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Abstract

Given a fixed small graph H and a larger graph G, an H-factor is a collection of vertex-
disjoint subgraphs H' C G, each isomorphic to H, that cover the vertices of G. If G is the
complete graph K, equipped with independent U(0,1) edge weights, what is the lowest
total weight of an H-factor? This problem has previously been considered for H = K>,
for example. We show that if H contains a cycle, then the minimum weight is sharply
concentrated around some L, = ©(n! =/ d*) (where d* is the maximum 1-density of any
subgraph of H). Some of our results also hold for H-covers, where the copies of H are
not required to be vertex-disjoint.
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1. Introduction

1.1. Threshold and minimum-weight problems

Let K,, denote the complete graph on n vertices, equipped with independent and identically
distributed (i.i.d.) edge weights {X.}.ce(k,). We will use the terms ‘weight’ and ‘cost’ inter-
changeably. For now, let the weight distribution be uniform on [0, 1]; it will turn out that, for
example, Exp(1) weights will give the same asymptotic behaviour. For details, see Section 2.4.
For any family F of subgraphs of K,,, there are two closely related problems.

Threshold. What is the smallest p such that an F € F is likely to appear in G, ,,? That is, if we
define the random variable

T := min max X,,
FeF ec&E(F)

what is its distribution? Is it sharply concentrated around its expected value?

Minimum weight. The minimal weight of an F' € F is a random variable

W := min X..
FeF Z ¢
ecE(F)

What is its distribution? Is it sharply concentrated?
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Minimal H-factors and covers 137

This pair of problems has been studied for many families F, particularly for families where
each F € F is spanning, i.e. V(F) = V(K},). Threshold problems are generally more well stud-
ied than the corresponding minimum-weight problems. It has been observed that for many
natural choices of F, the property of G, ; containing some F € F exhibits the sharp threshold
phenomenon, that is, 7" is sharply concentrated around its mean. And for these families, this is
often true of the minimum weight W as well.

For instance, if F is the family of spanning trees, then T is the threshold for connectivity
in Gy p, and W is the minimal cost of a spanning tree. It is well known that p =log n/n [3] is

the threshold function for connectivity, and W LP) £(3) [6]. Closely related is the case when F
is the family of perfect matchings. Here the threshold is again p =logn/n [4] (in both cases

the minimal obstruction is local and it is the existence of an isolated vertex) and W E) 2(2)
[1]. Similarly for Hamilton cycles, the threshold is p = (logn + loglog n)/n [9, 10, 12] and

w5204 .. [16].

The goal of this paper is to consider the case when F is the family of either H-factors or
H-covers. An H-factor is a collection of vertex-disjoint subgraphs of K, each isomorphic to
H, which collectively cover all n vertices. H-covers are defined similarly, but the condition
that the subgraphs are vertex-disjoint is dropped. While the threshold version of the H-factor
problem has received much attention (e.g. [8], [13]), the minimum-weight version has (as far
as we are aware) not yet been studied. We prove the following, as well as a similar result for
partial factors, and weaker results for covers. These can all be found in Theorems 2 and 3.

Theorem 1. Assume H is a fixed graph with at least one cycle, d* > 1 is its maximum 1-density
as defined in Section 2.2, and Op is as defined in Section 2.1.

Let the random variable Fy = Fy(n) be the minimum weight of an H-factor on K,
(equipped with i.i.d. uniform [0, 1] or exponential Exp(l) edge weights). Then there exists
M = On'" V) such that |Fyg — M| = Op(M>/*), as n — oo.

1.2. Proof strategy

Our proof follows a significantly different strategy compared to the study of the minimal
perfect matching. The condition that the graph H contains a cycle is equivalent to d* > 1.
For such d*, note that the minimum weight of an H-factor scales like a positive power
of n. This scaling enables the following divide-and-conquer approach, which is the main novel
contribution of this paper. It is crucial for the two parts of our proof to work: the upper bound
and sharp concentration of Fp.

A large partial H-factor Q, covering some n — k vertices, can be completed by adding the
lowest-weight H-factor Q' on the remaining k vertices. Any such Q has a weight of order at
least nl_l/d*, while Q' has a weight of order at most KV Soif k< n, we can complete a
large partial factor at a relatively small extra cost. Note that for graphs H with d* =1 (such as
H = K5) this does not work, since the minimum weight there instead scales like Fy = ©(1).

However, the Q above might have been picked based on the edge weights (e.g. as the lowest-
weight such partial factor) so that the weights of Q and Q' are not independent. To avoid this
dependence, we employ a variant of a trick originally due to Walkup [15] in Section 4.3: split
every edge into a green and red edge, and put independent random weights on them, following
Exp(1 — #) and Exp(¢) distributions respectively, for some small # > 0. This ensures indepen-
dence, and the minimum of the two weights on such a pair of edges follows the distribution
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Exp(1). We can now find a large partial factor on the green edges (at a slightly inflated cost),
and complete the factor using a small number of red edges (at a highly inflated cost).

For the upper bound, we use an upper bound on the cost of a partial factor (due to Ruciniski
[13]), and recursively apply the red—green split to find larger partial factors on the remaining
vertices. To show concentration, we study a dual problem: For some L = L(n), how large is the
largest partial H-factor with weight at most L? We use Talagrand’s concentration inequality to
show that this size is sharply concentrated around a large value, and then the red—green split
trick to complete this large partial factor at small additional cost.

1.3. Structure of the paper

We begin with some definitions in Section 2. In Section 3 we state our main results
(Theorems 2 and 3) and one conjecture, and compare this with previous work. We then provide
proofs in Section 4 under the assumption that the edge weights follow an exponential distri-
bution. In Sections 4.1 and 4.2 we prove the lower bounds of Theorems 2 and 3 respectively.
Section 4.3 is devoted to the red—green split trick mentioned in Section 1.2. This trick is then
used in Sections 4.4 and 4.5, where we prove the upper bound and sharp concentration, respec-
tively, of Theorem 2. In Section 5 we show that the (asymptotic) distribution of the minimum
cost of an H-cover or H-factor is unchanged if the edge-weight distribution is changed from
exponential to uniform or some other distribution of pseudo-dimension 1. Finally, in Section 6
we discuss some pathological examples that illustrate why the equivalent of Theorem 2 cannot
hold for covers.

2. Definitions and notation

2.1. Notation

We will use —> to denote convergence in probability, and write X 2 ¥ if the random vari-
ables X and Y follow the same distribution. We will also use both standard and probabilistic
big-O notation. For sequences X, ¥,, of random variables, the notations X,, = Op(Y,,) and
Y, = Qp(X,) are equivalent, and mean that for any ¢ > 0, there exists a C = C(¢) such that
P(|1X,| > C|Yy|) < € for all sufficiently large n. Let X;, = Op(Y,) denote that X,, = Op(Y;,) and
X, = Qp(Y,). Similarly, the notations X,, = op(Y,), ¥, = wp(X,) and X,, K Y,, are equivalent,

and mean that X, /Y, E 0. When both X;, and Y;, are deterministic, these definitions agree with
those for standard big-O notation.

For any graph G, we will use V(G) and £(G) to refer to its vertex set and edge set respec-
tively, while vg := |V(G)| and eg := |E(G)|. Since we will also frequently need to refer to
Euler’s number e ~ 2.718, we will use a different font to avoid confusion: e instead of ¢. We
will also use exp (x) for the exponential function, and Exp(1) for the exponential distribution.

2.2. Density and balanced graphs

For any graph H with at least two vertices we define its density as dy := ey /(vy — 1). This
quantity is sometimes called the 1-density (referring to the —1 in the denominator), but we
will refer to it simply as the density. We call H strictly balanced if dg < dy for every subgraph
G C H. Furthermore, let d* := max{dg: G C H}, and let H* C H be a subgraph which achieves
this maximal density d*.
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2.3. Covers and factors

Definition 1. An (o, H)-cover Q is a collection of subgraphs of the complete graph K,,, each
of which is isomorphic to H, and such that at most an vertices of K, are not covered by any

copy H' of H, that is,
U v

H’eQ

> —-a)n.

An (o, H)-factor is an (o, H)-cover such that V(H’) and V(H") are disjoint for any two
H',H" € Q with H # H". For a =0 we will refer to (0, H)-covers and (0, H)-factors sim-
ply as H-covers and H-factors respectively. For o > 0, we will also refer to («, H)-covers and
(o, H)-factors as partial covers and factors.

Note that by definition an H-factor over n vertices exists if and only if vy divides n, and
that for all the valid H-factors, |Q| = n/vy. From now on, we tacitly assume all results about
factors to hold only when vy divides n.

2.4. Edge-weight distribution

It turns out that the precise distribution of the (positive) edge weights does not matter — only
its asymptotic behaviour near 0. That is, our results will hold under the following condition: if
F is the common CDF of the edge weights, and F(x) = Ax 4 o(x) for some A > 0 as x — 0. This
property is sometimes referred to as F having pseudo-dimension 1. For distributions without
atoms, this corresponds to a density function tending to A near 0. Some examples of such
distributions are Uniform U(0, 1), Exponential, and (for certain values of their parameters)
Gamma, Beta, and Chi-squared.

We will prove this later in Section 5, but for the sake of convenience we will until then
assume that the edge weights follow an exponential distribution Exp(1).

2.5. Minimum-weight covers and factors

We will also (with minor abuse of notation) let £(Q):= | Heo E(H") denote the (multi-)
set of edges that occur in some copy of H. For factors this is a set, while for covers this is a
multiset where the multiplicity of an edge counts how many copies of H it occurs in. For every
set Q of subgraphs of K;,, we define its weight as

Woi= D Xe=D_ ) Xe
e€€(Q) H'eQ ecEH)

Note that if an edge appears in two or more subgraphs H' € Q (copies of H), its weight is
counted again every time. We will let Cy and Fy denote the minimum weight of a partial
cover and factor, respectively:

Cy(k, n) := min{Wy: Q is an(k/n, H)-cover},
Fp(k, n):= min{Wg: Q is an(k/n, H)-factor}.

In other words, Cy(k, n) (or Fg(k, n)) is the minimal weight of a partial cover (or partial factor)
on K, that leaves at most k vertices uncovered. We will also (for technical purposes) sometimes
need to keep track of upper bounds on the most expensive edge a (partial) cover or factor uses.
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We therefore define

4k, n) = min[WQ: Q is an (k/n, H)-cover and max X, < s},
ec&(Q)

Fi(k, n) := min{WQ: Q is an (k/n, H)-factor and rréa}x X, < s}.
eec(Q)

Said cover (resp. factor) might not exist, in which case we set Cj,(k, n) = oo (resp. F;(k, n) =
o0). This means that EC%,, ]EFZ[ are not well-defined, and we will simply avoid them. As
we will show in the following subsection, the results from [8] allow us to determine a range
of values of ¢ such that Fj,(k, n) < oo (and thus Cj,(k, n) < co) with very high probability.
Note also that qu, F ;} are non-increasing (random) functions of ¢: as ¢ increases, fewer edges
become ‘forbidden’, which can only decrease the minimal cost.

As every H-factor is also a valid H-cover, by definition Cy(k, n) < Fy(k, n) and qu(k, n) <
Fi(k, n). We will also let Cy(n):= Cg(0, n) and Fg(n):= Fy(0, n) denote the minimal
weight of an H-cover and H-factor, respectively, and similarly for Cy,(n), F§,(n).

3. Results and conjectures

Our main results are the following two theorems, where we establish bounds on Fg and Cy,
as well as prove that Fp is a sharply concentrated random variable.

Theorem 2. For any graph H with d* > 1 and « € [0, 1), there are constants 0 < a < b such
that

an' V4 < Fr(an, n) < bn'~1/d
with probability 1 — n=®Y. Furthermore, Fy(an, n) is sharply concentrated around its median
value M:

|Fr(an, n) — M| = Op(M**).
Theorem 1 is a special case of this theorem, with & = 0. The two parts of the theorem are

more precise versions of the statements

Fy(an, n)=0Op(' =4y and  Fy(an, n)/E[Fy(an, n)] > 1,

respectively. Note, however, that together they do not guarantee that the limit (in probability)
of Fy(an, n)/nl_l/d* exists.

Conjecture 1. For any graph H with at least two vertices, there is a continuous decreasing
function fy : [0, 1] — R such that

Fy(an, n)/nl_l/d* E)fH(a).

See Remark 1 for a discussion of what this function fy might be.

As mentioned in the introduction, the corresponding limits do exist for several similar prob-
lems, including the travelling salesman and minimum-weight perfect matching (i.e. K>-factor)
problems. Theorems corresponding to Conjecture 1 for these two problems have been proved
using a local graph limit method in, for example, [11], [16] and [17]. In broad terms, what
these papers show is that the ‘local’ structure of the optimal solution is ‘locally’ determined.
That is, it is possible to determine with high certainty whether a given edge participates in the
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optimal solution by only inspecting a large but bounded neighbourhood of it. Unfortunately,
this approach cannot be directly translated into our setting where H has density d* > 1, but it
would be interesting to see if Conjecture 1 holds for similar reasons.

Moving on to the related problem of covers, since Cy < Fy we automatically get an upper
bound by Theorem 2 above. We also have the following lower bound.

Theorem 3. Assume H has at least two vertices and let A := max,

o e € Vi) Then, for
l—l/max{dH,A}).

any « € [0, 1), we have Cy(an, n) = Qp(n

Note the different exponents in the upper and lower bounds on Cy. They match if (for
instance) H is balanced, so that dg =d*. In Section 6 we discuss examples where H is not
balanced, only one of these bounds is sharp, and where Cg is not sharply concentrated. We
might still conjecture that the H-cover equivalent of Theorem 2 or Conjecture 1 holds for
balanced H.

Although we work with graphs throughout this paper, in principle our proof method should
work for hypergraphs as well, under suitable conditions. However, some theorems we cite have
only been proved in the graph setting and would need to be adapted to work for hypergraphs;
see the discussion at the end of Section 3.1. Furthermore, we have not yet defined H-factors in
a hypergraph setting. For graphs, an H-factor consists of a collection of copies of H that are
vertex-disjoint and spans the vertex set of K. The disjointness condition can be generalized to
hypergraphs by requiring that no two copies H', H” of the r-uniform hypergraph H overlap in
more than k vertices for some k < r (with ‘vertex-disjoint’ corresponding to k = 1). Similarly,
for the spanning condition we can require that the copies of H cover all the k’-sets of vertices in

K,(f) for some kK’ < r. Any pair (k, k') leads to a different generalization of the H-factor problem.

3.1. Related work

Before we move on to the proofs, we will briefly discuss some related work. First, we
discuss a 2008 paper by Johansson, Kahn, and Vu [8] on the threshold version of the H-factor
problem. We will use one of their theorems in our proof of the upper bound in Theorem 2.
Second, we discuss a recent paper by Frankston, Kahn, Narayan, and Park [5], which provides
a general and flexible framework for proving upper bounds on both threshold and minimum-
weight problems.

In [8], the threshold function for the appearance of an H-factor for strictly balanced H was
determined (up to a constant factor), as well as slightly less precise bounds on the threshold
for general H.

Theorem 4. (Theorems 2.1 and 2.2 in [8].) Assume H has at least two vertices.

(1) IfH is strictly balanced, the threshold for the appearance of a H-factor in Gy p is thy =
n—L/dn( logn)/¢H. That is,

n=, ifp < thy,
P(Gp,p contains an H-factor) =
1—n=D ifp>> thy.
(ii) For general H the threshold is n= VAo More precisely, for any € > 0,
n=e), ifp<n Ve,

P(G,,., contains an H-factor) =
( n,p f ) 1 _n—w(l)’ l‘fp >> n—l/d*-i—a.
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This immediately implies the following upper bound on Fy, only a factor n® worse than the
upper bound in Theorem 2.

Corollary 1. Forany e > 0 and A > n= V442 Fi(n) < n'=V4"+e with probability 1 — n=*D.

More recently, significant progress in the study of the general threshold type and minimum-
weight type problems discussed in Section 1.1 was made in the 2019 breakthrough paper by
Frankston, Kahn, Narayanan, and Park [5]. For a large class of families / which includes
H-factors, they proved upper bounds on both the threshold for the appearance of an F' € F in
Gy,p as well as the minimum weight of an F' € F in a randomly weighted Kj,. Among other
applications, this leads to a much simpler proof of the upper bound in Theorem 4(i) than that
in [8] — albeit for a slightly weaker upper bound, with a larger exponent for the logarithmic
factor.

Using the results in [5], an alternative (and slightly shorter) proof of Proposition 3 can be
obtained. Interestingly, the proof in [5] also uses a sprinkling method. They essentially sprinkle
edges in multiple stages, and keep track of how many F' € F we keep making ‘good progress’
towards building.

If the reader wants to prove Theorem 2 for some generalization of H-factors to hypergraphs,
using the results from [5] is the route we would recommend. The theorems in [5] are general
enough to be applicable to both graphs and hypergraphs directly. In comparison, our proof of
Theorem 2 depends on one theorem from the Johansson, Kahn, and Vu paper [8] and one by
Ruciniski [13]. Both of these are only proved explicitly for graphs, although the former paper
mentions that its proofs remain essentially unchanged for hypergraphs.

4. Proofs

In this section we state and prove several propositions from which our main theorems
follow: Theorem 2 follows from Propositions 1, 3, and 4, and Theorem 3 follows from
Propositions 2 and 3.

4.1. Lower bound: H-factors

In this section we establish a lower bound on the minimum cost of H-factors, and then in
Section 4.2 we do the same for H-covers. Although any lower bound on Cg-covers is also a
lower bound on Fg, our lower bound for H-factors holds with probability 1 — 29 while
the lower bound for H-covers is only shown to hold with probability 1 — ¢. For this reason we
consider it worthwhile to include both.

Proposition 1. Assume « € [0, 1) is fixed (not depending on n). There exists a ¢ > 0 such that
the minimal cost of an (a, H)-factor is Fy(an, n) > cnl_l/d*, with probability 1 — 22

To prove this, we need the following simple bound (which will also be useful several times
more throughout the paper).

Lemma l. If x>0, Xi,Xp,...Xyx are iid Exp(l)-distributed random variables and
X:= ), X then
P(X <x)
1—x<

=7
- Xk T
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Proof. X follows a Gamma distribution with shape parameter k and scale parameter 1, with
density function *~'e™"/(k — 1)!. Since e ™" > 1 — x on the interval 7 € [0, x],

IF’(X<x)>(1—x)/ = dt—(l—x)x JKL.

Similarly, using e™" < 1 gives P(X <x) < xk/k!. O
We can now prove Proposition 1.

Proof of Proposition 1. Assume without loss of generality that on is an integer multiple
of vy. Let ¢ be the smallest number of copies of H an (&, n)-factor can have. Since (1 — o)n
vertices of K,, are covered, each by a unique copy of H, vyt = (1 — a)n.

We will first prove that Fy(an, n) > cn' =1/ with high probability by applying a first
moment method to the following random variable. For any L = L(n), let Y7 be the number
of (a, H)-factors Q that have precisely ¢ copies of H and that have a weight Wy < L. Note
that if Y7 =0 then Fy(an, n) > L, because any («, H)-factor that has more than ¢ copies of H
contains one with precisely ¢ copies.

How many («, H)-factors in K, with precisely ¢ copies of H are there (regardless of weight)?
There are ( Ofn) =200 ways to pick which an vertices will not be covered, and then at most
(D) /1! =20 p0H=Df ways to construct an H-factor on the remaining vyt = (1 — a)n ver-
tices. Rewriting the exponent of n as vy — 1 = ey /dy, we can upper-bound the number of such
factors by (c1nY/ dp )eH! for some constant ¢;. Now consider an («, H)-factor Q with ¢ copies
of H. It consists of eyt edges, so by Lemma 1

P(Wg < L) < L' J(e)! < (caL/n)™", (1)

for some ¢> > 0. We therefore obtain EY; < (clchn’]“/ dryer! Since ¢, ¢y are constants,
we can ensure that the expression within brackets is at most 1/2 by letting L := cn!~1/41 for
a sufficiently small ¢ = c(a, H). Then EY <27 = 28" whence Fy(an, n) > cnl—1/du
with probability 27"

Now, if d* > dy we can improve this lower bound. Let H* C H be a subgraph of the max-
imal density d*. Consider Q as above: an («, H)-factor which consists of 7 copies of H, with
vt = (1 — a)n. This partial H-factor will contain a partial H*-factor Q* consisting of ¢ copies
of H* and hence covering tvy« vertices: just remove the superfluous vertices and edges from
each copy of H in Q. This Q* is an («*, H*)-factor, with o™ such that the number of vertices
covered by Q* is (1 — a*)n = vy=t = Q(n). By the previous argument (and since o™ € [0, 1)),
Fr(a, n) > Fg«(a*, n) > c(a*, H*)nl’l/‘l* with probability 2—8n) O

In the following remark we discuss some possible optimizations of this result.

Remark 1. With some more care taken, we can find minimal ¢, ¢» in the proof above.
The number of H-factors is n!/(an)!!!Aut(H)' (where Aut(H) is the number of automor-
phisms of H). Applying Stirling’s approximation to this and to (eg?)! in (1) leads to cjc; =
(r/eg)e' =V . (ra=" Aut(H))~V/¢H | where r:= n/t=vy/(1 —a). It is a tempting conjec-
ture that the resulting bound with ¢~! := ¢|¢; is tight, at least for strictly balanced H. In other
words, Fr(n)/n' =1/ should converge in probability to this c.

4.2. Lower bound: H-covers

We now prove the less sharp lower bound on the minimal cost of an H-cover.
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Proposition 2. For any fixed a > 0 there exists a K > 0 such that, for any t > 0 fixed or tending
to 0 as n — 0o, we have the following.

() Cula, n) > ' =141 with probability at least 1 — Kt°H.
(i) Let A := maxgcy (eG/vG). Then Cy(a, n) > m!~1/4
where G is the graph that attains the maximum A.

with probability at least 1 — Kt°G,

Proof. For any b > 0, call a copy H' C K;, of H b-cheap if W{H/} < b, i.e. if the total weight

of the edges in H' is at most b. Let N, be the total number of b-cheap H'. We want to estimate
E[Np]. For a given H’, by Lemma 1 the probability that it is b-cheap is at most b° /ey!.
Furthermore, there are less than n"# copies of H in K,,. Then, by Markov’s inequality, for any

A>0,

E[Ny] _ b
PNy > A) < % <

reg! @
Now suppose that there exists an (o, H)-cover Q with Wy < tmn!~V/du  This Q consists of at
least (a/vy)n copies of H, since each copy of H covers at most vy vertices not covered by
another copy.

The number of H' € Q that are not b-cheap can be at most Wy /b. In particular for b :=
2an’1/ du /a, there can be at most an/2vy that are not b-cheap, or in other words at most half
of the H' € Q. Hence Q must contain at least (a/2vg)n b-cheap copies H', which implies that
Np = (a/2vi)n. By (2),

P Nh>in - 2vnVH pH _ Qvt/a)eH
2wy )T anepy! aey!

This immediately implies part (i). For part (ii), consider the subgraph G that attains the max-
imum A := maxgcy (eg/vg). As noted earlier, any (o, H)-cover Q contains at least («/vy)n
copies of H. Let Hy, H», . . . be an enumeration of them, and let G; C H; be copies of G in each.
Note that we might have G; = G; for some i # j, as two distinct copies of H might overlap in a
copy of G. We have
Wo=3 Wi, =Y Wi = —nminWy, 3)
1

VH
i

where the last minimum is taken over all copies G’ C K,, of G. Applying (3) with A=1, G
instead of H and b =tn"'/2 for a small 7 > 0, we see that P(N, > 1) is at most 7'G /eg!. In
other words, with probability at least 1-#'¢ /eg! there is no b-cheap copy of H, from which part
(ii) follows. U

Remark 2. For strictly balanced H, Proposition 2(i) can be sharpened by a second moment
argument to hold with probability 1 — o(1) rather than 1 — Kz°#.

4.3. Red-green split lemma

In this section we introduce the red—green split trick mentioned in Section 1.2. This lemma
will be useful both to prove the upper bound on Fpy, as well as to prove that it is sharply
concentrated. It is also used in Section 5.

We state and prove Lemma 2 (as well as Proposition 3) not only for Fg but for Fg: the
minimum weight of an H-factor using no edge of weight more than A, then considering Fg as
the particular case where A = co. Keeping track of upper bounds on the most expensive edge
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in an H-factor makes statements and proofs slightly more involved. While such bounds will
be of use in Theorem 7, they are not necessary for our main results, Theorems 2 and 3. We
therefore suggest that readers who are only interested in the latter theorems simply ignore the
superscript in F%, and any inequalities involving A, Ay, B, and C.

Lemma 2. Let n > m > k > 0 be integer multiples of vy.

(i) For any t € (0, 1), the random variables Fg(m, n), Fg(k, m), and Fg,(k, n) (where C >
max (A/t, B/(1 —t))) can be coupled such that surely

FS(k, n) <

Ff(m, n) N FB(k, m)

t 1—¢

(ii) Leta,b,A, B> 0and let C > (a+ b) max (A/a, B/b). Then
P(Ff(k, n) > (a+ b)?) < P(Fgy(m, n) > a*) + P(Fh(k, m) > b*).

Both of these inequalities also hold when A =B = C = oo, i.e. with Fy instead of Fg, Ffl,
and FS.
H

Remark 3. The lemma also holds for H-covers, and in that case the requirement that n, m
and k are integer multiples of vy is not necessary. The proof for H-covers is identical, mutatis
mutandis. However, we will only prove and use the lemma for factors.

Proof. We will begin by proving part (i) of the lemma. Let G be the multigraph on [n]
given by connecting every pair of vertices by two parallel edges, one green and one red.
Independently for all edges, assign to each green edge an Exp(#)-distributed random weight and
to each red edge an Exp(1 — f)-distributed random weight. We will use the following properties
of the exponential distribution:

(a) if X ~Exp(7) and Y ~ Exp(1 — 1) are independent, then min (X, Y) ~ Exp(1),
(b) if X ~ Exp(?), then tX ~ Exp(1).

Let Z be the cost of the cheapest (k/n, H)-factor in G that uses no edge more expensive
than C. (If no such factor exists, Z = 00.) It will always use the cheaper of two parallel edges,

so by property (a) we see that Z 4 Fg(k, n). Our aim is now to construct a fairly cheap (but
not necessarily optimal) such factor in G. First, we pick the cheapest green (m/n, H)-factor
that uses no edge more expensive than A /7, and let Zgreen be its cost. Note that by the rescaling

property (b), tZgreen 4 F(m, n).

We are left with a random set of m uncovered vertices. Crucially, this random set is indepen-
dent of the weights on the red edges. Pick the cheapest red (k/m, H)-factor (i.e. a partial factor
leaving at most k out of m vertices uncovered) on this set that uses no edge more expensive
than B/(1 — 1), and let its cost be Zeq. Again by (b), (1 — )Zeq 4 Fg(k, m).

Combining the green copies of H from the first step with the red copies of H in the second
step gives us a partial H-factor Q on G covering all but at most k vertices, i.e. a (k/n, H)-factor.
No edge in Q costs more than max (A/t, B/(1 — 1)) < C, whence Z < Wy = Zgeen + Zred. Thus
(by an appropriate coupling) the following inequality holds:

Fi(m, n) N FB(k, m)

Fiy(k, ) < s
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For part (ii), it follows from part (i) that if Ff(m, n) < a* and F5(k, m) < b?, then F§(k, n) <
a*/t+ b?/(1 — 1). Minimizing over f gives that the right-hand side is (a 4+ b)? for r = a/(a + b),
and for this r we obtain C = max (A/t, B/(1 —t)) = (a + b) max (A/a, B/b). Hence Fg(k, n) <
(a+ b)?, unless Fg(m, n) > a2 or Ff,(k, m) > b2 Using the union bound on these two events
gives the inequality in part (ii).

For the case A =B = C = oo the proof is nearly identical, except that we do not need to
keep track of the cost of the most expensive edges. O

4.4. Upper bound

In this section we prove the following upper bound on the total cost of an H-factor, both
unconstrained and limited to using only edges of weight at most A.

Proposition 3. For any fixed graph H with d* > 1 and any ¢ > 0, there exists a ¢ > 0 such that
ifA> n~ Y4 then F?I(n) <en' =V with probability at least 1 — n=“D. In particular, this
holds for A = oo.

To prove this proposition, we will need the following theorem from [7, Theorem 4.9],
originally due to Ruciriski [13].

Theorem 5. For any a € (0, 1) there exist constants c, t > 0 such that G, with p= en~ V"

contains an (a, H)-factor with probability at least 1 — 27™,

In [7], the existence of such a partial factor is only stated to hold with probability 1 — o(1),
but in the proof the probability is shown to be 1 — 272,

Proof of Proposition 3. The proof strategy is essentially as follows. For some small fixed
number o > 0, we will find a cheap H-factor on n vertices by iteratively using the red—green
split trick from Lemma 2. This will give a cheap (o, H)-factor on n; vertices (starting with
no := n), then a cheap («, H)-factor on the remaining n;4 vertices, and so on, for a total of k
steps. On the remaining ny, vertices, it suffices to find a not too expensive H-factor.

More precisely, pick o so that o!mVd = 4—1‘ (and hence @ < %). Let ng := n and let n; be the
largest multiple of vy such that n; < an;_1. Also, for some small fixed § > 0 to be determined
later, let k be an integer such that ok <n=% < o=, For this choice of n; and k, we have otlp <
n < alnand an' =% < ng < n!=%. Also, 4k < pb,

Applying part (i) of Lemma 2, with r=1/2 and A; := 2/A, repeatedly to Fﬁ‘,’ (n;) for i=
0,1,...,k— 1, we find that there exists a coupling such that

Fi0(ng) < 2F ! (n1, no) + 2F 4 (n1)
<2F} (n1, no) + 4Fp2(ma, ny) + 4F5 (n)

<2F4N(n1, no) + 4F52(n, 1) + 8F (n3, np) + 8F (n3)

=~

-1
<3 2 e ) + 2 ) @
3 ~——

(4b)

Il
=}

(4a)
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First we will bound the sum (4a). By Theorem 5, there exist constants ¢, ¢ (depending only
on «, H) such that if A;+| > cni_l/d then F,A_;+] Nig1, ni) < cnil_l/d with probability at least
1 — 2™ > 1 — 27" To check whether this lower bound on A;; 1 holds, note that since A; > A

/d s

. 1/d* . —
and n; > ny, it suffices to show that An,"~ > c. Using ny > o 1nand o > an~?, we get

Anllc/d* =n—1/d*+anllc/d* > nS(ak+l)1/d* > nS(a2n—8)l/d* > nf/?, (5)

where the last inequality holds by picking § sufficiently small. Hence the conditions of
Theorem 5 are met, and it then follows (by a union bound) that with probability at least
1 — k27" =1 —p=®D_ we have (4a) <2¢ Zi:ol 2inl-1_l/d*. Since n; <a'n and o' ~V/4" = ‘_1¥
(by the choice of «), we can bound the terms in this sum by

zinil—l/d* S(20[171/&)1''n171/d* < p-ipl-l/d”, (6)

1—1/d*

Hence (4a) is at most 4cn with high probability. For the term (4b) of equation

% | o
(4), the slightly rougher bound in Corollary 1 suffices: for any 8 > 0, if Ag > n,i_l/ @+

sk / £3
then Fif(m) <np /"% with probability 7, ™", But by (5), Ax = A ny /¥ 50 the

condition on Ay, is met if we pick 8’ < ¢/2. Then
%y o % | of
(4b):2sz"(nk)§2kn,l{_1/d +8 Sz—knl—l/d +4 ,

where the last inequality uses inequality (6) and ni/ §n5/. From the choice of k, 27% <
n=d/1log2¢l "and we can therefore ensure that the right-hand side above is o(n!~'/") by pick-
ing &' sufficiently small (8" < 8/| log, /). It follows that (4a) + (4b) < (4c + o(1))n' ~1/4" with
probability 1 — n=D), O
Remark 4. Strictly speaking, use of the theorem from [8] is not necessary here. However, it

allows the recursion in (4) to end after fewer steps, which helps keep the error probability in
Proposition 3 low, as well as the upper bound A on the most expensive edge used.

4.5. Concentration

We will now move on to show that F is sharply concentrated.

Proposition 4. For any graph H with dy > 1, ¢ > 0 and « € [0, 1), there exists a ¢ > 0 such
that if we let M = M(«, n, H) denote the median of Fy(an, n), then for all sufficiently large n
and with probability at least 1 — ¢,

|Fy(an, n) — M| < M3/,

We will consider a dual problem: How large is the largest partial factor that costs at most L,
for some L = L(n)? More precisely, let the random variable Zy = Zg(n, L) be defined by

Zy = max{an: there exists a (1 — «, H)-factor Q with Wy < L}.

In other words, Zy is the largest number of vertices that a partial factor costing at most L
can cover. Note that Zg(n, L) > n —m if and only if Fy(m, n) < L. Our first step is to apply
Talagrand’s concentration inequality to Zy. To do so we need the definitions of f-certifiable
and Lipschitz random variables.

Definition 2. (f-certifiable random variable.) Let X: Q" — R be a random variable. For a
function f on R we say that X is f-certifiable if, for any w € Q" with X(w) > s, there is a
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set I C [n] of at most f(s) coordinates such that X(w’) > s for all " which agree with w on [.
(Thatis, '; = w; foralli € 1.)

Definition 3. (Lipschitz random variable.) Let X be as above. We say that X is K-Lipschitz if,
for every w, o’ with w; = w;’ for all but one i, | X(w) — X(o')| < K.

We can now state Talagrand’s inequality. While it was first established in [14], we will use
the following more ‘user-friendly’ version from [2].

Theorem 6. (Talagrand’s concentration inequality.) Assume 2 is a probability space. If X is a
K-Lipschitz, f-certifiable random variable X : Q" — R, where Q" is equipped with the product
measure, then for any b, t > 0,

P(X < D)P(X > b + tK\/f(D)) < exp (—1*/4).

The following lemma finds the appropriate values of f and K so that we can apply this
inequality to the random variable Zp.

Lemma 3. Zy is vy-Lipschitz and f-certifiable with f(s) = ey [s/vy] < (e /vu)n.

Proof. To show that Zy is f-certifiable, pick an integer s € [n] and a tuple of edge weights
w € QG such that Zy(w) > s. Then there exists a partial H-factor Q with Wo(w) < L and which
covers at least s vertices. Assume without loss of generality that Q is one of the smallest such
partial H-factors. It then contains [s/vy] copies of H and f(s) := eg[s/vy] edges. For any o’
which agrees with w on the f(s) edges of Q, Wy(w') = Wy(w) < L. Hence Zg(w') > s. (It might
be that Zy(w) # Zy(@'); here we only care whether they are > s.)

To show the Lipschitz condition, pick an edge e and condition on all other edge weights.
Consider Zy as a function of just x = X,. Note first that Zy(x) is a non-increasing function, i.e.
Zp(x) < Zg(0) for any x > 0. Let Q be a partial H-factor achieving the maximum size Zg(0).
That is, Q covers Zg(0) vertices and has weight W = W(x) such that Wp(0) < L.Ise € £(Q)?

(a) If e € £(Q), let H, be the copy of H in Q which contains e. Then Q — H, is a partial H-
factor with weight at most Wo_p, (x) < Wp(0) < L (for any x), and it covers Z(0) — vy
vertices. Hence Zy(x) > Zy(0) — vy.

(b) If e ¢ £(Q), then Wp(x) is a constant function and Wp(x) = Wp(0) < L. Hence Zy(x) >
Zy(0).

In either case, Zy(0) — vy < Zy(x) < Zg(0). Thus Zy is vy-Lipschitz. O

Remark 5. This is where our proof would fail for the corresponding cover problem. For cov-
ers, some edges might belong to a large number of copies of H, leading to a large Lipschitz
constant. This is the case in our example in Section 6.

Before proceeding with the proof of Proposition 4, we will need two small lemmas.
Lemmad. I[fk <m <n,
n—m
n—k

Proof. Fg(m, n) is the lowest cost of a partial H-factor covering at least n — m vertices
of K,. We can construct a cheap such partial factor in two steps. First, let Q be the optimal

(k/n, H)-factor (which consists of (n — k)/vy copies of H), i.e. the factor such that Wy =
FH(k, n)

Frg(m, n) < Fr(k, n).
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Next, let Q' be the partial factor obtained by removing all but the (n — m)/vy cheapest
copies of H in Q, leaving a (m/n, H)-factor. Then Q' contains a fraction (n — m)/(n — k) of the
copies of H in Q. Hence it costs

w, <"y,
=H—x ¢ O
Lemma 5. For any m and n, the random variable Fy(m, n) follows a continuous distribution
(i.e. it has no atoms).

Proof. For any partial factor Q and t > 0, P(Wg =) = 0. And since there are only finitely
many such Q, P(Fy(m, n)=1) <P(3Q: Wo=1)=0. i

We can now finally prove that the cost of a (partial) H-factor concentrates around its median.

Proof of Proposition 4. Let m be the largest multiple of vy such that m <an. By
Lemma 5, Fy(m, n) is a continuous random variable, whence we can find L such that
P(Fg(m, n) < L) = ¢. Using the upper bound (Proposition 3) and lower bound (Proposition 1)
on Fp, we see that in order for P(Fg(m, n) < L) = ¢ to hold, we must have L = @(nl_l/d*).
(For the lower bound, the condition @ < 1 is used.) We will now apply the Talagrand inequal-
ity to the vy-Lipschitz, egn/vy-certifiable random variable Zg(L, n). Choose ¢ > 0 such that
exp (—1%/4)=¢% and let b := n — m — k, where k := [t/egvun]. Then

P(Zy <n—m—k) - P(Zy>n—m)<e. ™)

By the choice of L and recalling that Zg(L, n) is the largest n — m such that Fy(m, n) <L, the
second probability in the left-hand side of (7) is €. Hence the first probability is

P(Fy(m—+k,n)>L)=P(Zy <n—m—k) <e. (8)

So with probability at least 1 — ¢, there is a partial H-factor of cost at most L and that leaves
at most m + k vertices uncovered. What is the cost of a partial factor covering k out of the
remaining m + k vertices? By Lemma 4 and Proposition 3,

k —1/d* 1-1/d* _.
Fp(m, m+k) < +kFH(m+k)§Ck(m+k) <ck =:4, )
m

with probability 1 —k~®() > 1 —¢ for some constant ¢ (since k> 1). Using part (ii) of
Lemma 2,

P(Fg(m, n) > (VL +~%)7) <P(Fu(m+k, n) > L) (10)

+P(Fy(m, m+ k) > £). (11)

Note that £ = O(vL), since L=0(n'~"/%"), ¢ = @Kk'~1/%"), and k = ©(/n). Thus (VL +

\/Z)Z < L+ bL3/* for some constant b. The right-hand side of (10) is at most ¢ by (8), and (11)
is at most € by (9). Thus (10) and (11) give

P(Fp(m, n) > L+ bL3/*) < 2¢,

and by the choice of L, P(Fgy(m, n) < L) = ¢. Assuming without loss of generality that e < 1/4,
this also implies that the median M of Fy(m, n) lies in the interval [L, L + bL3/*], and in
particular M = ©(L). Hence |Fy(m, n) — M| = Op(M>/%). O
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5. Other edge-weight distributions

As mentioned in Section 2.4, the exact edge-weight distribution does not matter — only its
asymptotic behaviour near 0. Here we prove this fact.

Theorem 7. Assume K, is equipped with positive i.i.d. edge weights Z, with some common
CDF G satisfying limy,_,0 G(x)/x=1 (i.e. G(x) =x+ 0o(x)). Let Fg(m, n) be the minimum-
weight (m/n, H)-factor with respect to these weights (and similarly for Fp(n), Cu(n),
Cr(m, n)). Then these edge weights can be coupled to ii.d. Exp(l) edge weights in
such a way that for any m=m(n) with lim,_.ooc m/n <1, Fy(m, n)/Fy(m, n)LP;l and

Cr(m, n)/Cr(m, ) > 1.

Remark 6. If instead é(x):kx+0(x) for some A >0, we can replace the edge weights
Z, with weights AZ,. This changes the optimal cost by a factor A, and since P(AZ, <x) =

G(x/A) = x + o(x), we have Ey(m, n)/Fy(m, n) - i.

Proof of Theorem 7. We will prove this for m = 0 and Fp; the proof is essentially identical
for m > 0 or Cy, but the notation becomes messier.

Let X, ~Exp(1), and let G(x) =1 —e™ be the CDF of this distribution. Then G(X,) is
uniformly distributed in the interval [0,1], and we can therefore couple it to Z, by letting
Ze= G (GX.)). .

Pick a small fixed ¢ > 0. Since both G(x) and G(x) are asymptotically x 4 o(x) as x — O,
we can find a C = C(¢) > ¢ such that for any x € [0, 3C], both G(x) < G((1 + &)x) and G(x) <
G((1 + &)x) holds. So whenever either X, or Z, is at most 2C, the other is at most 2C(1 + ¢) <
3C, and hence

(I—e)X, <Z, <(1+e)Xe.

We will prove that the following chain of inequalities holds with high probability:

Fr(n) -

1—4e<
NGO

1+e. (12)

For the second inequality of (12), consider F,%C(n). This is finite if and only if there exists an
H-factor Q that uses no edge of weight more than 2C. We know from Corollary 1 that such a Q
exists with probability 1 —n~®() so it is enough to prove that (12) holds with high probability
under the assumption that there is such a Q, or equivalently that Flzfc(n) < 00. Pick Q as the
cheapest such H-factor, so that Wy = F%IC(n). An edge e in Q has edge weight X, <2C by
construction, whence Z, < (1 + ¢)X,, and

Fpm< Y Z.< > (I+e)X,=(1+e)Fi (n).
ee€(Q) ee€(Q)

For the first inequality of (12), let Q instead be the optimal H-factor with respect to the edge
weights Z,,1.e. ) ccE(0) Z,= F, 1 (n). We will use it to construct a cheap H-factor (with respect
to X,). Call a copy H' € Q ‘bad’ if it contains at least one edge e with cost Z, > C. The total
number of such edges in Q is at most Fy(n)/C, so there are at most this many bad copies, and
at most vy F(n)/C vertices are covered by a bad copy.

Using the second inequality of (12) together with Proposition 3, we see that Fyn) <
(1+&)F2C(n) < Kn'~1/4" with high probability for some constant K, and then at most
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k:= vy - |[Kn'=1/4"/C| « n vertices are covered by a bad copy. Removing every bad copy
then gives a (k/n, H)-factor using no edge more expensive than C (with high probability).
Hence Fy(n) > (1 — )F5(k, n). By Lemma 2,

F2f(n) < (13)

FSk,n)  FSE(k)
+ .
1—¢ &

Pick some ay,, b, with k!=1/ T« ay K by < i~V 4" The second term on the right-hand side
of (13) is by Theorem 5 at most a, with high probability. On the other hand, by Proposition 2
the first term is at least b, with high probability. Hence FG¢ (k) < a, < b, < F$(k, n) with high
probability, and

1+¢
) = T Fptom < Fu(n),

1+e
(1—¢)?
with high probability, which gives the first inequality of (12).
But since (12) is valid for any CDF G with G(x) =x4o(x) as x — 0, in particular it
is valid for G, and thus 1 —4e §FH(n)/F2C(n) <1+ ¢ as well. It follows that 1 —6e <
Fr(n)/Fr(n) <1+ 6 with high probability. Since & was arbitrary, Fr(n)/Fr(n) — 1 in
probability. (]

6. Examples of unbalanced cover

We will conclude with examples of cover problems where the upper and lower bounds on
Cy do not match, and where Cg is not sharply concentrated. Recall that the lower bound on
Cy was of order n! =1/ max(@u.8) " while for factors it was n!=1/4" (with dy, A < d*).

Why are the lower bounds for factors and covers different? If dy < d*, then H has a denser
subgraph H*, and the minimal H-cover might have many copies of H overlapping in the same
copy of H*. In an H-factor there are at least Q2(n) vertices lying in some copy of H* (because
t disjoint copies of H contain at least ¢ disjoint copies of H*), while in an H-cover only one
copy of H* is guaranteed.

For the sake of simplicity, consider instead the threshold for the appearance of an H-cover in
Gn.p- The threshold for the existence of a collection of copies of H* that cover at least (n) ver-
tices is p=n"F with g =1/d* = min,/ cH (v — 1)/en. But the threshold for the appearance
of at least one copy of H* is lower, W1th B= min, /., Vi /eH.

For example, consider H = K4 + K> (disjoint union of the complete graph on four vertices
and an edge). Here the 1-density of H is dg = 1.4, while the maximum 1-density of a subgraph
is d* =2 (the K4). The maximum 0-density is 1.5 (again, the K4). So max (dy, A)=1.5, and
Proposition 2 gives the lower bound Cy(n) = Qpn!/3), while Proposition 3 gives the upper
bound Cy(n) = Op(n'/?).

For this H, the lower bound is tight: the cheapest H-factor will typically be the cheapest
K4 together with the cheapest cover of the remaining n — 4 vertices by edges. Define the ran-
dom variable Z by the lowest weight of a copy of K4 in K,,. With a first and second moment
method counting the number of K4 cheaper than cn~2/3, one can show that Z = Op(n~2/3), but
IP(Z < cn=?/3) is bounded away from both 0 and 1 for any c. In other words, Z is not sharply
concentrated.

A red—green split argument as in Lemma 2 with # = 1/2 leads to a coupling such that Cy <
(n —4)Z + 2Ck, (where Cy = Cy(n) and Ck, = Ck,(n —4)), because the smallest number of
copies of H that can overlap in the same copy of K4 while also covering all n vertices is
(n —4)/2. For Ck,, note that Cg, < Fg, = Op(1) (by [1]). On the other hand, Cy(n) > nZ/6,
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because any cover contains at least n/6 copies of H that each must contain a K4, and each such
copy has weight at least Z. Together this gives us that % < Cg(n)/nZ <1+ op(1) with high
probability. Hence Cy(n) = Op(n!/3), but since Z is not sharply concentrated, neither is Cp.

One might guess that this pathological behaviour is due to H being disconnected, but it
occurs even for some connected graphs. For instance, if H is a (5,2)-lollipop graph: a complete
graph K, with a path P, away from one of the vertices of the clique. There are 7 vertices and 12
edges, so dy = 2. Since the densest subgraph is the K5, A =2 and d* = 5/2. From Theorem 3,
the asymptotics of Cy is then between n% and n%%. Here a near-optimal H-cover can be found
that is a single K5 together with a large collection of paths from this clique. Consider Gy,
with p = n~1/2%¢ for some small & > 0. With high probability, this graph contains a K5 and has
diameter 2. Hence Cy = Op(np) = Op(n'/?1¢), which is arbitrarily close to the lower bound
from Theorem 3.
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