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Abstract

In this paper, we generalize the Kuiera's group-determinant formulae to obtain the real and relative class
number formulae of any subfield of cyclotomic function fields with arbitrary conductor in the form of a
product of determinants. From these formulae, we generalize the relative class number formula of Rosen
and Bae-Kang and obtain analogous results of Tsumura and Hirabayashi for an intermediate field in the
tower of cyclotomic function fields with prime power conductor.
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1. Introduction

In the classical case, Tsumura [10] and Hirabayashi [4] gave relative class number
formula for an intermediate field of the cyclotomic Zp -extension of an imaginary
abelian number field in the form of a product of determinants. Recently Kucera [6]
showed that the similar construction can be done for any extension of abelian fields
using group determinant formulae.

In this paper, we generalize the group-determinant formulae of Kucera [6, Lemma 2]
to obtain the real and relative class number formula of any subfield of cyclotomic
function fields with arbitrary conductor in the form of a product of determinants
(Theorem 3.1). As an application, we generalize the relative class number formula
of Rosen [8] and Bae-Kang [2] to any subfield of cyclotomic function fields with
arbitrary conductor (Theorem 3.2). We also give determinant formulae for the real
and relative class number of an intermediate field in the tower of cyclotomic function
fields with prime power conductor (Theorem 3.4 and Proposition 3.6).
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2. Group-determinant formulae

Let G be a finite abelian group of order n and let L2(G) denote the ^-dimensional
vector space of complex-valued functions on G. Let G be the character group of G
with values in C and let Xo be the trivial character of G. Then it is easy to see that G
is a basis for L2{G) over C. For a subgroup H of G, we define

L2(G)H = {/ e L2{G) : / (CTT) = / (a) for all a e G and x e H)

and G" = (x e G : x(ff) = 1 for all a e //]/Then it is easy to see that GH = G n
L2(G)H and GH is naturally isomorphic to GJH ([7, Lemmas 4.4-^.5]). Throughout
the paper, we fix a family [&G/H)H of systems of representatives of G/H for each
subgroup H of G satisfying the following two conditions; (i) 1 6 ^?G/H> (ii) if
H < H', then 3%GIH D $GIW- For each subgroup // of G, we define a function
rH : G -+ 2%GIH such that rH(a)H = cr//for each CT e G. For/ e L2(G), wedefine
J / € L2(G) by 5/(a) = £ T £ / / / (ar) for each a e G. Clearly, ^ € L2(G)W. Note
that if/ e L2(G)W, then sf = \H\f.

PROPOSITION 2.1. For/ e L2(G) and a subgroup H of G, we have

(1)

where a, x run through &G/H- Let H' be another subgroup of G with H' > H. Then
we have

where a, x run

PROOF. Let s(H) = E ^ c r e 1[G] and eH = s{H)/\H\ for any subgroup H
of G. Lete^ = (1/|G|) ^aeGXi.a)a~l £ C[G] be the idempotent element associated
\OX e G. Consider C[G]W = {x e C[G] : ewx = x}, which is a C-subspace of C[G].
Both Xi = {O-J(H) : a e &C/H} and X2 = [ex : x e G") are C-bases of C[G]H. We
consider the linear transformation 4> : C[G]W -> C[G]W defined as multiplication by
9 = E f f € G / {<J)cr. It is easy to see that matrices of * with respect to X\ and X2 are
(s /Vr- 1 )^ I £ ^ C / H and a diagonal matrix diag( Y,aeGX(°)f (CT))^eg«' respectively.
By comparing determinants of these two matrices, we get (1).

For (2), we consider the subspace £[G]H
W = {x e £[G]H : ewx = 0} of <C[G]H.

Both K, = {(a - rH,{a))s{H) : a e StGiH\^a,w) and y2 = {e, : x e GW\GW'} are
C-bases of C [ G] ̂  • We consider the restriction of * on C [ G] JJ,, which is also denoted
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by * . Then the matrix of ^ with respect to Y2 is diag( £ a e C X(a)f C0")) ed
H\dH' • ^ °

compute the matrix of * with respect to Yu we need to consider 9(xi — rH,(x\))s(H)
for X\ e &G/H\&G/H'- Then, we have

(3)

where the last equality follows from the fact that rH>(ij\rH:{x\)) = rH>{o\ti). Replac-
ing CT] by rH(x^lx2) and r / /(rw,(r1)~1r2) in the first and second summation of (3),
respectively, we have that

0{xx-rH.(xx))s{H)

^ 1 ^ 1 ) (x2-rH,{x2))s{H),

and so {sf (ax^) - ^ ( a r w - ( r ) - 1 ) ) < 7 r € ^ o / H W c / / / , is the matrix of * with respect to 7,.
Thus we get (2). •

COROLLARY 2.2. For f e L2(G) and a subgroup H ofG, we have

(0 r W e » £ « c X(*)/ (or) = det
00

Let H, H' be any two subgroups of G with H < H'. Let {^1. • • • . V^z/i) be a
fixed system of representatives of G/GH . Then {i/^i, • • • , V^'i) ^ Gw is a system of
representatives of G"[G"'. Note that G/GH (respectively GH/Gw) is isomorphic
to H' (respectively H'/H) by restricting a character of G to / / ' .

We assume that M , ... , \V|} n G " = M . • • •

COROLLARY 2.3. Let H, H' and {i/f,}, be as above. Then for any f e L2(G), we
have

(i) nif',17"" det {S& {ox-x))ax= (Ef f e C/ (or)) det (s^ax^-s^a))^, where
a, x run through SUGIH1 in the left-hand side and run through &G/H\W in the right-
hand side.
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W nKWltfl+id*^^"1))^ = det(/(at-') -/(arw(r)-'))ffr, where
a, x run through Sf-ciw ' " the left-hand side and run through G\3?-GIH-

PROOF. From Proposition 2.1 (i), we have

det^Orr-1) )^^ = \\ £>(aM(<r)/(a) = \\

Note that GH (respectively G\GH) is equal to the disjoint union of cosets irtG
H' for

i = l , . . . , \H'\/\H\ (respectively for i = \H'\/\H\ + 1 , . . . , \H'\). Thus we have

I I dc t (S, r (o T H — —
I I ****** \ yl/ij V Jo TG^? ui

= IE/^) n
\<reG

and

n , . / H' , -\\\ Tl

Thus the results follow from Corollary 2.2. •

LEMMA 2.4. Ler J, H be two subgroups of G with J f~l / / = {1}. 77ien G = GJ GH.

PROOF. Since J D H = {1}, we can choose &G/J a system of representatives
of G/J containing H. Let i/o = V ° O for any \j/ e G. Then 1/0 e Gy and
i/fy(cr) = Vr(o(cr)) = V(o0 for any cr 6 H. Thus ^ ^ 7 * e GH and so G c G7GW,
which proves the lemma. D

Let J, H be two subgroups of G with 7 n / / = {1}. By Lemma 2.4, we can choose
{1/̂ 1, ••• , V'IWI}

 a system of representatives of G/GH such that 1/̂ , e GJ for all J. Note
that H consists of restrictions of yj/t to H. Taking H' = JH in Proposition 2.1, we
have

= n Ex^W'-w^^ n
X€G"\GJ" "SG X£ti(G"\G'")a<iC

Since G\Gy is a disjoint union of fi{GH\GJH) for 1 = 1, . . . , |//|, from Corol-
lary 2.2 (ii), we have
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PROPOSITION 2.5. Let J, H and {V ,̂}, be as above. Then for any f e L2(G), we
have

det « , (at"') - ,»,

3. Class number formulae

Let A = F, [ r ] be the polynomial ring over a finite field IF, with q elements and
let F, (7) be the field of rational functions over F?. For each nonzero N e A, one
uses the Carlitz module to construct a field extension KN over F9(T), called the
A -̂th cyclotomic function field and its maximal real subfield K%. For more details
on Carlitz module and cyclotomic theory of function field, we refer to Hayes' paper
[3] and Rosen's book [9, Chapter 12]. It is known [9, Theorems 12.8, 12.14] that
GN = Ga\(KN/ftq{T)) is isomorphic to (A/A7A)' and Ga\{KN/K^) is isomorphic
to F*. For any A € A which is relatively prime to N, we denote by aA the element
of G&l(KN/fq(T)) corresponding to A mod NA. Any character x € GN may be
viewed as a primitive Dirichlet character, and so the conductor Fx of \ which is a
monic polynomial is defined. For x e GN a n d an irreducible polynomial P e A,
we define *(/>) = * ( ( P , KFJfq{T))) if P \ Fx and x ( ^ ) = 0 otherwise. Here
(P, KFJlq{T)) denotes the Artin automorphism of P in KFx. We extend x t 0 a

function from A to C using irreducible factorization of polynomials. For a non zero
N e A, let <&(N) be the order of (A/A7A)*, and let Mw be the set of polynomials
of degree less than deg N and relatively prime to N. Let M^ be the subset of MN

consisting of monic ones and M!̂  = Mw\fMlJ.
Let k be any abelian extension of F?(T) with conductor N, that is, KN is the

smallest cyclotomic function field containing k. Let k+ = k D A^ be the maximal real
subfield of*. Let G - Gal(Jfc/F,(r)), G+ = Gal( j t+ /F9(7)) and J = Gal(k/k+).
We denote GJ by G+ and G\GJ by G". Let h(k) and /z(A:+) be the divisor class
number of k and k+, respectively. It is known that h(k) is divisible by h(k+). Let
h~(k) = h{k)/h(k+), called the relative divisor class number of k. For A e A,
relatively prime to N, let aA\k be the restriction of aA to k. By ' F | A7' we mean
that F is a monic polynomial dividing N. Assume that we are given {aFa € Q : 1 ^
F | N,a e G}. We define two functions t\, t2 6 L2{G) as follows; for any a e G,
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where <p(A/F) = (q — l)(deg F— 1— deg A) — 1 with A = A mod F, degA < d e g F
and ZF(s, A) is the partial zeta function associated to the class of A in C7(A). Let
r = [k+: F9(r>] - 1. Define

cx= J2 bF,xY\(l - x(P)) with

F\N,Fjtl P\F

Then we have from [1, Theorems 3.1, 3.6] that

(4) det(tdaT-i)-td*))l

(5) det {t2{ax~x) - t2(arj(xyl))ar^G/j = ±h~{k) f ] cx.
xeG-

Let kQ be a subfield oik with Go = Gal(jto/F?(7)) and Gj = Ga\(k+/fq{T)). Let
H = Ga\(k/k0). Choose {fj : 1 < / < \J H\] a system of representatives of G/GJH

such that V, e G+ for 1 < / < \JH\/\J\ and ,̂- e G~ otherwise. Since ^ e L2(G)J,
we have ^ ( | = \J\xh e L2(G)J for any x £ G+. By combining (4) and (5) with
Corollary 2.3, we have the following.

THEOREM 3.1. Let k0 be a subfield of k, G = Gal(Jt/F,(r)), Go = Gal(ifco/F,(r))
andH =GdX{k/k0). Withtyj : 1 < i < \J H\) a system of representatives of G/GJH

as above, we have

(0 ni !7' / m ^ t ( ^ ( f fr-'))a r = ±(q - D2rM^+)(ECTeC 'i(or)) UXo^o+ cx,

where a, x run through

REMARK. From Corollary 2.3, (4) and (5), we see that t\ (respectively t2) in The-
orem 3.1 can be replaced by any function / € L2(G) of the form / = tx + c
(respectively f = t2 + c), where c e € is a constant.

3.1. Relative class number In this subsection we give a determinant formula
for h~{k), which is a generalization of Rosen [8, Theorem 1] and Bae-Kang [2,
Theorem 2]. We apply Theorem 3.1 (ii) with k = k0. Recall that k is an abelian
extension of F?(7) with conductor N. For any A 6 A, relatively prime to N, let
A € MN be the unique element such that A = A mod N and A' e MN be the unique
element such that A A' = 1 mod N. We also let sgn^CA) be the leading coefficient
of A and degN(A) be the degree of A. We define (A)N = 1 if sgnw(A) = 1 and 0
otherwise. From [5, Lemma 3.1], we know that ZN(0, A) = {A)N — l/{q — 1). Take
aFt<7 = 1 if F = N, a = 1 and 0 otherwise. Then t2(o) — Y,AeuK,aA\k=a z " ( ° ' ̂ )>
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andbFx - 1. We define/ (a) = ^A€MlltaAh=a(A)N for any a e G. Then

f(a) = t2(a)-[KN:k]/(q-l)

for all a e G. Let {ij/,• : 1 < i: < \J \) be any set of representatives of G/G+ such that
\j/i € G+ and f, e G" for 2 < i < \J |. Then by Theorem 3.1 (ii) and Remark 3, we
have

\J\

i=2

where Q[~' = FlxeS- n îAf (1 ~ X(P))- Now we consider j ^ (a) for a e G. From
its definition, we have

reG reG

Here we also view \j/t as a character of GN under the canonical inclusion map G <->
Gw. Choose a subset ^ of M£ such that G+ = {aA | j * : A e ^ } with \3?\ = \G+\ and
asubsetAofM/vsuchthatGal(A'A,/A:) = {oA : A e A} with |A| = | Gai(KN/k)\.Let

A+ = A n MJ. Clearly fe^e F*A} = {aA : A e F* A+} = Gal(ATw/A;+) and so,
for any A e A, we have {6 e Mlw : crB|i+ = crA\k+] = [A(aD) : a e F*, D e A+}.
Thus (B 6 MJ : aB|i+ = ^ 1 ^ } = (ADsgnN(ADy1 : D e A+}. From this, for
a = oA\k,x = aB\k 6 G, we have

D6A+

because [aA : A e A} = Gal(##/&). Here we view i/̂ ; as a primitive Dirichlet
character. Thus

det {sif (ar-{))a^ = det

It is easy to see that restrictions of ^2. • • • . Vvi t o ""? a r e a ^ non-trivial characters
of 7. Thus we have the following theorem.
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THEOREM 3.2. Let k be a finite abelian extension of ¥q(T) with conductor N. Let
A+, 3& be subsets ofM^ as above. Then we have

Y\ det (( Msg%(Afl'D)) j = ±h-(k)Q[-\
\D€&+ I A,

where X runs over all non-trivial characters of J.

REMARK. Let P € A be a monic irreducible polynomial. When k = KP-, we have
Ql^ = 1 ([1, Lemma 3.7]), £% = MPn and A+ = {1} and so Theorem 3.2 gives the
determinant class number formula of Rosen and Bae-Kang for h~{KP»). We also note
that 7 = (A(«-1)/|7|> for any generator X of f*f.

Since Q^ is zero in some cases (see [1, Lemma 3.7]), it will be interesting to give
a non-vanishing version of the above determinant class number formula. This can be
done as in [1, Section 3]. Let N = f]J=1 Pp be the factorization of N into monic
irreducible polynomials. Let S — {1 , . . . , s] and N/ = f ] / 6 / Pp for / c S. Define

/ g L 2 (G)by / (a ) = E j c s C - i y ' W / r ' E ^ M ^ u ^ ) " / " ' ^ any a € G.
With this choice of/, using [1, Proposition 3.11] and Theorem 3.1, we have

i=2

By choice of 8?,, {aA \k : A e ^ } is a system of representatives of G/J. It is easy to
see that

^(ar-1) = x(o-A)x(a»)2(-l)|/|«>(^/r1 £ x(sgnN/Nl(AB'D)),
ICS DeA+

for any x € G" and a = aA \k, r = aB \k with A, B e 3?,. Thus we have

PROPOSITION 3.3.

\ \ det I ^ ( - l ) 1 7 ^ ^ , ) - 1 J^ X(sgnw/W|(AB'D)) I = ±h~(k),

where X runs over all non-trivial characters of J.
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3.2. Tower of cyclotomic function fields In this subsection we give real and relative
class number formulae for an intermediate field in the tower of cyclotomic function
fields with prime power conductor KP c KPi C • • • C KP»+i C • • • as a product of
determinants of matricesof the fixed degree <t>(P)/(q—1). We apply Theorem 3.1 with
it = KP.+> and ito = KP. In this case G = Gal(K>»+i)/F?(7')), H = Gal(KP^/KP)
and J = [oa : a e F*}. Let d = deg(P). For convenience we assume that
deg(O) = —oo. Define

and

•*£•' = FI 11 ( H *( 1 + DP)X(sgnP^(AB'(l + DP)))

where A runs over all non-trivial characters of F*.

THEOREM 3.4. For a monic irreducible polynomial P of A, let N = pn+l with

n > 0 integer. Let ^^ and M^ be defined as above. Then we have

(i) det^J" = iMK+KE^wjdegA);

(ii) det^7 = ±h-(KN).

PROOF. Note that H = [ai+DP e Ga\(KN/\Fq(T)) : D e A with deg D < deg P"}
and {aA : A e M^} forms a system of representatives of G/JH. Since J n H =
{1}, from Lemma 2.4, we can choose {Ao, . . . , ^\j\-\} a system of representatives
of G/GJ with A., e GH and (xi. • • • . X|//|) a system of representatives of G/GH

with X/ € Gy. It is easy to see that {A.,-|y},- = J, {XJ\H}J = H and [kiXj}ij is a
system of representatives of G/GJH. We write {^I, • • • , f\jH\) = {^iXj • 0 < i <
\J\ — 1. 1 5 7 f: I#IJ- We may assume that Ao is the trivial character of G and so
M , - - . ,f\H\] = {Xu--- , X \ H \ ) C G+.

Take aF(T = l i f F = A',CT = l and 0 otherwise. Then we have t\{oA) = <p(A/N)

and f2(<7/0 = ZN(0, A) for any A e MN. Thus for A, B e Mlw, we have

We note that nyo^xec+ c^ = Fl^eS- cx = * ( s e e [1' Lemmas 3.2, 3.7]). Define
f (crA) — degjyCA) for any A € MN. Then from Theorem 3.1 (i) and (4), we have

(7) Y[ det (4"f ^aAaB^)A,BeM+
p = ± ( 9 - !

i=l AeMN
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where r = [K% : F,(7)] - 1. For 1 < i < \H\ and A, 5 e M£, we have

aeJH

= (q-l) J2 MPA^1cri+DP)degN(AB'(l + DP))
deg D<nd

= (q - \)Xi(<JA)X>(oB) Yl Xi(ai+Dp)degN(AB'(l +
deg D<nd

because [fx,... , f\H\) = (Xi, • • • . X\H\) C G+ and / e L2{G)J. Since

andr = |// | |M£| - 1, (i) follows from (7).
For (ii), we define f (aA) = {A)N for any 4 e l j » . Then from Theorem 3.1 (ii)

and Remark 3, we have

\JH\

i=\H\ + \

For \H\ + 1 < i < \JH\ and A, B e (MlJ, we have

J2 iri(o-Ao-xol+DPoa)(AB'(\ + DP)a)N

aeFj deg D<nd

degD<nd

Since {f( : \H\ + 1 < i < |7// |} = {A.,-̂ - : 1 < i < \J\ - 1, 1 < j < \H\],
(ii) follows from (8). •

For any integer m > 1 and any ring R, let Mat(m, R) denote the ring o f m x r a
matrices with entries in R. As [10, Lemma 2.6], we have

LEMMA 3.5. For any integer n > 0 arcd monic irreducible polynomial P, we have

t;^ e Mat(*(/>)/(9 - 1), 1) and JK^ e Mat(<D(P)/(9 - D, Z[?,-i])-

PROOF. Let d = degP, N = Pn+i and / / = GalCAT/v/ATf) as before. For any
C = (Cij) 6 Mat(4>(P)/(9- l ) , Q ( ^ ) ) a n d a e G a l ( Q ( ^ ) / Q ) , we let C = (cj).
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Write

so that Jt], = UX-^N^-
 S i n c e \H\ = qnd> f o r a n y a e G a l ( Q ( ^ ) / Q ) , we

have {xa : X £ H) = H. Thus for any a e G a l ( Q ( ^ ) / Q ) , we have (Jt%y =
Y\x ^r+>jf. = JK+. Therefore Jl% e Mat (* (P) / ($ - 1), 2).

By considering the extension of a to Gal(Q(^^( ?_1 ))/Q(^?_1)), we show that
^ - + , e Mat(<t>(P)/(<7 - 1), ![?,_,]) . D

Let f (oA) = {A)p»+\ for any A e Ml/.»+i. Let {^L . . . , ^IHI} be a system of
representatives of G/GH such that ,̂- € G+ for all /. For any A, B e MP, we have

At%D<nd

deg D<nd

Define 0~+1 = Y\xe(i (Z^D^XV + DP)(AB'(l + DP))P^)A B€Mp. By similar
argumentin the proof of Lemma 3.5, we see that @pn+, e Mat((<7 —2)/(g — 1)<J>(P), 2).
Note that M^ corresponds to &G/H\&G/JH bijectively under the map A i-> aA. Thus
from Proposition 2.5, we have the following.

PROPOSITION 3.6. Let P be a monic irreducible polynomial and n > 0 integer.
Then we have d e t ( ^ + 1 ) = ±h~{KP^) with 9"pn+x <E Mat((^ - 2)/(q - 1)*(P) , Z).
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