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A smooth, non-reflexive

second conjugate space

M.A. Smith

It is shown that a separable, quasi-reflexive Banach space of

deficiency one admits an equivalent norm such that its second

conjugate space is smooth; this answers a question raised by

Ivan Singer [.Bull. Austral. Math. Soc. 12 (1975), U07-U16].

A Banach space B with conjugate space B* is said to be smooth if

for every x fc S(B) i (i f S : \\x\\ = 1> , there exists a unique x* € S(B*)

such that x*(x) = 1 .

The purpose of this note is to show the existence of a non-reflexive

Banach space with smooth second conjugate space, a matter of interest

raised by Rainwater [4], Specifically, we show that the quasi-reflexive

space J of James [3] admits an equivalent norm for which the second

conjugate space is smooth; this answers a question raised by Singer [5].

A Banach space B is said to be very smooth (SulIivan [6]) if for

every x € S(B) there exists a unique a:*** € S(B***) such that

X***[Q{X)) = 1 where Q : B •+ B** is the canonical embedding.

A Banach space B is said to be extremely smooth (Sullivan [6]) if

whenever x***(x**) = y***(x**) = 1 where x** € S(B**) and

x***5 y*** 6 5(5***) then x*** - y*** (.

THEOREM. If B is a separable, quasi-reflexive Banach space of

deficiency one, then B admits an equivalent norm such that B** is

smooth.
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Proof. Since t>oth B and B* are separable, B admits an

equivalent norm that is both Frechet and uniformly Gateaux differentiable

(see Day [2]). Thus we can and do assume that B has such a norm. It

follows from results of Su I I ivan [6] that B is both very smooth and

extremely smooth, since B is Frechet and uniformly Gateaux differentiable

respectively. Write B** = Q(B) © [b**] where [b**] denotes the linear

span of {b**} .

We claim that B** is smooth. To obtain a contradiction, suppose

there exist x** € S(B**) and x***, y*** € S(B***) such that x*** t y***

and x***(x**) = y***{x**) = l . Write x** = Q(b) + 8b** where b d B

and 3 is a scalar. Since B is very smooth, we have that 3 # 0 . Also

since B is extremely smooth, we have that a:*** - y*** € Q(B) . It

follows that

0 = (x***-y***)(x**) = (x***-y***)(8b**) .

Since 3 * 0 , it follows that {x***-y***)(b**) = 0 , and hence

x*** = y*** . This contradiction completes the proof.

REMARK. From the proof of the theorem, a quasi-reflexive Banach space

of deficiency one that is both very smooth and extremely smooth has smooth

second conjugate space. However, this implication is not true in general

since a admits an equivalent norm that is both Frechet and uniformly

00

Gateaux dif ferent iable , and Day [7] has shown that 1 admits no

equivalent smooth norm. I t i s t r i v i a l that a Banach space is very smooth

and extremely smooth i f i t s second conjugate space i s smooth.
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