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Profinite groups (that is, compact totally disconnected topological groups)
have been characterized as Galois groups in Krakowski (1971) and Leptin (1955).
They can, in fact, be realized as groups of permutations on setsof transcendentals
where every transcendental has a finite orbit under the group action and the fixed
field is generated by the invariant rational functions on these orbits. If G =
{G^, |ae/4} we define the cardinality of G as | G | = \A\. In this paper we
construct, for every cardinal number c and profinite group G with |G | ^ c two
universal fields kc and Kc so that G ~ Gal (KJKG) and G ~ (KG/kc) for fields
KG and kG which depend on G. See Cassels and Frohlich (1967) for a descrip-
tion of the basic properties of profinite groups.

THEOREM 1. Let p be sero or a prime number, and cany cardinal number.
Then there is a field Kt. of characteristic p such that for every profinite group
G with | G | ^ c there exists a subfield Ko over which Kc is Galois, and
G»\{KrIKG)& G.

PROOF. Let L be a field of characteristic p, and / be an index set such that
| /1 = c. Define

Kc = L({Xia\ieI, neZ + }),

K,j are independent indeterminates over L.
If G = {G^\cteA}, with \A\ ^ c, regard A as embedded in / and Ga as

embedded in Sn^, the symmetric group, where «„ = | GB | .
If a e G we define

f XwU) if a = P and j ^ na

o(XfJ) = 1
I Xtj if a # p or a = P and j > na .

Let/c = H{\J,eAP)V(\JaeAXaj\j> na})), where Pa is the set of polynomials
in {X^, •••, XxnJ invariant under Ga. Kc is a union of Galois extensions over k
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and hence is itself Galois over k. If we show that Ga\(Kc/k) = UaeAGa then,
since G = G_, is closed in Ua^AGa [Cassels and Frohlich (1967)] it follows from
the fundamental theorem of the infinite Galois theory Jacobson (1964) that there
is an intermediate field k s KG s Kc and G s Gal (KCIKG). To show Gal
(KJk) = n ^ G , we define

k. = * ( { * « „ - , X » . } ) U ( U { X W | / J # a})).

Then, as above, the action of Ga is on subscripts and it is evident that kx is Galois
over k, with Gal(fc«/J!c) ^ Ga. Let Ka = \JfSakfi. Since kar\kfi = k for a # /?,
and I I j s « ^ (the composition of the fc/s) = Kx, we conclude that Gal(Ka/fc)
~ n.s/jG.. Noting that UBei4Ka = Kc, we obtain Gal(Kr//C) ~ UaeAGa and
our conclusion follows.

THEOREM 2. Le/ p be a zero or a prime number, c any cardinal number.
Then there is afield kc of characteristic p such that for every profinite group
G with | C | ^ c there exists a Galois extension kG of kc with Gal(kGlkc) ~ G.

PROOF. Let II be the set of profinite groups G with | G | ^ c, where we take
one per isomorphism class. We first show that, without loss of generality, | G | = c
for every G e II . If G = {G_a | a e A}, let / be a set with 111 = c and consider A
as embedded in / . Pick ace A and let ^ be the quasi order on A (as a directed
set). For every i e / , i' i A let a, be a symbol and define the set A' = A U {a( | / e / ,
i$A}. Extend the quasi order on A to A' by defining for each pair /,/ in I\A,
and each ae A:

a, g> a if and only if a ^ a

a ^ af if and only if a ^ «.

This makes >4' into a directed set, \A'\ = c. Now take the profinite group

G' = {Glt\peA';G'f = Ge if fie A, G', = Ga if fi = «,},

with defining homomorphism on wf. = n%, n^' = n^, n^'. = identity. Since A is
cofinal in A', we have G ~ G'.

Now let G^ = {G^/"* | / e /} e FI, and embed Gj'0 in the symmetric group
S^, where | G,-(w)| = w/"'. We introduce the set of independent indeterminates

upon which GH acts as follows: for ueG,, with <T eGj"'

A"HI(T](nl if c = /;

A"t.in if v ^ /i.
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Let L be an arbitrary field of characteristic p, and define kc = , ,
where Pll is the set of polynomials in XuiH(ieI, neZ+) invariant under Glt. Let

^ i e l , neZ*}). Then k^ is Galois over kc with Galois group G,,.

REMARK. The mere existence of the fields Kc and kc can be demonstrated
by a more simple argument: Let c be the given cardinal and form the product
P = HGa, where the product is extended over all profinite groups Ga, with
| Gx | ^ c, and we choose one group per isomorphism class. Since the product of
profinite groups is again profinite, P is profinite and hence a Galois group,
Krakowski (1971). Thus, there exist fields Kc and kc, of any prescribed char-
acteristic, such that P = Gal (Kcjkc). Then by the fundamental theorem of the
infinite Galois theory, for every profinite group G with | G | S c there exist fields
Kt and K2 with kc s Kt s Kc such that Gal(KJkc) ~ G&l(KJK2) ~ G. The
existence of both an upper and lower field follows from the fact that G is both
a closed subgroup as well as a homomorphic image of P.
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