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Abstract. Let {S,: 7€ R} denote a flow built under a Hélder-continuous function /
over the base (2, 1) where 2 is a topological Markov chain and u some (-mixing)
Gibbs measure. For a certain class of functions f with finite 2+ 5-moments it is
shown that there exists a Brownian motion B(t) with respect to x and o> 0 such
that p-a.e.

sup « for some 0< A < 8/588.

O=u<l{x)

j'ﬁ, dr— B(o?t)

0
One can also approximate in the same way by a Brownian motion B*(t) with respect
to the probability (| /du) 'ldu. From this, the central limit theorem, the weak
invariance principle, the law of the iterated logarithm and related probabilistic
results follow immediately. In particular, the result of Ratner ([6]) is extended.

1. Introduction

Let 2 be a topologically mixing Markov chain with shift transformation T. Let
®:3 >R be a function of bounded variation satisfying var, ® < ba* (k=1; b>0,
0<a<1) where

var, @ :=sup {|{®(x) —®(y)|: x; = y; for all |i| < k}.

Let u denote the Gibbs measure given by ®. Then u is the unique shift invariant
probability measure satisfying
ply:yi=x;foralli=0,... m-1}
o= -
exp(=Pm+Y o p.,. D(T7x))
for some constants P and ¢, >0 and ¢, >0 (see [2], [8], [10]). We shall consider the
flow {S,: t € R} built under a function ! with base transformation (X, T, u). In order
to provide an adequate setting for the formulation of the theorem below we embed
2in ;=3 X[0, 1], the product o-field, probability measure u X A and the transfor-
mation T, defined by Ti(x, w) =(Tx, w) (x€ X, 0= w =1). Then the flow built under
the function [ is embedded in the flow built under the function [|(x, )=
I(x) (x€X,0=w=1) and base transformation T,. Whenever we consider the flow
{S:: t€ R} together with a Brownian motion it is assumed that {S,} is embedded in
the larger space. This is necessary in order to ensure the existence of a function

= c,, xeX, m=1
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independent of the process fo S, under consideration. From now on, however, we
drop the index 1 to simplify the notation and because the embedding procedure is
only a minor technicality. We assume that ! is Holder-continuous with some exponent
p >0 and that / is bounded away from 0. Denote by

X ={(x,s):xeX, 0=s<I(x)}
the space on which {S,} is defined and by » the probability measure on X given by

-1
dV:(,[ ld,u,) ds X du.

THEOREM. Let f be a measurable function defined on X with

Ef2=f fdv=0

and

E'ﬂ2+5 ::J |ﬂ2+8 dV<CX)
X

Sfor some 0 <8 = 1. Suppose that
E|f— E(fl(y) )P0« n~r/8na+s)

where (y)", denotes the o-field generated by the atoms of the form {(x,s): x€ A,
0=s<I(x)} and where A is a centred cylinder of length 2n +1. Then

o%:=lim t*'E(J"f(S,(W)) d')')2 (1)

t—>00

exists. Moreover, if a*>>0 then there exists a standard Brownian motion {B(t, x):
t=0, xe€ X}, defined on (X, u) such that

sup « A 2

O=u<l(x)
Jor p-almost all x and some 0 <A < 5/588. Moreover, (2) remains valid if we replace
the Brownian motion B by a standard Brownian motion { B*(t, x): t =0, x € 3} defined
on (2, u*) where du*(x)= (J lduw) 'I(x) du(x).
Remark. Here and throughout this paper we use the Vinogradov symbol « instead
of Landau’s ‘O’ notation. Thus, g« h means g = O(h).

J’tf(S,(x, u)) dr— B(o’t, x)

This theorem implies the usual corollaries such as the central limit theorem, the
law of the iterated logarithm, upper and lower class results for the law of the iterated
logarithm, the functional versions of the central limit theorem and the law of the
iterated logarithm, etc. We shall now list three of these results, which hold under
the hypothesis of the theorem.

CoRrOLLARY 1 (The central limit theorem). We have for all z € R:

fi‘?o”<{ mj S8, w)"’<z}) lewff"p“;“z)d“‘
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CoRroLLARY 2 (The law of the iterated logarithm). We have for v-almost all w:

t
lim sup (20t log log 1) J f(S,w)dr=1.
t->00 0

CoroLLARY 3 (The weak invariance principle). Let

nt

()= a—‘n—%j foS,dr  (0=t=1,neN).

0

Then {{,: n =1} converges weakly in C([0, 1]) to the standard Wiener measure.

All results of this type can easily be reduced to well-known theorems on functions
of mixing sequences of random variables. This is also the method we shall use in
§ 3 to prove the theorem. For instance, relation (11) of [6] combined with the classical
results of Ibragimov [4] and Billingsley [1, theorem 20.2 and pp. 194/195] and a
standard result (see e.g. [7, p. 390]) immediately yields corollary 1 under the
assumption 8 > 0, thus extending [6] in various directions.

2. A moment estimate
Let {£,, n€ Z} be a sequence of random variables. For a <b let %2 be the o-field
generated by &, £,.4,..., & The sequence {£, neZ} is called ¢-mixing if there
exists a sequence of real numbers ¢(n) - 0 such that

|P(An B) - P(A)P(B)|=< P(A)p(n)

forall Ae ¥*,, Be ¥3,,and all ke Z, n=1. Next, let g be a measurable mapping
from the space of doubly infinite sequences (..., @_,, ag, a,, ...) of real numbers
into the real line. For £€=(..., £, &, &, . ..) and for the shift T put

M. =g(T"¢), n=1 (3)
and
N = E(na| Fnlm), mnz=l. (4)

LemMmA 1. Let {£,; n€ Z} be a stationary ¢-mixing sequence of random variables with
T ¢¥(n)<co (5)

and let n,, and 7,,, be defined by (3) and (4). Assume for g and {¢{,, n€Z} that
Em, =0 and that for some 0<8=<1, E|n,|**® <o and

||"7|—77m|||z+.s<< m~? as m - 0o, (6)
Then
2+8
E ) « p'+e
jgn nj

where the constant implied by < depends only on 8,{¢(n), n=1}, E|n[**® and the
constant implied by « in (6).

Remark. 1t is easy to see that lemma 1 remains valid for 8 =0. Indeed by [1, p. 185],
Holder’s inequality and (6) — actually the proof of (8) below will also do -

|Enimienl| < @2(3k) +k72.
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Thus by stationarity and (5)
2
E(_Z n,-) =2 Enf+2] L (n=)Enma<n
Jj=n j=n =j<n

The proof of lemma 1 is a minor modification of the proof of lemma 7.4 of [3, pp.
225-227]. For some reader’s convenience we present the proof in some detail. Let

k:=3[n?] (7
and
n n+k 2n+k n 2+8
Sp = Z nj, tn = Z 1’)’: S = Z nja Cn =E z nj
j=1 j=n+t j=n+k+1 j=1

We first show that

E|s,|“|8,° < n"*¥* +0(cx) (8)
whereu+v=2+8andu=1,2, 6 or 1 +8. To prove (8) we put m := 3k and introduce
the sums _

2n+k
Smn = Z MNmj and Smn = Z Nmj-
j=n j=n+k+1

Then

E|5,]"|3a|° < E|Sn = Smn|“|$n = Smn|” + E|$n = Smun| “|Simn]”
+ E|Spnl 182 = Snl * + E|Smun|*|Sun]”
=[+I11+II1+1V, say.
By Hélder’s inequality, Minkowski’s inequality, stationarity and (6)

|2+8 &« (n . m—2)2+6 & 1.

1< E|s, = Spun
Hence by Minkowski’s inequality, stationarity and since v <2
= "sn — Smn ” I2‘+8"§mn " ;+8 « ” §mn - §n ” §+8 + " §n ” ;+8
< 1+c¥?*® =0(c,).
Likewise
111 = o(c,).
For the estimate of IV we use Ibragimov’s lemma [4, lemma 1.1]: Let £ and # be
measurable #% and 5., respectively. If 1/p+1/g =1 and E|¢)” <o and E|n|? <o
then
|Eén — EEEn|<2(e(n))'?|l€], [ 1l 9)
We apply this lemma with p = (2+ 8)/u and g = (2+ 8)/ v and obtain by Minkowski’s
inequality, Holder’s inequality, stationarity, (9), since by (7), k—2m = [n%], and
since by the above remark lemma 1 holds for § =0,
IV =< E|Spn|“E|$1mn|® +2(p(k —2m))>/ C*P E|s,,,[* 2
< E|s5,|“E|sa|® + 0(c,) = (Es2)' **® + o(c,) « n'*® +o(c,).
We add the estimates for I, II, III and IV and obtain (8). Consequently, for some
constant a,,
Els, + 8.7 < E{|s, + 8./ (|sal® +15.1°)}
=c,(2+o(1)) +a,n' 2,
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This corresponds to [3, (7.8)]. We pick up the proof of [3, lemma 7.4] on p. 226
just before [3, (7.11)] and follow it to its end replacing m by 2 and g(x;) by 7;

3. Proof of theorem
For the proof of the theorem we apply the following proposition (see [5, p. 81,
remark]).

PrROPOSITION 1. Let {£,, n€ Z} be a sequence of random variables satisfying a strong
mixing condition
B(n)=sup {{P(An B)— P(A)P(B)|: Ac ¥' o, Be F,} < n~ "8I+

Let g be a measurable mapping from the space of doubly infinite sequences
(....a_,ap,ay,...) of real numbers into the real line. Let mn,=
8(oey bty bmbnary..),n=12,... and nm,= E(n,|9"™), where 4" is any collec-
tion of sub o-fields such that 95 %% for all a<b. We assume of the function g and
the sequence {£,, neZ} that

En,=0 n=1,2,... (10)

and that there exist constants 0< 8 =<2 and ¢>0 such that

E|n. "=, (11)
and
10 = Tun [l 245 = em~+C/2Y (12)
Joralln,m=1,23,.... Moreover, suppose that
2
E( zN n") =7N + O(N'~/30) (13)

for some 7> 0. Then without changing its distribution we can redefine the sequence
{ns n=1} on a richer probability space on which there exists a standard Brownian
motion {B(t), t =0} such that with probability 1

Y m—B(rt)<t™*  ast>o

n=t¢
for any A < 8/588.
Let

I(x)
F(x)=J f(x, s) ds, xeX, (14)

0

and let n(7, x) be the largest integer r such that

Y (T'x)<r (15)

O=i=r

LEMMA 2. We have for all u and p-almost all x as well as in L*

J"f(Sf(x,u))dﬂr— Y  F(Tx)«1.

0 O=i=<n(tx)
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Proof. Put

b

I:= J'f(S,(x, u)) d‘r—J”f(ST(X, 0)) dr

0 0

b

KTix)
II:= ¥ j f(T'x,s)ds~ Y  F(Tx)
O=i=n(t,x) JO O=<i=n(1,x)

HI= | {IT"“"x)=< 1=t} f(S.(x,0)) dr.

Then the left-hand side in the lemma is bounded by I +1I1+1I1. Now I1 =0 by (14).
To estimate I we observe that

I=2 J’ |£(S.(x, u))| dr,  c:=max{|l(x)|: xeZ}
0
since I is bounded away from 0 and o, Now

J J | £(S.(x, u))|* dr dpe(x) =J L | £(S,+u(x, 0))]* dr dpu(x)

I(Thx)
<X IJ |£($.(T'x, 0)[* dr du(x) <o

0

since E|f]*<oo and the above sum is finite. Hence I is bounded for x-almost all x
and all u. In the same way one can see that 111 is also bounded. 0

Because of lemma 2 the approximation of the integral has been reduced to the
approximation of a random sum of random variables by a Brownian motion.
Proposition 1 specialized to the present situation will yield the approximation of
the sum },_, F( T'x) by a Brownian motion. But because of lemma 3 below the
passage to the random sum will be easy.

For the proof of lemma 3 as well as for the application of proposition 1 we first
set up the basic probability structure. The underlying probability space is (Z, n).
Let ¥ be the natural generator of the topological Markov chain X. As has been
observed by Ratner [6, p. 182] the process (7, ¥) satisfies a mixing condition
somewhat stronger than ¢-mixing with an exponential rate of decay. This was
obtained from Sinai’s [10] construction of invariant Gibbs measures of transitive
C-flows of class C2 However, much more is true. Using Ruelle’s Perron-Frobenius
theorem (cf. [8]), Bowen obtained [2, p. 24] the following weak dependence relation:

|(An B) - u(A)u(B)| =< KB"u(A)u(B)
forall Ac (%)%, Be(¥)"**and all m, k, n=0. Here K and B € (0, 1) are constants.
This condition is known in the literature as ¥-mixing and is obviously more restrictive
than ¢-mixing, which in turn is more restrictive than strong mixing. Let £, be the
nth coordinate map of =. Then {&,, n € Z} satisfies a strong mixing condition with
exponentially fast mixing rate B(n).

LemMA 3. For any £ >0 we have for p-almost all x:
n(t, x)—t/ T« *e
Here I'={1ldu=E,Ll
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Proof. Define
pa(x)=KT"x)—1 xe3Z.

Since I is Holder continuous we have for all m=1
|- E.((¥)Z0)].< Ka™

for some constants K and « € (0, 1). Thus setting

n+m

Pmn = E,(pal(¥)770
we obtain
” Pn ~— Pmn ”2S Kam-
Hence by lemma 1, applied with § =0 we have for all M =0, N=1
M+N 2
E( ) Pi) <N
i=M+1
We apply the Gaal-Koksma strong law of large numbers (see e.g. [5, theorem Al,
p. 134]) and obtain for each £>0

Y ((Tx)— Dy« ni*e (16)

i=n

for w-almost all x. For r=1 put

1
=ni*e, forall n= r}.

T ((Tx)-1)

i=n

A = {x:
If for some r=1 we have x€ A, then forall n=r

tyi=nl-ni**< ¥ N(T'x)<t,=nl +nt*".
Thus n(t;,x)=n and n(t,,x)=n. Let t be given and let m and n be such that
nl+ni**<t<ml-m** and mI—m*<nl+n**+0(1). Then we obtain by
elementary manipulations
tT'n(t, x) -1/ T« 173%e, O

We put 7,(x)=F(T"x), xeX. We now apply proposition 1 to the sequence
{mn, n=1}. Since

1(x)
Eno=I F(x) du(x) =J J f(x, s) ds du(x)=IEf=0

(1]
and likewise

J |FoI** dp(x) = TE| 177,

conditions (10) and (11) are satisfied. We now verify (12). We have

E,|\F- E,,(Fl({/)'_',,)|2+'ss 8(I+11),
where

I=E,

1(x) 1(x) 248
j f(x,s) ds—j E{fl(y)2.}x, s) ds

0 0

I(x)
= J I |f(x, s) = E{LAI(¥) 2} (x, $)|**° ds dp(x)

0

=T E|f = E(fI(0)", )" « n= G0/
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by hypothesis and

1) )
E,L{J:) f(,8) dSl(i’)'ln}(x)—j' E{fi(y)2.}(x, 5) ds

0

2+8

II=E,

Now

1) 1)
E"{J:, fC.s) dsl(?)fn}(x) —J’ E{fl(y)2.}(x, s) ds

o

i 1)
= C‘e(z»;)f,, ta) L J SO, 5) dsdu(y)-1&(x)

[

I(x) 1
—L Ce;Zy)_nn O Lf(y, 7) dv(y, 7)1 c(x, 5) ds
r B I(x) ]
w(C) Jel(y)du)/T

- ) 1 e lly)—1(x)| du(y)
= e, 1 UE L Fl a2 ) du ()

« éeé)_"" 15()6);%6,) J@ |F| dw - &"/min {I(y): yeZ}
< a"E,(IF|(7)2.)(x)

where 0<a <1 is as in the proof of lemma 3. Hence II decreases exponentially

fast since

= X lé(x)deV[
C

Ce($)2,

E (E.(IFI|(9)2))**® < E,|F** < IE| fI*** < 0.
Next we verify (13). Since (12) holds we have with m =[%n]

Enlnn = Enl(nn - nmn) +Enmn(nl - nlm) +E7’1m7’mn
« m—(2+(7/5))+B%(m)« n—(2+(7/5))’

by (9) and since B(m)— 0 exponentially fast. Thus

2 n—1
EM( Z 7],) = nE‘r]f+2 -;l (n_i)ET“?’i.H

i=n

= n(Enf+2 ) Enlnn+l> +0(1)
i=1

=nr+0(1), say, (17)

where 7=0. This proves (13).
We finally show the existence of the limit in (1) showing in fact that o= 7/1.
By stationarity and the L? statement in lemma 2 this claim will follow from

2

E,,( 5 F(T"x)) =o(t). (18)
i=|n(t,x)—1t/1]

We first observe that by stationarity, by lemma 1 and [9, theorem B]

2+8

Y F(Tx)| «n'*? (19)

i=m

E,, max

m=n
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We also note that |n(t, x)—t/I|<|n(t, x)| +t/ [ < At for some constant A. Now the
left-hand side of (18) does not exceed I+1I where

2
I:=j max ( y F(T‘x)) du(x),
in(t,x)—t/ [|=<¢3/4

m=t¥* \i=m
< fi=o(t)
by (19) and Hoélder’s inequality, and where
2
II:=J‘ max ( Y F(T*x)) du(x)
|n(t,x)—t/ T|> 134

m=At \i=m

=(u(n(t, x)—t/ 1| > 13))>/2+®

2+8\ 2/(2+8)
. (E“ max )

m= At

¥ F(Tx)

i=m

&« t(l+%6)2/(2+8)0(1) = O(t)

by (19) and lemma 3. This proves (18). Hence by proposition 1 there exists a standard
Brownian motion (B(t), t =0) such that
Y F(T'x)—B(m)< nt?
for u-almost all x. Hence for u-almost all x
Y F(T'x)=B(s(t, x))« (n(t, )i (20)
i=n(tx)
Now by the argument in [5, p. 24]

B(wn(1,x))— B(ot)« £~ (21)
for u-almost all x. Since n(t, x) « t the result for the approximation with respect to
u follows from (20), (21) and lemma 2.

In order to prove the approximation in (2) when B is replaced by a standard
Brownian motion on the probability space (2, u*), where du*(x) = I""I(x) du(x),
first note that all estimates which hold u-a.e. also hold w*-a.e. and conversely
because both probabilities are equivalent. Hence lemmas 2 and 3 hold u*-a.e. Also
the arguments in (18)—(21) remain valid since for an integrable function g

Jgdﬂ«J.gdﬂ*«J'gdn-

All that remains to show is that proposition 1 can still be applied.

We first show that the coordinate process {£,, neZ} is still ¢-mixing with an
exponentially fast decreasing rate. We shall make use of the following lemma which
is easily proved by approximation by simple functions.

LEMMA 4. If £ and 7 are integrable and ¢ is measurable with respect to s and 7 is
measurable with respect to B then
|Eén — E£En| =< y(n) E|£|E| 7|
where
P(An B)

P(A)P(B)—l‘:Ae.sﬂ,Be.%}.

¥(n):= sup”
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Let Ac(%)%,., Be(¥)iI™ and assume first that k = —2n. The case k < —2n can be
treated similarly. Then by lemma 4

[w*(An B)— u*(A)u*(B)|

<7 J [1(x) = B, (1(3)" ) () ams(x) dia(x)

+1 J E,((") dy—j E((#),) dw(m‘
+1 f |E,(I|(¥)" ) — 1| d u(B)
+#*(A)';L(B)— I f E, (|($)",) dﬂ!

+u*A)T! L |1~ E,(lI(¥)2)] du < B*"u*(A)u*(B)

where B* <1, since {¢£,} is Y-mixing with respect to u. We will apply proposition
1 to the sequence n* = FT"— | FT" du* (n€ Z). Observe that (n¥) need no longer
be a stationary sequence and that },_ ¥ -Y,_, FT' « 1, since by (14)

” FoTldu*| = l-"' J FT"(1- E.(I1(N ) dﬂ’

+I J E (DA FT" = E(FT"|(3) 7203 du

*’_’1” E. (DA ELFT(7)2207/3) dus

. i/2+8
& ai" +(J |F — E, (F( )W h5pP+e d,u,)
« p-@+H/8)

and hence Y ,_, || FT" du*| <. Conditions (10) and (11) are trivially satisfied. It
remains to verify (12). '
Fix n=1and let m < 3n/4. Note that there is a ¢ < 1 such that forall C e (y) 24

j F(T™y)I7'1(y) d#(y)#(C)—JC F(T"y) du(y)#*(C)i
C

= U[ IT'F(T™y)(I(y) — 1(2)) du(y) du(z)
CxC

« q"u(C) L |F(T™y)} du(y),
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since for y,ze C and |i|<n/4, y;=z. Hence

{E |FTm—E (FT"'l(y)"'“' |2+5}l/(2+5)

F(T"x)u*(C)

={CEZ . (l(x)/l)[u*(C)l]"”
248 1/(2+8)
du(x)}

< qUEE(FT™ " | () i/ ™

- L F(T™y)(1(y)/ 1) dp(y)

2+8 1/(2+8)
d#(x)}

ab L(’("V D|F(rmo=/u() | Frmy) duo
& qn(EH(IFTm|2+6))I/(2+6) +n—(2+(7/8))« n_(z*(7/5)).

Now let m > 3n/4. First note that by elementary properties of conditional expecta-
tions, Minkowski’s inequality and the conditional Hélder inequality

{E ('FTm E (FTm'(y)m+n),2+8)}l/(2+8)
<2{E, (|FT™ — E,«(FT™|(§) mttu/ah|2 o)1/ @+o),

For simplicity we put k:=[n/4)]. Using lemma 4 twice we obtain for xe C e (y)7*%:
|E,«(FT™[(#)m28)(x) = E,(FT™|(¥) mZi)(x)|

| gL | Frm aue)|

u*(C)

1 1
S;u*(C){,[ lc(W)|F(T™y)—E (FT"'I(V)'"*")(y)I@du(y)

I LeWIEL(FT™[(H)mZWIT 1) = EL(I(H 20 ()] dp ()

J 1cME(FT™ () mOW T E (9 0)(p) du(y)
—L F(T™y) du(y)‘}
+L |F(T™y)| du(»)[n*(C)p(C)T!

g

M(C)—J I"'E, (1M ) () du(y)‘
C

+J‘ '[1(y) = E.(I(9) 0 dﬂ()’)}
C

<(E(FT™ = E,(FT™ (N nZ0l () mZ () + B+ ™) E, (| FT™| [(¥) mI)(x)-

https://doi.org/10.1017/50143385700002637 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002637

552 M. Denker and W. Philipp

Here we have used twice that {£,} is ¢-mixing with respect to u. Integrating over
x with respect to u™* we obtain by Minkowski’s inequality

(E,o| FT™ — E «(FT™|(§)p20)P+2) "/ @+®
= (E»FT™ = E,(FT™|(§) m20)P+?) "+
+(E,o| Eus(FT™|(9) %) — EL(FT™|(§) mIk)P*2) /@
< n"@E N 4 (B4 g")(E, (E.(|FT™| |(7)mtk))>+2) v/ @+
+(E,|FT™ — E, (FT™|(y) mXf)[P**)!/e+®

_ -1
<n (2+78 ).

Note that the constants implied by « do not depend on m and n. Hence relation
(12) follows. Similarly condition (13) can be verified. This completes the proof of
the theorem.
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