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Abstract

We provide an existence result of radially symmetric, positive, classical solutions for a nonlinear
Schrodinger equation driven by the infinitesimal generator of a rotationally invariant Lévy process.
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1. Introduction

The purpose of this paper is to provide an existence result for radially symmetric,
positive, classical solutions to the following problem:

—2Au + Au = |u|P"%u
{u c HI(RN) (11)

where 1> 0,2 <N <6,2 < p <2 with 2" ;= 400 if N =2 and 2* := 2N/(N - 2) if
N > 2, and A is the infinitesimal generator of a rotationally invariant Lévy process.

ExampLE 1.1. Consider the infinitesimal generator A of a Lévy process with jumps
following a normal distribution:

Au(x) == TAu(x) + § fR (x4 y) + ulx = y) = 2u(0)e() dy,

where ¢(y) := 27)™V/2 exp(—|yl*/2).

A basic motivation for the study of the problem (1.1) is the well-known nonlinear
Schrodinger equation driven by the infinitesimal generator of a Brownian motion

—Au+ u = |ul’u. (1.2)
Many authors have investigated equation (1.2) (see, for example, [2—4, 9, 10]).

© 2014 Australian Mathematical Publishing Association Inc. 0004-9727/2014 $16.00

469

https://doi.org/10.1017/S0004972714000501 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714000501

470 Y. Zhang and G. Zhu [2]

Note that the Brownian motion is a special rotationally invariant stable Lévy
process. It is natural to consider the equation

(=A)u + du = [ulP2u, (1.3)

where 0 < a <2, since —(—A)¥/? is the infinitesimal generator of a rotationally
invariant stable Lévy process with index a. Equation (1.3) has been studied by many
authors (see, for example, [5-8]).

Naturally, we consider the (nonlocal) Schrodinger equation

—2Au + Au = |ulP%u, (1.4)

where A is the infinitesimal generator of a rotationally invariant Lévy process. In the
present paper, we assume that the Lévy process is of N dimensions, where 2 < N < 6,
with nondegenerate diffusion terms and a finite Lévy measure.

Equation (1.4) also arises from looking for the standing waves of the following
Schrodinger equation:

N 2
e 28 = YI"y.

Before stating the main result of the present paper, let us make some comments
on the operators —(—A)*/? and A. If 0 < a < 2, then the Lévy processes generated by
—(=A)*'? are pure jump processes; in other words, these processes do not contain any
diffusion term. In fact, their corresponding characteristics are given by (0, 0, i) with

K(a)dx
|x|N+a

u(dx) = for some positive constant K(a).

Consequently, the Lévy measure u is not finite. For the operator A, the corresponding

characteristics are given by (0, al,v) for some positive number a and some finite

rotationally invariant Lévy measure v. Therefore, —(~A)*/? does not cover operators

of type A and vice versa. In addition, equation (1.4) is an extension of equation (1.2).
Now we state the main result as follows.

THEOREM 1.2.

(1)  Any weak solution of the problem (1.1) in H'(RN) is a C* continuous function.

(2)  There exists a radially symmetric, positive, classical solution of problem (1.1).

(3) The values of any positive solution of the problem (1.1) at maximum points are
not less than 1'/P=2),

The rest of the paper is organised as follows. In Section 2 we present some
preliminaries. The proof of Theorem 1.2 is given in Section 3.
2. Some preliminaries

This section serves as a preparation for the proof of Theorem 1.2. First, we state
a compact embedding result. Second, a regularity result will be proved. Finally, we
investigate the sign of solutions for a modified version of equation (1.4).
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Define
H(I)(N)(RN) ={ueH'RY):u= gu,g € O(N)}, where gu:=uo g‘l.
Then we have the following lemma.
Lemma 2.1 [13, page 18, Corollary 1.26]. The following embedding is compact:
HipyRY) > LPRY), 2<p<2'.
Lemma 2.2. If u is a weak solution of the equation
—2Au + Au= (u")"!
in H'(RN), then u € C*(RY).
Proor. (1) Note that the symbol o4 of A is given by

aA(§)=—§|§|2+ f [cos(é - x) — 1]v(dx),
RN

where a is a positive number and v is a finite O(N)-invariant Lévy measure (see
[1, page 128, Exercise 2.4.23 and pages 163—164, Theorem 3.3.3]).
Let A, be the operator with the symbol

a
T4,(6) = —5|§|2,
and A be the operator with the symbol

(&) = fR [eost€ )~ 1),

Then we have
—2Aou = h(-)(1 + |ul),

where .t
h(x) := 2Aqu(») +1(b:_ |(;()))C)| — ) for x e RY.

(2) For any u € H'(RV), we have

2
f (1-+1¢P f [cos(€ - ) = 11v(d)) [WE)F de < oo, @.1)
RN RN

where ™ denotes the Fourier transformation.
Thus Ao : H'(RY) — H'(RV) is a bounded operator thanks to (2.1).

Furthermore, it follows that 4 € Lﬁi é %(RM). Consequently, we have u € Ll ®N)

for any g € [1, +c0) by the Brézis—Kato theorem (see, for example, [12, page 270,
B.3 Lemma]). Then, by the ellipticity of operator A, we find that u € leo’g(RN ) for any

g € [1,+00). Now the Sobolev embedding theorem implies that u € C| (R"). Finally,
also by the ellipticity of operator A, it follows that u € C2(RV). O

Levva 2.3. Ifu € C2(RN) n H'(RY) is a nontrivial solution of the equation
—2Au+ u = (),
then u > 0.
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Proor. (1) First we have
f () — ux + )™ () — - Cx + )dy) dx

= f (u(x) = u()(u (x) —u (MV(=x +dy)dx < 0,

where we have used
Rzz{x:u(x)ZO}x{y:u(y)ZO}U{x:u(x)ZO}x{y:u(y)<O}
U{x:u(x) <0} x{y:u(y) =0} U{x:ulx)<0}x{y:uly) <0}

for the inequality. Then it follows that
(2= = ¥ I = [ 0 = a3 ) = e 3ty >0,

Therefore, in light of (-2Au, —u™);2 + /lllu‘lli2 =0, we have u~ = 0, which implies
u>0.
(2) Rewrite the equation —2Au + Au = (u*)?~! as

—2Au + A+ 2vRM)Yu = P +2 f u(- + yw(dy).
RN
Then we find that
—2Au + (A + 2v(RV))u > 0.
It follows from the strong maximum principle that u > 0. O

COROLLARY 2.4. Assume that u € C*(RN) N H'(RY) is a nontrivial solution of the
equation —2Au + Au = (wh)P~'. If xo € RN is a maximum point of the function u, then
u(xg) > A1/P=2,

Proor. (1) Since xg is a maximum point of the function u, we have Au(xp) < 0.

(2) Note that Lemma 2.3 implies u(xg) > 0. It follows from the positive maximum
principle (see, for example, [11, page 283, (1.5) proposition] or [I, page 181,
Theorem 3.5.2]) that Agu(xp) < 0. This and Au(xg) < 0 imply Au(xy) < 0. Therefore,

u(x0)" ™" = Au(xo) = —2Au(xg) = 0.

So the inequality u(xo) > 1'/?~2) holds. O

3. Proof of Theorem 1.2

In this section we provide a proof of Theorem 1.2 via the mountain pass theorem.

Observe that the operator —A is positive self-adjoint (see [1, page 178,
Theorem 3.4.10 and page 190, Theorem 3.6.1]). We define a new inner product on
H'(RY) by

v, w) 1= (-2Av,w);2 + A(v,w);2, foranyv,we Cg"(RN),
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and denote its induced norm by || - ||. Since the operator —Aj is also positive self-
adjoint, it follows from A = A, + Ag and (2.1) that the norm || - || is equivalent to || - || 1.
Define a functional E : H'(RV) — R by

1 1
Ew = 5l - fR Sy dr

Then it follows from [13, page 11, Corollary 1.13] that E € C>2(H'(RY),R). In
addition, the critical points of the functional E are weak solutions of the equation
—2Au + Au = ()P~ in H'(RV), and vice versa.

Lemma 3.1. The functional E is O(N)-invariant.

Proor. We only need to prove that the norm || - || is O(N)-invariant.
Note that the symbol o4 of A is given by

oA O =Sk + fR [eos(€ )~ 1),

where a is a positive number and v is a finite O(N)-invariant Lévy measure (see
[1, page 128, Exercise 2.4.23 and pages 163-164, Theorem 3.3.3]). We find that the
symbol o4 of A is O(N)-invariant.

Therefore, for any ¢ € Cy*(R") and g € O(N), we have

lgell* = (—2A(ge), g@)r> + Allgell7
= (=204 - 8%, 89)1> + Algell]
=(-2¢"'oa 0.9z + Algell
= (=204 -, @) + Ay = llell,
which implies that the norm || - || is O(V)-invariant. O
We need the following Lemma 3.2 in the verification of the Palais—Smale (PS)
condition for the functional FE restricted to H(l)( N)(RN ).
Lemma 3.2 [13, page 134, Theorem A.4]. Assume that 1 < p < oo, 1 < g < 00, and
g € C(RN) such that
lg()| < clulP’d  for some constant c.

Then the operator L : LP(RN) — LI(RN) defined by u — g(u) is continuous.

Lemma 3.3 (Palais—Smale condition for the functional E restricted to H})(M(RN ). Any
sequence {u,}pen € H(l)(N)(RN ) such that

d:=sup{E(u,)} <o, E’(u,) >0, asn — oo,
neN

contains a convergent subsequence.
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Proor. The proof is the same as that of [13, page 15, Lemma 1.20].
(1) For n large enough, we have

1, 11
d + luall > Etn) — —(E (1), ty) = (— - —) 2.
P 2 p

It follows that {u,},ey is bounded in H) ,, (RY) since p > 2.

(N)(

(2) Without loss of generality, we assume that u,, — u in H(l)(N)(RN ). Then it follows

from Lemma 2.1 that u, — u in L?(R"). Consequently, by Lemma 3.2, we have
(P — )P~V in LIRY), where ¢ := p/(p — 1).
Note that

Nt — ul® = (E'(uy) — E' (1), uy, — 1y + f ()" = u (0" W (x) = u(x)) dx.
RN

(3.1)
For the first term of the right-hand side of the above equality, we see that

(E'(un) — E'(u),up, —uy = 0, asn— oo,

since E’(u,) — 0 as n — oo and {u,} e is bounded in H})(N)(RN).
And for the second term, it follows from the Holder inequality that

f s 0™ = u (0P ) a(x) — u(x)) dx
RN
<Nt (0" = ()P allitn(x) = w0l — 0 as n — oo,

because u, — u in LP(RY) and (u})P~! — (u*)?~!in LIRN).
Therefore, u, — u in H(I)(N)(RN) as n — oo by (3.1). o

Now we are in a position to give a proof of Theorem 1.2.

Proor or THEOREM 1.2. (1) Consider the functional E restricted to H(l)( ») (RM). Thanks
to Lemma 2.1 or the Sobolev embedding theorem, there is a positive constant ¢ such
that |[ullLr < c|lu|| for any u € H(l)(N)(RN ). Then it follows from the definition of the
functional E that

1 c?
E(u) > §||M||2 = —lull”.
V4
Setting r := (p/4cP)"/ P~ we have

2/(p-2)
P ) > 0.

1
i £ (L
inf E(u) i\a

lluell=r

(2) Set w(x) := exp(—|x[*). Then w(x) € H}, J(®") and for any 7 € [0, +c0),

(N
2 P

E(tw) = 5|IW||2 - —[wll,.
P

Note that p > 2. We can take a positive number ¢ such that #||w|| > r and E(tw) < 0.
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(3) Now by the mountain pass theorem, there is a nontrivial critical point u of the
functional FE restricted to H(l)(N)(]RN ). Note that the functional E is O(N)-invariant.
Thanks to the principle of symmetric criticality (see, for example, [13, page 18,
Theorem 1.28]), it follows that the point u is also a critical point of the functional
E. Consequently, the point u is a weak solution of the equation —2Au + Au = (u*)?~!
in H'(RM).

(4) Finally, Lemmas 2.2 and 2.3 complete the proof. O
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