r
and hence
G| < Ch™ it & fillo g < Cltlrstey | fillowe, -
Taking f, = 3f3;"*(u — U,) € L*(e;j), k=1, ...,r, yields
I Fell3e, < Clitlrasey Nl filloe,s

that is,
k —k
1353; 7 ( — UDllo.e; < Cletlrsie,-

Combining (6.6) with the above inequalities produces (6.5).
For2 <s <r + 1 we have

|UI|s.e,-,- = |u - Ul Is,e,-,- + Iuls.eij = Cluls.e;iv (67)
and fors =0, 1

Utlse; <l = Ullse;; + ltls.e; < Cllutllze, (6.8)

(see [2, pp. 122-124]).
The conclusion follows from the estimates (6.5), (6.7), (6.8) and the Cauchy-
Schwarz inequality.
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LEMMA 6. Let f € W*4(¢;) fori = 0,...,N, =1, j = 0,..., N, — 1, where
2/g <s<r,q>2r>k=>0. ThenforanyV €V,

(V) = LV < CE N f sk gV D

PROOF. By (2.3) and (4.4)

Ni—1Np—1

V) =h(Vy=Y_ D E;(fv).

i=0 j=0

Using (5.6) with n = r and the Hélder inequality (see {2, p. 200]) we have for any
VeV,andg =2

Ny =1 Ny~1
V) =LV <D0 D CRP D) £l g0, IV e,
i=0 j=0
Ny—1 N—1
< Ch* (Z D BT flloskge, IV hee,
i=0 j=0
N=1 M=t \ 1727008y gy V4 /Ny -13,—1 12
o (B350) (EE i) (SEm)
i=0 j=0 i=0 j=0 i=0 j=0

< CH ™ N f sk gV M.

We can now prove Theorem 2.

PROOF OF THEOREM 2. Let U, be a V,-interpolant of the function u. Applying the
interpolation error estimates (see [2, 14]) we note that .

le = Uil < Ch lullss, (6.9)

where 2/q < s < r. Using the first Strang Lemma (see [2, p. 186]), (6.2) with k = 1,
Lemma 5, Lemma 6 with ¥ = O and the estimate (6.9) we obtain

alU;,V)—a,(U;, V (VY=L (v
lu=Ulha <Cllu=Uplla+C sup 19N =4l VI o HD=ZL(V)]
Ve e Ve

< Chllulls+r + CR MU ls42 + CR N fllsq
< C (Mutllss2 + 11 fllsq) »

which completes the proof.

Finally, we prove Theorem 3.

https://doi.org/10.1017/50334270000000734 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000734

18] A CP-collocation-like method 385

PROOF OF THEOREM 3. Let W, € V; and U; € V, be interpolants of w and u respect-
ively. From the interpolation error estimate and (2.5) it follows that

lw— Wilie < Chlwlze < Chliglloe (6.10)
and
IWillie < IW; — wlae + lwllae < Cllwlize < Cligllo.e- (6.11)
We now estimate [|U||; for r > 2. By the triangle inequality
HUNs < U = Uills + WU 5. (6.12)
By (5.17)
U — Uills < Ch7|[U = Uil e (6.13)
The triangle inequality yields
WU = Ulle < U —ullie + llu — Uillha (6.14)
Theorem 2 and (6.9) (s = 2) imply
IU — Uillha < CH(lulls + 11 f N2q)- (6.15)
Note that (see Lemma 5)
HUs < Cllalls.- (6.16)
Combining (6.12) with (6.13), (6.15) and (6.16) yields
NUNs < Clulls + 0 S ll2.0)- (6.17)
By (6.3)withk=2,1<s<r,r>2,
la(U, W))| — an(U, WD)| < CHH W 12I1U s, (6.18)

since W, € V; and [|W,|l;.2 = [[W;[],. Setting W, instead of V in (6.1) and using
(6.1), Theorem 2, (6.10), (6.18), (6.11), Lemma 6 with k = 1 and (6.17) produces

lu = Ullog < sup ligllgh(CH (Iullsz + 11 £ls.q) Chliglo
gel2(Q)

+ Ch U sligllog + CH 1 lss14 118 ll0.0)

< Ch* (flulls + 0 Dssr),

where2/q <s <r,r>2,q > 2,5 = max(s + 2, 4).
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Appendix

We present another form of the system (3.1)~(3.4). The idea is similar to that in the
finite-element method. First we generate local matrices k;; and local right-hand sides
gijonelementse;,i =0,... ,N;—1,j=0,..., N, — 1. Then we extend them to
the whole region €2, obtaining the matrices k; ; and the vectors g;;. Next we assemble
the matrices to create a global matrix X and the vectors to create a global right-hand
side G, that is,

Ni—1 N3—1

K=;;EU,
—1 Na—

G= Z

Let the solution U of the system (3.1)-(3.4) be represented as

-1 Nz— r

U= Z Z Z Ulk jl¢,k 'l

i=0 j=0 k=0

where ¢}, and Jy, are defined in (4.6)—(4.8). Denote the vector U = {Uix,j:}. Then U
is the solution of the system of equations

KU =G.
The local system of equations on any element ¢;; is as follows:

LU (xy, yjl) = f(xu, )’jl).
0 (X)wD,U(x, yy) + h ;LU (x, yi) = hyi f(x, yj1),
67 (MwDLU (xix, ¥) + ha LU (xit, ¥) = haj f (Xiks ¥),
6, (x)hy,;wD U (x, )’)+9jy()’)h1.iWD2U(x’ Y)+hiihy ;LU (x, y) = hyihy ;i f(x, y),
wherel <k, I <r—1,x =x¢0rx = X;41—, y = yj+0ry =y —and 6/ (x;+) = —1,
07 (xi-) = 1, 6/ (y;+) = —1, 6](y;1-) = 1. The above system defines the local

matrix k;; and local right-hand side g;;.
Another approach is to use the tensor product of one-dimensional operators (see

[8D).
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