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Abstract

Given a Fredholm integral equation of the second kind, which is defined over a certain
region € C R?, we define y), and yJ}, two different numerical approximations to its
solution, using the collocation and iterated collocation methods respectively. We de-
scribe without proof some known results concerning the general convergence properties
of y}, and y)} when the kernel and solution of the integral equation are smooth. Then, we
prove rigorously order of convergence estimates for y§, and y} which are applicable in
the practically siginificant case when & is a rectangle, and the kernel of the integral
equation is weakly singular. These estimates are illustrated by the numerical solution of
a two dimensional weakly singular equation which arises in electrical engineering.

1. Introduction

In this paper we shall discuss the numerical solution of two dimensional
Fredholm integral equations of the second kind, which take the form

y(1) = f(1) +f§k(t, s(s)ds, te€Q. (1.1)

Here € C R? is a domain (i.e. an open connected set) which is bounded, and &
denotes its closure. The functions k and f are given on 2 x Qand Q respectively
and our task is to determine the solution, y.

We shall abbreviate (1.1) using standard operator notation, as

y=f+ Ky,
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where K denotes the integral operator defined by

Ky(1) = js‘_zk(t, $)y(s) ds, tegq,

and we shall assume that (1.1) has a unique continuous solution y on .
(Conditions sufficient to ensure this will be described in Section 2.)

We shall use the methods of collocation and iterated collocation to define two
different approximations, yy and yy, to y. Specifically, we shall seek y} in the
form

N
y)IV = 2 a;u, (12)

i=1
where {u,, .. ., uy} is a certain set of piecewise constant basis functions defined
on , and the coefficients {a,, . . ., ay} are the solution set of the N X N linear
system obtained by demanding that

wn(t) =fg) + KoL), Jj=1,...,N, (1.3)

where {1, . . ., ty} C & is some predetermined set of collocation points.
We then define yy by the natural iteration,

which, using (1.2), may also be written as
N

y=f+> aKu,.

i=1

In this paper, we shall examine the convergence properties of y), and yy. We
shall state our main results below, but first an explanation concerning the
construction of our basis set and collocation points is needed.

For each N € N we introduce a mesh (partition) II, of &, consisting of N
open, simply-connected, pairwise-disjoint subsets of Q, {(Q:i=1,..., N}, with
the property that each £, contains its centroid, and

3 N
a=U Q.
i=1
Fori=1,..., N, we then define u; to be the function on Q which takes the
value 1 on ©;, and O elsewhere. We assume that

Myl =0, as N — oo,

where

Winlle = _max — sup |jz — £,
i=1,..., N (req,
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and we also assume that
t.EQ,

fori=1,...,N.

It then follows, under fairly mild conditions on k and f, that, for sufficiently
large N, y}, and y} are well defined and converge to y (in the uniform norm).

In addition, it can be shown that, if y is suitably regular, then we have,

iy = raliee = OiiTilico)s (i.5)
while under additional regularity requirements on k and y, we also have,

1y = »¥lle = O(ITLyI%,), (16)
the final estimate also being dependent on each collocation point ¢, being chosen

as the centroid of the set &, fori=1,..., N.

Unfortunately, the regularity requirements on k and y which are needed for
(1.5) and (1.6) to hold are rather strict (particularly in the case of (1.6)), and, in
fact, may not be satisfied in practical situations, where singularities are often
present. The main aim of this paper will be to derive order of convergence
estimates for yi and y) (analogous to (1.5), and (1.6)) which are applicable in
the practically important case when k has a weak singularity along the diagonal
t = s5,and when Q is a rectangle.

These results will be obtained in Theorem 10 of Section 4. As an illustration
of the kind of information contained in Theorem 10, consider the prototype
equations,

y(1) = f(1) + fo"fo‘u —sY(s) ds, ¢ E[0,1]X[0,d],  (L7)
with0 < a < 1, and
y(1) = f(1) +fo"fo' Injt — sly(s)ds, +€[0,1] x[0,d], (18)

where |x| denotes the length of any vector x € R? and f is twice continuously
differentiable on [0, 1] X [0, 4]. Theorem 10 then predicts that, for these proto-
type equations,

”y - le(-r)”oo = O(HHN(T)”co)’
and

”y - yll\}(‘r)”eo = O(llnN(T)llgo+ l)’
where, in the case of equation (1.7), B8 is any number satisfying 0 < 8 < a, and,
in the case of equation (1.8), B is any mlmber satisfying 0 < 8 < 1. Here II,, is
a family of rectangular meshes on £ = {0, 1] X [0, d], which depend on a
parameter 7 in such a way that, as 1 — 0, N(1) —» oo, and, as t — 0, the subsets
of @ given by II N(- Shrink in size in a suitably uniform manner.
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The theoretical section of this paper is organised as follows.

In Section 2, we discuss the basic properties of y§, and ylf, when @ is the
closure of any general bounded domain, and we describe a set of circumstances
under which (1.5) and (1.6) hold. In Section 3, we consider the case when Qisa
rectangle, and when the kernel, k, of (1.1) has a weak singularity along the
diagonal 7 = s, and we discuss the regularity of the solution to the resulting
equation.

In Section 4, we prove the main result of the paper, Theorem 10. The
ingredients of the proof are the regularity results of Section 3, two technical
lemmas (Lemmas 6 and 8) concerning the approximation of functions over
rectangular domains, and Lemma 9, which describes a special property pos-
sessed by the collocation points {#,, ..., ty) when, foreachi=1,..., N, is
chosen to be the centroid of §;. These lemmas are also given in Section 4, prior
to Theorem 10.

It may be observed from (1.3) and (1.4), that the calculation of y}, requires the
evaluation of the two dimensional integrals,

{Ku(0):i=1,...,N}, (1.9)
at each of the collocation points, while the calculation of y)] at an arbitrary
point ¢ € , requires, in addition, the evaluation of each of the integrals (1.9) at
that point. Due to the choice of the piecewise constant basis set, the integrals
(1.9) have the particularly simple form

Ku,.(z)=f9k(t,s)ds, i=1,...,N,

and may even be calculated analytically, if k is not too complicated. Thus the
methods given here are demonstrably simple in construction and implementa-
tion, and yet possess quite respectable convergence rates, provided the basis set
and the collocation points are carefully chosen. For these reasons we propose
that these methods are attractive from a practical point of view, and to illustrate
this point we use them to solve a two dimensional integral equation which arises
in electrical engineering. This illustration is described in Section 5.

To date, the literature contains very little analysis on numerical methods for
equations of the type (1.1). We remark, however, that the one dimensional
analogues of the methods proposed here have been well studied. Results analo-
gous to ours for one dimensional equations with smooth kernels and solutions
are obtained by Sloan, Noussair and Burn [10], while Chandler [1] and
Schneider [9] have studied product integration (of which iterated collocation is a
special case) for one dimensional equations with weakly singular kernels.
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2. Some general convergence results

In this section, it is our aim to state two theorems, Theorems 1 and 2, which
describe the general convergence properties of y5 and y). The proofs of these
theorems are given in [5].

In order to state these results, we must first introduce some function _spaces.
We denote by Lw(ﬂ) the space of essentially bounded functions on . This
space is a Banach space under the norm

ll¢llo = ess sup |p(2)].
1EQ

Also, we let C(Q) denote the set of functions which are bounded and uniformly
continuous on Q. Any function ¢ € C(R) has a unique continuous extension to
the whole of ©, and will henceforth be considered to be defined on . C@)isa
Banach space under the norm

9l = sup [¢(1)]-
teQ

For m € N, we let C™(2) denote the space of all functions ¢ € C(Q), which
have the property that

a|7|¢ _
axrl . . . ax:n E C(Q)’
for all multi-indices y satisfying |y] < m. (We use here the standarg notation for
multi-indices, see [7, p. 19]). Also, for 0 <B < 1, we let Lipg(R) denote the
space of all functions ¢ € C(2), which have the property that
sup |o(# + k) — ¢(1)] < C|h|%,

(=31
t+heQ

for all non-zero h € R?, with C independent of h. Both C™(2) and LipB(S_Z)
become Banach spaces when equipped with an appropriate norm [7, p. 25], but
the definition of this norm will not be required in this paper. The above spaces
are defined analogously when £ C R”, forany n > 2.

We then introduce the following assumptions on k and f, the given quantities
in equation (1.1).

Cl. sup ‘L|k(1, s5)| ds < oo,
)

tell

and

hmflk(t, s) - k(t,s)|ds=0, reg.

=t
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C2. The homogeneous version of (1.1),
(1) = [K(t, s)y(s) ds
)

has no non-trivial solutions in c©).
C3.f e CH).

REMARK. The assumption Cl is a convenient condition which ensures (see [3])
that K is compact as an operator from Lw(ﬁ) to C(R), and hence, also from
C@®) to C(R). This fact, combined with C2, C3 and the Fredholm Alternative
[6, p. 497] ensures the existence of a unique solution y € C(2). Sufficient
conditions for any given kernel to satisfy C1 have been investigated in [3].

We then have the following theorem.

THEOREM 1. Let Cl, C2 and C3 be satisfied. Then, for sufficiently large N, y,lv
exists in L (), y}} exists in C(Q), and
17 = ¥l < Cilly = Puylle =0, as N — oo,

and
Y = Wl < ColiKy — KPyyll, >0, as N — o,

where C, an_d C, are independent of N, and Py, is the interpolatory projection given,
Jor ¢ € C(R), by

Pyo = 2 o(1)u; 2.1

i=1
REMARK. From (1.3) and (1.4), it may be easily seen that y and y; coincide at

the collocation points {¢#, ..., ty}, and we may think of y}} as a natural
continuous interpolation to the piecewise constant approximation y}v.

Theorem 1 is a natural starting point from which we may derive order of
convergence estimates for ||y — y|l, and ||y — yall.,, iD terms of the mesh
diameter ||IT||,. We shall see below that a large part in obtaining good
convergence rates is played by the special set of points given by ¢, = (z;, t,), say,

where
1
h = A, j;llsldgldfz’
i=1,...,N, (2.2)
1
Ip = Zj;zlsz‘bndszy
where A4, is the area of ©,. That is, ¢ is the centroid of @, foreachi=1,..., N.
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Then, the following result is a consequence of Theorem 1.

THEOREM 2. Let C1, C2 and C3 be satisfied.

() Ify € C\(RQ), then (1.5) holds.

(i) If y € C\(®), 3y /d1,, y/dt, € Lip,(Q), k € Lip,(€ X ), and the colloca-
tion points are chosen according to (2.2), then (1.5) and (1.6) hold.

REMARK. The proof of Theorem 2, which is given in [5}, uses Taylor’s series
methods, and hence requires that both k& and y be fairly smooth. If k is weakly
singular, however, then k is not even continuous, and it is obvious, before we
even consider the regularity of y, that Theorem 2(ii) will be inapplicable to this
case. The analogues of (1.5) and (1.6), for the weakly singular case, are proved in
Section 4, using approximation theoretic arguments which are more sensitive to
the regularity of both k and y than the Taylor’s series methods. Before we can
prove these analogues we need an accurate characterisation of the regularity of
the solution y of (1.1), when k is weakly singular. This is the purpose of Section
3.

3. Regularity results for weakly singular equations

In this section, we describe the regularity of the solution y of (1.1), when k is
weakly singular. Throughout this section and Section 4 we shall assume that

Q=[0,1] x[0,d],

for some d > 0.

To define what is meant by a weakly singular kernel, we introduce the new
assumption on k:

Cl. k(1, 5) = Y,(|t — s|), for some 0 < a < 1, with Y ,(x) = B(x)x*", 0 < «a
< 1, and §,(x) = B(x)In x, where B € C'[0, R], with R = sup,,g|t — .

Our regularity theory for y requires that f (the inhomogeneous term of (1.1))
be suitably smooth, and so we also introduce

C3. f € CX@Q).

REMARK. It is shown in [5] that C1’ implies C1. Since, C3’ trivially implies C3,
it follows that any results which are true under C1, C2 and C3, will also be true

under C1’, C2 and C3'.

Equations satisfying C1’, C2 and C3’ are the subject of a detailed singularity
analysis in [5]. Among the results proved there, we find the following theorem.
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THEOREM 3. Let C1’, C2 and C3’ be satisfied. Then the solution y of (1.1) has the
following properties.

@y € C'@.

(i) dy /91y, dy /0L, € Lipp(ﬁ),
where B is any number satisfying 0 < 8 < a.

It is clear then, that in the case that C1’, C2 and C3’ are satisfied, and
Q = [0, 1] X [0, d], the conditions of Theorem 2(i) are satisfied, but the condi-
tions of Theorem 2(ii) are not satisfied, either by y or k.

4. Order of convergence estimates for weakly singular equations

In this section, we analyse the rates of convergence to zero of the quantities
¥ = ¥Yllw» and ||y — ¥l in the case when Cl’, C2, and C3’ are satisfied,
and when & = [0, 1] X [0, d].

When proving boundedness results, we use C to denote a generic constant;
the numerical value taken by C may vary from instance to instance.

Since the piecewise constant functions {u,, . . ., uy}, which were used in the
definition of y), and yy, are really just two dimensional splines (of order 1 or,
equivalently, of degree 0) it is reasonable to expect that a tight numerical
analysis of y, and y, will require some two dimensional spline approximation
theory. Appealing to Munteanu and Schumaker [8] for such a theory, we must
first define a certain family of rectangular meshes on & = [0, 1] X [0, d].

DEFINITION 4. For each v € (0, 1], let there exist integers p(7), q(t), and meshes

I,y 0= xo(7) <x(7) < - - - < xp(1) =1,

and
Myn: 0= po(7) <yi(r) < - -+ <yue(1) =4,
with the property that, for some constants C,, C,,
Cr < A(T) <KA(T) < Gyr,  i=1,2,7€(0, 1],
where

.....

A(r) = - max

=1..., p(7) (XJ(T) - xj—l(")),

.....
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and

.....

In addition, suppose that, for 0 <t < %,
{x(27):j=0,...,p(27)} C {x(1):ji=0,...,p(1)},

N}
3
L

{(y@27):1=0,...,9Q27)} C{y(7):1=0,...,q(7)}.
Then, with N(t) = p(1)q(7), we have, for each v € (0, 1], a mesh I, on Q, given
by
Ouey = {(x-1(7), (1) X oy ()y(r)):i= 1, .., p(r); I =1,...,q(n)}.

We call such a family of meshes {ILy: 7 € (0, 1]} an “M. S. family of meshes on
Q7.

We shall refer to the mesh Iy, as being made up of the subsets £,(t) (or &;
when 7 is understood), for i = 1, ..., N(7), where, for definiteness, we adopt
the indexation convention

Q(l—l)p(-r)-’-j(T) = ('xj—l(T)’ xj(T)) X (}’1—1("’), YI("'))a
forj=1,...,p(r),and I =1, ..., q(7).

REMARK 5. Let {Ily.,,: 7 € (0, 1]} be an M.S. family of meshes on Q.

(i) For each i = 1, ..., N(7), the collocation point ¢, defined by (2.2) then
turns out to be the centre of the rectangle ﬁ,.('r).

(ii) It is clear from the definition of 11y, that

N("')" © ast—0,
and
Ci7 < [yl < Cy,
so that
HIynlle =0, as7—0.

(iii) Four examples of M. S. families of meshes are given in [8]. A particularly
simple example is the case where, for 7 € (0, 1], p(7) is chosen to be the integer
which satisfies

1 1 1 1
and ¢(7) 1s set equal to p(7). Then
Hp("): 0= Xo(’r) < XI(T) < -0 K xp(.,)(T) =1
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is given by
x(ry=jr, Jj=0,...,p(r) -1,
xp(,)('r) =1,
and
My 0= po(1) <yi(1) < - -+ <yunl1) =d
is given by

y(r)y=td, 1=0,...,q(r) =1,
yq(f)('r) =d.
(iv) A practically important subfamily of the family given in Remark 5(iii) is
(Oye:r=n"n=123,...}
In this case, for each 7 = n™', we have p(r) = g(7) = n, and the mesh I, is

just obtained simply by dividing © into N(r) = n? subrectangles, each of
dimensions 1 by <.

From now on we shall let {Ily,: 7 € (0, 1]} denote some fixed family of M.S.
meshes on {J. We shall let Py, denote the projection, analogous to (2.1), onto
the space spanned by the set of piecewise constant functions defined on the
mesh Il ., using the collocation points discusssd in Remark 5(i). Then, for any
7 € (0, 1], Py, is a bounded operator from C(£) to L (£2), with operator norm
satisfying

[Pl <1, 7 €(0, 1]. 4.1)

We shall define below a space of spline functions on a rectangular mesh over
the two dimensional set & = [0, 1] X [0, d]. These will be constructed as point-
wise products of one dimensional splines. Thus, for r € N, and for any mesh

Mia=xs<x;, <+ - <x,=b

on any interval [a, b), we define the one dimensional spline space S,(I1, [a, b]) to
be the space of all functions in C"~a, b], which reduce to polynomials of
degree not greater than r — 1 on each (x;_,, x;}, fori =1,...,n If r =1 this
space includes functions discontinuous at one or more of the knots {x,:
i=0,...,n), and for definiteness, we assume that such functions are left
continuous at each knot, and right continuous at a. We then define, for »r € N,
the two dimensional spline space S,(ILy,, Q), by

S,(HN(,), ﬁ) = {£: (s, 5,) = £,(5,)&,(s,), for (s,, 5,) € Q, where
¢ € S,(IL,), [0, 1]), and &, € S,(T,, [0, d])}.

We describe some important approximation theoretic properties of this two
dimensional spline space in the next two lemmas.
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LEMMA 6. Let y, be defined as in CY'. Then, for each t € Q, there exists a spline
Uy, € 1My, ), such that

Jallt = s = w0, ()] @5 < CllTy

with C independent of t and .

PROOF. The prooi follows from Munteanu and Schumaker [8, Lemma 5.5],
where it is shown that there exists 4, , € S;(Ily,, ) such that

Jl¥alle = s = u ()l s < €

T fﬁqu —s)lds + sup

0< (Al <7
: fs—, [allt = s = hl) = yo(t — s])| ds|, 42)

with C independent of ¢ and 7, and where for ¢ € R?,
Q={seQ:s+ecQ). 4.3)
Now, for 7 € €, we have, using CV’,

anwfﬁlr —setds <€, O0<a<l,

fﬁ IWo(lt — )| ds < (4.4)

IIBIIQ',ffZ Injt —s|ds <C,, a=1,

with C,, C, independent of r. Also, by slightly modifying the arguments of
Kantorovich and Akilov [6, Theorem 4, p. 363), it may be shown (for full details
see [5]), that

Jo el = s = B = 912 = sDl ds < Cla (5)

with C independent of ¢ and h.
It follows then, on substitution of (4.4) and (4.5) into (4.2), and noting that
|h| < V2 |A||,, that we have

Jalle = s = o (5)] ds < Cr,

with C independent of ¢t and 7, and the required result follows from Remark
5(ii).

REMARK 7. Note that, by the triangle inequality, we have, from Lemma 6,

[l (5)l ds & Clllynlloe + [ IWallt = sDl ds < C,
Q (1)
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for some C which is independent of ¢ and 7, where the final inequality follows
from (4.4), and the observation that

Myl < (1 +d)'72 1 €(01].

LeMMA 8. Let C1’, C2 and C3’ be sa_tisﬁed, and let y be the solution of (1.1).
Then there exists a spline § € Sy(Ily,, Q) such that

Iy = &l < CTLylISH,
with C independent of .

ProOF. Note that, by Theorem 3, y € C'(®) and 3y /1, dy /3¢, € Lipg(),
for any B in the range 0 < 8 < a. It follows_from Munteanu and Schumaker
[8, Lemma 5.5], that there exists § € Sy(ILy,y, ) such taat

1y = &l < C[TMI¥ll + @x(3, D], (4.6)

with C independent of 7, where w,(y, 7) is the two dimensional modulus of
continuity given by

wy)(y, 7y =sup  sup |yp(t + 2h) — 2p(¢t + h) + y(1)|,
0<llhllo<T e,

and Q,, is defined by (4.3).
Now, it follows easily from the two-dimensional Taylor’s theorem, and the

known properties of y, that
w,(y, 1) < Crf*! 4.7

with C independent of 7, and the required result follows on substitution of (4.7)
into (4.6).

The next lemma highlights an important property of the choice of collocation
points given in (2.2) and Remark 5(i).

LeMMA 9. Let £ € Sy(ITy,,, 2). Then

[ @) -&)ds=0, i=1... N
.(7)

Remark. This result demonstrates the special role played by the points (2.2),
and one consequence of it is the fact that the two dimensional approximate
integration rule

N()

| ¢(s) ds =~ 2 (1) s
o 8.(n)
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turns out to be exact for functions in S,(I1y,,), ), i.e. for functions which reduce
to bilinear functions almost everywhere on each of the subsets ;. In other
words, this approximate integration rule is the two dimensional analogue of the
product mid-point rule.

PROOF OF LEMMA 9. Note that, for all s € £, and thus, for almost all s € §,.,
we have §{(s) = £,(5,)§,(s,), where £, and £, are linear. Note also that, by Remark
5(i), ¢ is the mid point of &,. Thus, to prove this lemma, it would be sufficient to
show that

fodj;l((a.sl + b))(a,s, + b)) — (a,t, + b)(ayt, + b)) ds,ds, = 0,

where a,, b,, a,, b, are constants,and ¢, =1,¢, = 4.

Now,
drl
ST S Q@rsi + 0@y + b) = (ats + b)(agty + b)) dsyay
d i d r1
= alazj(; j(; (515, — 1,1,) dsyds, +a|b2_/(; fo (sy — 1)) ds,ds,
d i
+ a,b s, — t,) dsds,, .
b1 [ (52— 1) dnas, (438)
and
d i 1
f f (sl - tl) dgldgz = df (Sl - tl) d&'l = 0, (4.9)
o Jo 0
since f, =3, and, similarly,
ff@—@@@=a (4.10)
o Jo
Also,

d 1 df 1
f f (55, — 1,1 ds,ds, =f (—32 - tlt2) ds,
o 7o ()

1
= Zd* =~ dn, =0, (4.11)

(8]

and the required result follows on combination of (4.9), (4.10) and (4.11) with
(4.8).

Let yxy YAy denote the approximations to y defined by the collocation and
iterated collocation methods respectively, using the M.S. family of meshes
{Ilyey: T € (0, 11}. Note that, in view of Remark 5(ii), Theorem 1 holds with N
replaced by N(r), provided that the phrase “N sufficiently large” is replaced by
the phrase “r sufficiently small”. This fact will be used in the proof of the
following theorem, which is the main result of the paper.
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THEOREM 10. Let C1’, C2 and C3’ be satisfied. Then

(1) 1y = Yvelleo = OUM yenllo)s
and
(ll) ”y - yg(f)“w = 0(I|HN(7)IIEO+ l)’

for any B in the range 0 < B < a.

PrOOF. By definition of the projection Py, it follows that
Iy = Puewlle < sup ly(8) =y,

L el
HE— 1o < MLyl

and since it was proved in Theorem 3 that y € C\(®), an easy application of
Taylor’s theorem yields

“y - PN(T)y”co < C”HN(T)HOO’ (412)

with C independent of 7, and the result (i) follows from Theorem 1.
To obtain (ii), recall Lemma 6, and write, for 1t € Q,

Ky(1) = KPr (D) = [dallt = SDO/(5) = Puo(s)) s
= [L(0llt = sl) = ue (NOS) = Pay(s)) ds

+ [ (0 NOS) = Puyy(s)) s
Li(0) + I(¢), say. (4.13)
Now, using Holder’s inequality, we have, for t € ,

1O < [Walt = 5l) = ()] 51y = Prey I

and it follows from Lemma 6, and (4.12), that

1) < ClTLyllz (4.14)
with C independent of ¢ and .
Also, since u,, € S (I, ), we have, for some c,, . . ., ¢, which are con-
stant with respect to s,
N(7)
L) = 3 6 (5(s) = Pyo(s)) ds
i=1 ;
N(7)

S fﬁ(l — Py)(y — D(s) s,

i=1
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where ¢ is any function in S;(Tly,, ), using Lemma 9. Thus, making use again
of Hoélder’s inequality, we have, for ¢ € §,

[1(0)] =

ST = Pucy)(r = £)(s) s

< fﬁlua,,(s)l a1 = Prey)(y — Hlloo

<Cly =l
with C independent of ¢ and 7, where we have used (4.1) and Remark 7. Thus,
by Lemma 8,
[,()] < ClIT I8, (4.15)

with C independent of ¢ and 7, and 8 any number such that 0 < 8 < a.
Combining (4.14) and (4.15) with (4.13) we obtain

IKy = KPneylleo < ClTLyey IS,

with C independent of 7, and (ii) then follows from Theorem 1.

5. A numerical example

In this section we solve numerically the integral equation,

y(t, 1) = Co + A_/(;dj;l ln\/(’l = 5" + (5 = 52" y(sy, 5) dsydsy,
for (¢, 1,) €]0, 1] X[0, d], (5.1)

where C, and A are scalars and d > 0. This equation arises in the problem of
determining the cross-sectional distribution of current in an infinitely long
rectangular conducting bar which carries an alternating current [4]. Let the cross
section of the conductor have length a, and breadth b. Let g denote the
conductivity of the material of the bar, let p denote the permeability of free
space, and let w denote the angular frequency of the alternating current. Then it
is shown in [4] that the parameters A and d depend on these quantities, and are
given by

A = (aPugw/27)i,

d=b/a.
It is also shown in [4] that C, has no physical significance, and may be
considered to be a scaling factor in the problem. To understand this point more

clearly, note that if we modify (5.1) by replacing C, by 2C,, then the solution to
the equation thus obtained is merely twice the solution of (5.1).
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We have solved equation (5.1) by the collocation and iterated collocation
methods, using the family of meshes {HN(,): r=n'n=2347568,7, 8} over
[0, 1] X [0, 4], which were described in Remark 5(iv). That is, for each 7 = P
37, ..., 8" ypx and yp,, where defined by (1.3) and (1.4) using the mesh
obtained by dividing [0, 1] X [0, d] into n? subrectangles, each of dimension %
by 2. The collocation points {f: i =1,..., N(r)} were chosen to be the
mid-points of each subrectangle as described in Remark 5(i). For this problem,
the numerical calculation of y,{,(,) and y,{f(,) was facilitated by the fact that, due to
the relative simplicity of the logarithmic kernel, the necessary two dimensional
integrals {Ku,(¢): i = 1, ..., N(1)}, for t €0, 1] X [0, 4] can be given analyti-
cally.

We shall set d = 0.5, and A = 0.266425 X 10%. These values correspond to the
particular physical situation of a copper bar, of cross-section 0.1 by 0.05,
carrying an alternating current of frequency 60 (all units being in the RMKS
system). We fix the scaling factor C, so that the average of the values of the
piecewise constant approximation, )’}V(s—') over the domain [0, 1] X [0, 4] is unity.

We shall display here only our results for y,[v’(,), =241 6"and 8, and
we shall use them to obtain experimental rates of convergence, for comparison
with the theoretical estimates of Theorem 10(ii). We do not display results for
Vi but note that yy ., coincides with y,{,'(,) at the collocation points, and hence
converges at the same rate as y,lv'(,) at those points. Further numerical results are
given in [5]. The same problem has been solved by a different method in [2]. In
Table 1 we give the values of y), at the four points (0, 0), (3, 0), (0, £), (3, %) of
the domain [0, 1] X {0, d].

TABLE 1
Values of yy -
T yll\ll(f) at (Or 0) }’llvl(f) at (% > 0) lel(‘r) at (Ov g) lel(f) at (%’ g)

2-! 1.270 + 5.857i 0.9466 + 1.062i 1.140 4+ 3.931 0.7277 — 2.186i

4! 1.900 + 4.421i 1.026 + 1.244i 1.399 + 2.347i ~0.2349 — 0.4783i

6! 2.188 + 4.055/ 1.166 + 1.171i 1.680 + 1.840/ —0.1187 — 0.3580i

8! 2.327 + 3.929i 1.211 + 1.134i 1.841 + 1.647i -0.09286 — 0.3467:

1

According to Theorem 10, if 7 = n™", we have the theoretical prediction

1

1y = Mol < Clllyell&" = € TR
n

(5.2)
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for any B in the range 0 < 8 < |. To estimate the experimental rate of
convergence, we conjecture that

(y = M) = cm;‘—, (5.3)

where the c¢(f) are complex constants which depend on ¢ € [0, 1] X [0, d], and
A > 0 is to be determined. Using the computed values of y,'{,i(,) for r =271, 474,
67! and (5.3), we obtain three equations in the unknowns y(f), c(f) and A.
Eliminating y(¢) and ¢(#), we obtain a non-linear equation in A, which we solve
using the secant method. A second approximation to A is obtained in the same
way using the numerical values of yy,,, for 7 = 47!, 67, 8~'. The approximate
values of A thus obtained are given in Table 2. The values of A obtained by the
first approximation are rather erratic in comparison to the prediction (5.2). This
is possibly because the asymptotic convergence rate proposed in (5.3) will only
hold for sufficiently large values of n. The values of A obtained by the second
approximation conform more satisfactorily to the prediction (5.2), at least in the
cases of points (0, 0), (3, 0) and (0, 9). The exceptionally high value of A at
(%, ‘5’) may be seen as evidence that the global prediction, (5.2), although
probably sharp on the edges of the domain (where the solution is singular), is
likely to be pessimistic at points in the interior of the domain (where the solution
is smooth).

TasBLE 2
Approximations to A

At point At point At point At point
©,0 .0 (U G 9
Ist approx. to A
using 1.3 (=00) 0.9 33
)’H(z-l), )’}vl(-s-')’ )’}v'(s-')
2nd approx. to A
using 1.6 19 14 4.0
)’:l\}(-s-' y )’zl\;(s-'y )’1[\}(8“)

For each of the four points ¢, the second approximation to A (given in Table 2)
was used along with the values of yyg-(f) and yygn(?) to calculate the
constants ¢(¢) in (5.3). The value of ¢(¢) was then used to estimate the maximum
absolute error in y,{,‘(s-.). The results are given in Table 3.
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TABLE 3
Estimated errors in yj(s-)

At point At point At point At point
©, 0) G, 0) © 9 G.9
Estimated error in
0.32 0.080 0.12 0.013
)’II\}(B")
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