
A NOTE ON AFFINE PAPPUS CONDITIONS 

N. D. Lane 

Let i , m, n be three mutually distinct lines in the p ro­
jective plane. The (i , m, n)-Pappus condition can be described 
as follows. 

Let A, B, C, A!, B f , C1 be any six mutually distinct points 
such that A,B, C lie on £ ; A f ,B f , C! lie on m ; and none of 
these points lies on i Om, mfïn, o£ np | i . If the points 
AB'OBA1 ajid B C H C B ' both lie on n, then the point 
A C OCA1 also lies on n . (cf. Fig. 1, omitting R) 

REMARK. The dual of a Pappus configuration is called 
a Thorns en configuration; cf. [4, p . 134], 

G. Picker t has shown in [5] that if we assume the (& , m, n)-
Pappus condition for a fixed pair of lines m and n and for every 
line I which passes through neither mPln nor one other fixed 
point R e n , then the (i , m, n)-Pappus condition holds for all 
choices of i , m, n in the plane (Fig. 1). 

If we designate n as the line at infinity, the above resul t 
contains the following affine Pappus condition as a special case: 

If the (i , m)-affine Pappus condition holds for a fixed line 
m, and for every line £ which is neither paral le l to m nor to 
a given line r, r Jf m , then the (I , m)-affine Pappus condition 
also holds for all pa i rs £ and m with £ ^ m (Fig. 2, 3). 

We discuss a weaker form of the last condition in this note: 

If the (i , m)- affine Pappus condition holds for all pa i rs of 
lines £, m such that I J m , then it also holds for all pa i rs 
£ , m with £ || m . 

We shall give a proof of the last resul t using only incidences. 

Consider a rudimentary affine plane satisfying only the 
axioms in [1, p . 52-53], namely: 
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AXIOM 1. Two d i s t i n c t po in t s d e t e r m i n e a l i n e . 

AXIOM 2. If P i s a point and £ i s a l ine, then t h e r e 
is a unique l ine t h rough P which i s p a r a l l e l to £ . 

AXIOM 3 . T h e r e ex i s t at l e a s t t h r e e m u t u a l d i s t i n c t 
and n o n - c o l l i n e a r p o i n t s . 

We r e s t a t e our cond i t i ons . 

CONDITION P (for a g iven point P ) . Le t A, B, C, A1, 

B ' , C f , P be m u t u a l l y d i s t i n c t po in t s such that P , A , B , C l ie on 
a l ine £ , and P , A1, B 1 , C ! l ie on a l ine m ; £ + m . J f AB l || BA' 
and B C || CB l then A C || CA ! . 

CONDITION P . Le t A , B , C , A \ B ! , C be m u t u a l l y 
a 

d i s t i n c t po in t s such tha t A, B, C, lie on a l ine £, A l , B ! , C ! 

l ie on a l ine m , £ || m , £ i m . If AB ' || BA' and B C || CB1 , 
then AC1 || CA1 . 

Then we wish to p r o v e the fol lowing. 

T H E O R E M . A s s u m e only Ax ioms 1, 2 and 3 . Then 
Condit ion P _ for each point P i m p l i e s Condit ion P 

P c a 

P roo f . Suppose that CA1 Jf AC1 in the P conf igura t ion . 
a 

Since A C is not p a r a l l e l to AB1 or to BA1 , the l ine th rough 
C p a r a l l e l to A C wil l i n t e r s e c t BA1 , say at A" . As A n 4 A ! , 
A" cannot lie on m . Since A C jf £ , A" cannot l ie on £ . 
Hence C and A" define a line m f , and m l jf £ . Since 
AB1 || BA" , the l ine m 1 wil l i n t e r s e c t AB ! , s ay at B " . 
F u r t h e r m o r e , C , B " and A1' a r e m u t u a l l y d i s t i n c t po in t s on 
m ! and none of t hem can l ie on £ . Hence we can apply Condit ion 
P to the P a p p u s hexagon C I AB I , CA"B on the i n t e r s e c t i n g l ines 

£ and m ! . Since A C || CA" and A B " || BA" , we ob ta in that 
B C || C B " . Since B C || CB ! the line CB ! m u s t co inc ide with 
the l ine CB" . This i m p l i e s that B1 = B " and hence that the l ine 
C B " co inc ides with the l ine m . Con t r ad i c t i on . 

As is we l l -known, one can a s s o c i a t e a c o m m u t a t i v e field 
wi th an affine g e o m e t r y which s a t i s f i e s in i t i a l ly only Ax ioms 1, 
2, 3 and Condit ion P for e a c h point P . The affine D e s a r g u e s 

condi t ions can f i r s t be e s t ab l i shed using only i n c i d e n c e s , a s in 
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[2, p . 100] and [3, p . 193], and the method of [ l , Chapter 2] can 
be employed to construct the field. 

Figure 1 

Figure 2 
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B 

Figure 3 

m 

L - - - - m 

Figure 4 
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