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WEIERSTRASS DIVISION IN QUASIANALYTIC
LOCAL RINGS

C. L. CHILDRESS

1. Introduction. In this paper we consider the problem of extending the
Weierstrass division theorem to quasianalytic local rings of germs of functions
of k real variables which properly contain the local ring of germs of analytic
functions. After some background material (§ 2) and some technical prelim-
inaries (§ 3), we show by examples that the so-called generic division theorem
fails in such rings if 2 = 1 and that the Weierstrass division theorem fails in
such rings if & = 2 (§4). Guided by these examples, we give a necessary
condition for an element of such rings to have the Weierstrass division prop-
erty (Theorem 5.1). Using the fact that the quasianalytic local rings are
“analytically uniform’ in the sense of Ehrenpreis [4], and hence that the ele-
ments of these rings have Fourier integral representations, we give an estimate
which is both necessary and sufficient for an element of these rings to have the
Weierstrass division property (Theorem 6.2). This estimate, however, is often
difficult to verify in practice. We conclude the paper with a brief discussion of
whether or not the quasianalytic local rings are Noetherian unique factoriza-

tions domains and the relation of the answer to this question to the division
theorem (§ 7).

2. Background. Let k be a positive integer, @ = (ay, ..., a;) be a k-tuple of

nonnegative integers, x = (xy, . .., ;) be the canonical coordinates on R¥, and
r > 0. We use the standard notations |a] = a1+ ...+ a, D*= D2 =
dlel/9x*1 . .. dx; @, and we use the notation A;(r) = {x : x € R¥, |x,| < r for
1 =j Sk}

If 0 < ry < ry, there is a natural restriction map from C (Ai(r,)) into
C® (Ay(72)). Recall that the ring % ° = (¢~ of germs of complex-valued C*
functionsat 0 € R*is the direct limit of C®(A,(r)) as r decreases to 0. (In gen-
eral, we will not distinguish notationally between the germ of a function and a
representative of the germ.)

Fix a sequence {M,}.% with M, = n! for all n. We assume

(2.1) M, = exp(g(n)) for all n,

where g is a nonnegative, increasing, convex function defined on {f: ¢t = 0},
2(0) = 0,and t~'g(t) > 4+ ast— +00. (These assumptions on the sequence
{M,} are made without loss of generality; cf. [7].)
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Definition 2.1. Let k, v, and N be positive integers. We define

p(f) = Pk.v,N(f) = pro., (a0 (f)

(2.2) =sup sup [DY()|/(W'My) forf € C*(A:(1/7)),
PINGYD)

and

E,n = Evpy = Eron({M,})
(2.3)

= {f:f € C°(A:Q/v)), pov(f) < + 0}

Finally, we define

& = ok = ofk({Mn})

(2.4) {f:f € %€, fis represented by an element of

E, y for all » and N sufficiently large}.

Since M, = 1 and {M,} is logarithmically convex by (2.1), it follows that

(cf. [8])

MM, ;= M, for0=j=n
Using this inequality, it is easy to show that & is a ring. & is clearly a local ring,
i.e., & has a unique maximal ideal {f : f € &, f(0) = 0}.

There are several elementary structural properties of the local rings & which
we will not need but which are of such sufficient interest in themselves that we
mention them and indicate briefly how proofs of the more difficult results pro-
ceed. In each case, further restrictions on { M,} are required.

If fi,...,f; € & are nonunits and real-valued, and if g € £, then
gof € %>, where f = (fy,...,f;). If we assume

(2.5)  the sequence {M,/n!} is logarithmically convex,

then we can prove g of € &. The proof uses the following formula for the
derivatives of a composite function (cf. [1]):

@on)” () _ <~ uP@)] n—1
n! B z; p! k=(k1.2.,kn). (P - 1)

k1+2k2+. . .4+nkn=n

V' (%) k1 7)(n)(x)]kn
X[T] [T :

In addition, the following inequality, which follows from an inductive argument
using (2.5), is required:

My ()" (ML) _ (ML)
pt A 1! T\ ! =\1! n!’

https://doi.org/10.4153/CJM-1976-091-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-091-7

940 C. L. CHILDRESS

where kB = (ky, . .., k,) isany n-tuple of nonnegative integers such that k| = p
and By + 2k + ... + nk, = n.
If f € &, then 8f/0x; € €” for 1 < j < k. If we assume

(2.6)  the sequence {M,} has the property that there exists 4
such that for all nonnegative integers p, sup, M,,/(A"M,) < + ©,

then we can easily prove that df/dx; € & for 1 < j < k. With this same addi-
tional assumption on {M,}, we can also easily prove that if x* = x*! ... x,%*
divides f € £ in the ring of formal power series at 0 € R, then x* divides
fin &.

PRroPOSITION 2.2. Suppose there exists a positive integer k with the following
property:
2.7)  f€ & and Df(0) = 0 for all a imply f = 0 € &.
Then (2.7) holds for all positive integers k.

Proof. If (2.7) holds for some positive integer k = ko, then it holds for & = 1;
for we can imbed £, in &, by & 3 f —> g € &, where g(xy, . . ., %x,) = f(x1)-

Conversely, if (2.7) holds for £ = 1, then it holds for an arbitrary positive
integer & = k. For if f € &, and D*f(0) = O for all o, we define g(y) = f(yx). It
is easy to verify that this defines a germ g € &; with d?g(0)/dy® = 0 for all .
Thus by assumption, g = 0 € £, and so f(x) = g(1) = 0. Since x was arbi-
trary, f = 0 € &,.

We can now define the local rings with which we are concerned in this paper.

Definition 2.3. The local rings & = & ({M,}), k = 1,2, ..., are called quasi-
analytic if (2.7) holds.

The question of which sequences {M,} yield quasianalytic classes was
answered by Denjoy and Carleman; see [8].

Let

“+co
28) AW = 2 [['/M,
and

(2.9)  A(x) = sup |x|*/M,.

THEOREM 2.4. (Denjoy-Carleman) The following conditions are equivalent:

() &UMY), B =1,2,..., are quasianalytic.
) [ log (14 /0 + ) ds = oo,
+
(ii1) j; log (\(x))/(1 4 x*) dx = 4c0.

v) A% (1/M,)1" = +o0.
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We use the standard notation & = (&, = & ({n!}) for the ring of germs of
analytic functions at 0 € R*. Also, we now let fand x = (xy, ..., %;,_1) be the
canonical coordinates on R and R*~!, respectively, so that (¢, x) are the canon-
ical coordinates on RF

Definition 2.5. If X = (A1, ..., \,) € C?, then
yd
(2.10) P, \) =17+ Y, M7
=

is called a generic monic polynomial in t of degree p.

Definition 2.6. An element f = f(¢, x) € €, is said to be regular in t of order
pif
(2.11) f(0, 0) = af(0, 0)/a¢
97f(0, 0) /a7 #= 0.

I

... = 9771f(0, 0) /o>~ = 0, while

THEOREM 2.7. (generic division theorem in &) Let P = P(t, \) be a generic
monic polynomial in t of degree p. If g = g(t, x) € O, then there exist unique
elements ¢ = q(t,x) € Orandr; = r;(x) € Oy, 1 £ £ p, such that

g = Pqg+r, where
4
(2.12) r= 3

j=1

Proof. See [9].

THEOREM 2.8. (Weierstrass division theorem in &) Let f = f(t,x) € O, be
regular in t of order p. If g = g(t, x) € O, then there exist unique elements ¢ =
qlt,x) € Orand v, = r;(x) € O,_1,1 £j £ p, such that

g = fq+r, where
4
(2.13) r= 2 rt

=1
Proof. See [6] or [9].

In this paper we consider the questions of when the generic division theorem
and the Weierstrass division theorem continue to hold with &, replaced by a
quasianalytic ring &, throughout. In the case of the Weierstrass division
theorem, we find it convenient to consider when the theorem so extends for a
specific f € &.

Definition 2.9. Let & be quasianalytic and f = f(¢, x) € & be regular in ¢ of
order p. Then f is said to have the Weierstrass division property if given g =
g(t, x) € &, there exist unique elements ¢ = ¢(f,x) € &andr; = 7;(x) € &1,
1 £ j = p, such that equations (2.13) hold.
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We remark that the uniqueness assumption in Definition 2.9 is superfluous.
This is because equations (2.13) uniquely determine the formal power series at
the origin of gand 7,1 £ j < p (cf.[2]); and so ¢ € & and7r; € &1, 1 < j = p,
are uniquely determined since &—; and §, are assumed to be quasianalytic.

3. Preliminaries. In this section we establish two estimates which we will
need. Recall the function A defined in equation (2.9).

LeEmMmA 3.1. If there extst e > 0, 4 > 0, and C > 0 such that
(3.1) exp(ea) < C\(a) fora > A4,
then there exist o > 0 and B > 0 such that
3.2) M, £ af"n! for all n.

Proof. Let ny be a nonnegative integer. Since by (3.1), exp(ea) £ C\(a) for
a> A,

3.3) a0/ (e™n,!) T an/(emn!) = exp(ea)

<
< C\(a) = Csup,a"/M, fora > A.

The idea of the proof is to show there exists a positive integer N, such that if
7o > Ny, then there exists ay = a¢(ny) with ap > A and sup,a®/M, =
a¢®/M,,. It will then follow from (3.3) that M,, £ C(e1)*%,! for ns > N,.
If we choose @ = max(C, maxo<,<y, €'M,/n!) and 8 = ¢!, then (3.2) will be
true, and so the lemma will be established.

In equation (2.1) we made the assumption that there exists a nonnegative,
increasing, convex function g = g(x), defined for x = 0, such that M, =
exp(g(n)) for all #, g(0) = 0, and x'g(x) — 400 as x — +00. Since g(x) is
convex for x = 0 and g(0) = 0, there exists a monotone increasing function
m = m(t), defined for { = 0, such that

gx) = glx) — g(0) = fozm(t)dt forx = 0.

Since x~1g(x) — 4+ as x — 400, m(t) — +o© as t — +0o0. Thus there
exists a positive integer Ny such that if no > Ny, then exp(m(ny)) > A. We
will now show that if we choose ay = a¢(ny) = exp(m(n,y)), then sup, a*/ M, =
aOnO/Mno-

Since M, = exp(g(n)) for all » and log ay = m(n,), we must show
sup, (mm (no) — g(n)) = ngm(ny) — g(no). Since m = m(¢t) is monotone in-
creasing for ¢t = 0, if n < n,, then m(¢) < m(n,) for n < ¢t < ny, and so

i) — 2 = [ mu) —m@ie s [ onem) — ma

nom (no) — g(no);
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while if n = ny, then m(t) = m(ny) for n = t = n,, and so

) — ) = [ o) = myar s [ onwo) — myy

Il

nom (no) — g(no).

Thus sup,(nm(n,) — g(n)) = nom(ny) — g(n,). This completes the proof of
the lemma.

Let E be a Banach space and F = U2 F, be an inductive limit of Banach
spaces. As a special case of a more general proposition of Grothendieck [5], if
T : E — Fis a continuous linear map, then there exists a positive integer n,
such that T'(E) C F,,. We apply this fact to a special continuous linear map T,
which we now define, and obtain the second estimate which we will need.

Fix a quasianalytic local ring & = & ({M,}) and f = f(¢, x) € & which is
regular in ¢ of order p, and suppose that f has the Weierstrass division property.
Let vy be the smallest positive integer such that f is represented by an element
of E, 5 for some N and all v = »y. Define a map

(gr (7’1»---:’p))_>g=fq+fy

+o ? +oo
] (Ek,v,N @ (? Ek—l.v.N)) — U Eg,,~n, where

v=vg, v=v0,
N=1 N=1

+oo
=q(t, x) € E;.,, d
(3.4) q=q(tx) »30. kN an

N=1

Y4
r=r(t,x) = 2 r;@)7 with

=1

+oo
r; = Tj(x) c U Ek—l,v,N for 1 é] = p.

Ty

Note that for all positive integers v and N, E, y is a Banach space. The map is
clearly linear. It is continuous because its restriction to Ex , v ® (®1Er-1,».5)
is continuous for all » 2 », and all N. The assumption that £ ({M,}) is quasi-
analytic implies that the map is injective. The assumption that f has the
Weierstrass division property means precisely that the map is surjective. If we
denote by T the inverse of this map, then the closed graph theorem implies that
T is continuous. Applying the fact quoted above to this continuous linear map
T, we obtain

LEMMA 3.2. Fix v = voand N. Then there exist positive integers v/ = voand N’
and a constant A > 0 such that for each g = g(t, x) € & which is represented by
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an element of Ey , y there exist unique elements ¢ = q(t,x) € Ey vy and v =
73(x) € Exy vy for 1 £ 5 = pwith

g = fq+r, where
r = Z?=1 7,]_):1;_]'1

and q and the r; satisfy the estimates

(3.5)

Pk,v',N'(Q) < Api,yn(g) and
Pt v (75) < Aprwn(g) forl <j = p.

4. Examples. We give first an example which shows that Theorem 2.7, the
generic division theorem in @}, does not generalize to any quasianalytic local
ring & ({M,}) 2 Oy for k = 1.

Suppose a generic division theorem held in a quasianalytic local ring &, =
& ({M,}) D O, for some k = 1. Let A = (0,1) € G, and set P = P(t,\) =
2 4 1. For each @ € R, g = g(t,x) = g(t, x, a) = ¢ defines an element of
& Thus, for each ¢ € R, we may write

4.1) e = (24 1)q(t,x,a) + r1(x, a)t + r2(x, a),
where ¢ = ¢(t, x,a) € & and 71 = ri(x, a), r2 = r2(x, a) € &_1. (Fo({M,}) =

C.) Since
Pk,l.l(g) = sup ]Slll<p ID(t.z)aem I/(lnMn)
Y (LD EARD
< sup sup |(@a)"*'e™|/M,
n al|Zny
z]eAlTa)
4.2) = sup sup la|'*!/ M,
= sup |Slllg (la|'®"/ M a)) (M a1/ M)
<

sup N(a) (Ma/ M)

=Aea) < 4,
it follows that g = g(¢,x,a) € Ex 1,1 for all ¢ € R. Applying Lemma 3.2, we
obtain that there exist positive integers »" and N’ and a constant 4 > 0, all
independent of @ € R, such that the germs in equation (4.1) are represented by
elements of E,  y- and r; = 71(x, a) in particular satisfies
[71(x, @)| = pr—1,r n (1)
(4.3) < Apeaa(g)
< AX(a) forx € Ay_1(1/v')anda € R,

where the last inequality follows from inequality (4.2).
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Now the roots of 2 + 1 = 0 are t = = 7, and so equation (4.1) yields the
system of equations

Il

e = 1r1(x, a),

et = —iri(x, a).

Thus 71(x, a) = 2(e* — ¢7*)/2. Since |r1(x, a)| is thus asymptotic to ¢*/2 as
a — + o, we obtain from inequality (4.3) that there exist constants C, K > 0,
both independent of ¢ € R, such thate* < K\ (a) for ¢ > C. Applying Lemma
3.1, it follows that there exist constants «, 8 > 0 such that M, < af™! for
all n. Thus & ({M,}) = O,.

We give now an example which shows that Theorem 2.8, the Weierstrass
division theorem in &, does not generalize to any quasianalytic local ring
&({M,}) 2 Oy for kb = 2.

Suppose a Weierstrass division theorem held in a quasianalytic local ring
& = o&x({M,}) D O, for some k = 2. Let f = f(¢, x) = t2 + x;. Certainly f is
regular in ¢ of order two. For each ¢ € R, g = g(t,x) = g(t, x,a) = ¢ de-
fines an element of . Thus, for each ¢ € R, we may write

(44) e = (4 x)g(t x, a) + rilx, a)t + ra(x, @),

where ¢ = q(t, x,a) € & andry = 71(x, a), 7e = r2(x, a) € &_1. Now repeating
exactly the same argument used above, we again obtain inequality (4.3). Since
the roots of ¢ + x; = 0 are t = = 74/x1, equation (4.4) yields the system of

equations

eV = {\/x171(x, @),

eI = —i\/xri(x, a).
Thus 7,(x, a) = 1(e®®1 — ¢=%71) /2+4/%;. Choose ¢ > 0 such that ¢ < 1/»,
and set x = (2,0, ...,0). We then obtain from inequality (4.3) that

[(e® — e<®)/2¢| = AN(a)

for a € R. Since (e¢* — e~¢*)/2¢ is asymptotic to e®*/2¢ as a — + 00, we obtain
that there exist constants C, K > 0, both independent of ¢ € R, such that
e = K\(a) for a > C. Applying Lemma 3.1, we can again deduce that
5k({Mn}) = ﬁk-

5. A necessary condition. Let £({M,}) 2 O, where k = 2, be quasianaly-
tic. Abstracting from the examples in the previous section, we give a condition
which an element f = f(f, x) € & with the Weierstrass division property must
satisfy.

THEOREM 5.1. Fix a quasianalytic local ving &, = & ({M,}) 2 O, wherek = 2,
and f = f(t, x) € & which is regular in t of order p. Suppose f has the Weterstrass
division property. Then there is a umique polynomial P = P(t, x) € &1 [¢],
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which is monic in ¢ of degree p, such that f/P is a unit in & Further, there is a
netghborhood U of 0 in R*¥=! such that the germ P is defined on G X U, and for
all x € U, the roots of P(t,x) = 0 are real.

Proof. Since f has the Weierstrass division property, we may perform the
division
(B5.1) = [t %)qt %) + 2, ()P,
whereq = q(t,x) € &randr; = 7;(x) € faforl < j < p.LetP = P(t,x) =
# 4+ Y ya;(x)—4, where a; = —7; for 1 £ j £ p. Equation (5.1) becomes
(5.2) Pt x) = ft, x)q(, x).
Since f is regular in ¢ of order p,

pl = 8°P(0,0)/0
P

21 ( ? )aff(o, 0)/9t°9"%¢(0, 0) /0"’

Jj=

a1(0, 0) /%4 (0, 0).

Thus ¢(0, 0) £ 0, and so g is a unit in &. Let u be the unit 1/¢ in &. Then equa-
tion (5.2) becomes

flt,2)/P( %) = u(t, x).
The uniqueness of P follows by reversing the above process to write
o= ft, %) (1/ult, x)) — 2 5=1a;(x)P~7,

and then applying the uniqueness of Weierstrass division.

We now turn to establishing the assertion concerning the zeros of P. Since
g =g(t,x) = g(t, x,a) = ¢ defines an element of & for each a € R, and
since f has the Weierstrass division property implies P has the Weierstrass
division property, for each ¢ € R we may write

(5.3) € = P(t,x)qt, x,a) + ZLI 7 (%, a)r—,

where ¢ = ¢(t,x,a) € & andr; = r;(x,a) € f_1forl =7 = p. Choose ¢ > 0
such that all the germs in equation (5.3) are defined for (¢, x) € A;(e). We can
use exactly the same argument employed to obtain inequality (4.3) to show
that we can decrease ¢, if necessary, and find a constant 4 > 0, with both e and
A independent of a € R, such that

(5.4)  |r;(x,a)] £ AN@) forx € Ap1(e),a € R,and 1 £ ] £ p.

Fix x € A;_i(¢). Suppose, in order to obtain a contradiction, that some of the

roots t; = ti(x), ..., t, = t,(x) of P(¢, x) = 0 have nonzero imaginary parts.
In particular, the ¢;'s are not all zero, and so some ¢; = a;(x) is not zero, where
P(t,x) =17 + 2 5 ya;(x)P=7. Suppose ap = ... = dqs1 = 0, but aq # 0. Let
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the distinct roots be ¢;, ..., ¢, with respective multiplicities m,, .. ., mg,
where 8 = 2 and ¢;, = 0. (If none of the ¢,'s is zero, then @ = p and mg = 0.)
We first derive an expression for 7,.

Letr = r(t,x,a) = Y _%—17,(x,a)*~7. Suppose for the moment that there are p
distinct ¢,'s. Since substitution in equation (5.3) yields the system of equations

iaty

4 = r(tlvx’ a),

¢t = 7 (L, %, @),
it follows that 7 is the unique polynomial in ¢ of degree < p — 1 which inter-
polatese®att = t1,...,t = t,. Let T be a positively oriented circle about the
origin in G which contains all the ¢,’s. From the theory of interpolating poly-
nomials (c.f. [3]), we obtain

1 [ P(t,x) — P(zx)
2wiJr P, x)(¢ — 2)

1 f g L [ BEx) e
271 ri'—zdt 2w r t—z2 P(t,JC)dt'

r(z,x,a) = e dt

(5.5)

Moreover, this formula continues to hold when some of the ¢,'s coalesce. Thus
we drop the momentary assumption that there are p distinct £,'s. A simple
computation shows that

e 5e2-F 2=

2=0 t — 2 y=0 tp—a—H—l
— Qa
t )
where the second equality follows from the fact that ¢, = ... = @uy1 = 0.

Thus, differentiating under the signs of integration in equation (5.5), we obtain

ra(,a) = — 1 _ (i)p_a r(z, %, a)

o (P — )l \oz =0
56) IR S A f e 4

T 9w St 2wt JrtP(t,x)

We apply the residue theorem to evaluate the integrals in equation (5.6).

1 e’ (ta)""

omi Jp e = gy and

G elat eiaz tat

2mi fp T ,Iif’,s, POy T T ,jgfn 1P, x)
(57) tat

[4
. Res —2—.
Ta i=tige0 LP(t, %)
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Forl1 £v <8 -1,
Res __etat R eiatQ (l)

o, IP(x) T o, =)™
where Q,(¢) is analytic in a neighborhood of ¢ = ¢;, and Q,(¢;,) # 0. Thus, for
1sv=p-1,

eiax 1 ( d )m,—-l a
Res P~ —Di\ar) |, (@0
my—1
5.8 ot 1 < m, — 1 .\l
o -l g (7] erear].
v * B=

Note that since Q,(#;,) # 0, the bracketed expression in equation (5.8) is a
polynomial in a of degree exactly m, — 1. For v = 8,

tat iat
Res ¢ Res e Q@)

1=1;5=0 tP(t, x) e
where Q(¢) is analytic in a neighborhood of ¢ = 0 and Q(0) # 0. Thus
o1t 1 ( d )mg wt
,Bf;s_o e~ mg\ar) |, @®eT)

(5.9) m
_ l 8 (7:1‘3) Q(n)(o) (ia)mﬁ_“,

Mﬁ! o
which is a polynomial in a of degree exactly m;g since Q(0) # 0. To summarize,
since a, # 0, equations (5.6) — (5.9) show that
(5.10) 7.(x,a) = X1 ey, (x, a),
where the v.’s are nonzero polynomials in a.

Returning to the proof of the theorem, we now assume one of the ¢,’s has a
positive imaginary part. (A proof similar to the one which follows works when
one of the ¢;’s has a negative imaginary part.) List those roots satisfying ¢;, =
maxis,<g Im 5, =y > 0; say 4, ,..., Iﬁ% are those roots. Write t,vy =
Xy + 1y for 1 = u = ¢. Then equation (5.10) becomes

ra(x,a) = Z e g, + Z ey,

(5.11) Rt ng)
- [z‘t: ”’Yv Z eia(tj,—il/),yy}
- v 11<y<ﬂ vg) ’
Let F = F(a) = 30, e"uy,,. We will show that there exist constants B, Ci,

L > 0such that each interval of length L contained in (—o0, —B;) contains a
number ¢ with |F(d)| = C;. Assuming this for the moment, we show how to
use it to obtain the contradiction we seek. Observe that the second sum in the
bracketed expression on the right hand side of equation (5.11) -0 as R > a¢—
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— 0. Using equations (5.4) and (5.11), we therefore obtain that there exist

constants B, K > 0 such that each interval of length L contained in (B, 4+ o)

contains a number ¢ with ¢? < K\(d). In the proof of Lemma 3.1, we showed

that given # sufficiently large, there exists a, > 2B with a,"/ M, = \(a,). We

also saw that a, — + o as # — + 0. Thus we may assume a, = 2L. Hence

we may choose d, with % a, < d, < a, so that ¢ < K\(d,). We therefore

have

(@) /ynl < e

= K)‘((jn) = KSUPV(Gn”/Mu) (dn/an)a-
=< K sup, a,°/M, = K\(a,)

Ka,"/ M,

K[(@,)"/ M,)a./a.)"

< K27(4,)"/ M.

Il

Thus M, = K(2/y)"n! for all sufficiently large n. Applying Lemma 3.1, we
obtain &({M,}) = O, which contradicts our original assumption that
Sk({Mn}) 2 ﬁlc-

Thus, to complete the proof of the theorem, there remains only to verify the
assertion concerning F(a) = 34_; e™ry,, . Letdbe the maximum of the degrees
of the v,'s as polynomials in a. Then ¢ *F(a) = ¢ el (a‘d'y,”) is
asymptotic to G = G(a) = Yo_, e“xc, as a — — o0, where ¢, is the coeffi-

cient of a? in v,,, so that not all the ¢,’s are zero. Since

by = %1+ 09, ... by, = X¢ + 1y

]v¢
are all distinct, the x,’s are all distinct. Thus G # 0. Recall from the theory of
almost periodic functions that if H: R— Cand § > 0, then 7 = 7(8) € R is
called a translation number of H corresponding to & whenever |H(x + 7) —
H(x)| < 8 holds for all x € R. H is called almost periodic if H is continuous
and if for each 8 > 0, there exists a length L = L(5) such that each interval of
length L contains at least one translation number 7 = 7(8) of H. Now it is an
elementary proposition in the theory of almost periodic functions that functions
of the form G(a) = 3%_, ei%s, are almost periodic. Since G # 0, we can choose
a € R such that |G(a)] = ¢ > 0. Let L = L(c/2) be a positive number such
that each interval of length L contains a translation number 7 = 7(¢/2) of G.
If I is such an interval, choose 7 € I — a. Thena + 7 € I and |G(a + 7) —
G(a)| < ¢/2,s0that [G(a + 7)| > ¢/2. Thus each interval of length L contains
a point d such that |G(d)| > ¢/2 > 0. Since a—F(a) is asymptotic to G(a) as
a — —o0, there thus exist constants B;, C; > 0 such that each interval of
length L contained in (—o0, — B;) contains a point ¢ with |F(d)| 2 Ci. This
completes the proof of the theorem.

6. A necessary and sufficient condition. Let & = &({M,}), E > 1, be
quasianalytic. In [4] Ehrenpreis has shown that &, is ‘‘analytically uniform”
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and, therefore, that the elements of & have Fourier integral representations.
After stating Ehrenpreis’ result more precisely, we use it together with Lemma
3.2 to give a condition which is both necessary and sufficient for an element
f=f{ x) € & to have the Weierstrass division property. We remark, how-
ever, that this condition is often difficult to apply in practice.

Recall the definition of the function A in equation (2.9). We will also use the
notation

Ima = (Imay,...,Ima;)
and
(t,x)-a = tay 4+ %102 + . . . + X1

for (t,x) = (¢, %1,...,%-1) € R¥anda = (ay,...,a) € C~.

ProrosiTioN 6.1. (Ehrenpreis) Let & = £&.({M,}), B = 1, be quastanalytic
and f = f(t, x) € &. There exist constants ¢ > 0, By > 0, and a complex Borel
measure u on C¥ such that

a ei(l,z) 'ad'u (a)
6.1)  f(t,x) = o Na/B e ™ (t,x) € Axle).

Proof. See [4].

THEOREM 6.2. Let & = & ({M,}), k = 1, be quasianalytic. f = f(t, x) € &
has the Weierstrass division property if and only if we can perform the division

(6.2) eit®e = (8, x)qt, x, a) + D h5-17,(x, a)?,

where ¢ = q(t,x,a) € Erandr; = r;(x,a) € &_1forl £ 7 < pand alla € CF,
and where for each € > 0, there exist A > 0 and positive integers v and N, all
independent of a € C*, such that

(63) pk—l,v,N(rj(-y(Z)) g A)\(a)eeﬂma]’ 1 é] é P’ and
pk,v,N(q(', a)) =< A)\(a)eellm(”.

Proof. We first assume that f has the Weierstrass division property. Then
we can perform division (6.2), and we must obtain estimate (6.3). Let ¢ > 0
be given. Choose a positive integer »" such that 1/’ < e. Then

i(2,2) a B i(t,z)an
) = sup sup |D¢in’e ‘"M,

n

pk.v’,l(e
B|=n,
(t.2)€Ak(1/v")

|ai|5|eellmal/Mn
= (la]"' /M 5) (M 51/ M) ™!

)\ (a) eeIIma | .

(6.4)

lIA

1A
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It follows that e*#¢ € E, ,/; for all @ € C*. Thus, according to Lemma 3.2,
there exist 4 > 0 and positive integers » and N, all independent of a € CF,
such that
(65) pk—l,v,N('r]’('y a)) é Apk,v’y l(ei(t.:c).a)) 1 é] é Py and
pk,v,N(q'v (l)) é Apk,v’,l(ei(t'x).a)-

Combining inequalities (6.4) and (6.5), we obtain inequalities (6.3).

We now assume that we can perform the division (6.2) with the estimates
(6.3) holding, and we show that f has the Weierstrass division property. Let
e>0and g = g(¢,x) € & be defined on A,(e). By Proposition 6.1, there exist

8, with 0 < 6 < ¢, B, > 0, and a complex Borel measure g on C* such that g
has the Fourier integral representation

3 ei(t.z)-adﬂ(a)
6.6) gtx) = o Na/B)eTma (t, %) € A(5).

(We may replace the sequence {M,} by the sequence {B,*M,}; thus we may
assume B, = 1.) Substituting for e*(**»¢ from equation (6.2) in equation (6.6),
we get

gt x) = f(t, %) fck oz, a)in@) | 5~ pos kaw_,a_m@)'

)\(a)eelImaI ~ )\(a)eellmal

We estimate
« r;(x, a)du(a)
pr [ TS
for o] £ n,x € A1(8),and 1 £ j £ p.
Using estimate (6.3), we see that for such « and x,

|D2ri(x, a)] £ AX(a)e! ™ IN"M,,.
Thus we get

De f 7y, a)du(a) :’ D.r(x, a)du(a)
z ch )\(a)eellmal s )\(a)eellmal

f lD;"rj(x,a)Id[u[(a)< AN(@)e!"™ 'N"M,d|u| (2)
¢ A = Ja O

= (A[lu|DN"M,.

I\

A similar computation using estimate (6.3) shows that

Dy f q(t,x, a)du(a)
t,z
C

" )\(a)ee Ima
can be estimated by (4||7||) N"M,, for |8] < nand (f, x) € A.(8). It follows that
(6.7)  g(t,x) = f(t, x)Qt, %) + X1 R; (%),
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where

_ q(t, x, a)du(a)
Q(t x) f )\(a)ee TN/ €lMmal
represents an element of & on A;(8) and

_ 7;(x, a)du(a)
R;(x) = fck A @)

represents an element of £,_; on A;_1(8) for 1 =< j = p. Thus f has the Weier-
strass division property.

7. An algebraic question. Let R;, k2 = 1, 2, ..., be local rings of smooth
functions in %k variables which contain @,. Assume that R,,; is the ‘“natural
extension’’ to (k 4 1) variables of R;. If a Weierstrass division theorem with
uniqueness of the quotient and the remainder were to hold in the R;, then by
repeating standard arguments, it would be possible to show that the R, are
Noetherian unique factorization domains; see [6]. It may be that, conversely,
if the R, are Noetherian unique factorization domains, then a Weierstrass
division theorem with uniqueness of quotient and remainder would hold in the

This conjecture is supported by the fact that the Weierstrass division
theorem can be formulated algebraically as a finiteness condition: Let m; be
the maximal ideal in R, and if u#: R; — R; is an algebra homomorphism, let
u(m;) Ry be the ideal generated in R, be the image u(m;) of m,. u is said to be
quasi-finite if the induced map # : C &~ R;/m; — R;/u(m;)R, makes
Ri/u(m;)R; into a finite dimensional C-vector space, and # is said to be
finite if it makes R, into a finitely generated R;-module. If # is finite, it is
always quasi-finite. The Weierstrass division theorem is equivalent to the
assertion that the converse implication always holds, i.e., if # is quasi-finite,
then it is finite. See Wall [9] for a complete discussion.

In closing we remark that, in light of our results in this paper, were this con-
jecture established, we would know that the £.({1,}) are not Noetherian
unique factorization domains in the quasianalytic case with & = 2.

REFERENCES

1. A. M. Chollet, Zéros dans les classes de gevrey de type analytique, Bull. Sc. Math., 2¢ Serie,
96 (1972), 65-82.

2. S. Bochner and W. T. Martin, Several complex variables (Princeton University Press, Prince-

ton, 1948).
P. J. Davis, Interpolation and approximation (Blaisdell Publishing Co., New York, 1963).
. L. Ehrenpreis, Fourier analysis in several complex variables (John Wiley and Sons, Inc., New
York, 1970).

5. A. Grothendieck, Espaces vectoriels topologiques, Sociedad de Matheméatica de Sao Paulo,
Sio Paulo, 1964.

6. L. Hérmander, An introduction to complex analysis in several variables (North Holland, 1973).

P ow

https://doi.org/10.4153/CJM-1976-091-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-091-7

WEIERSTRASS DIVISION 953

7. Y. Katznelson, An introduction to harmonic analysis (John Wiley and Sons, Inc., New York,
1968).

8. W. Rudin, Real and complex analysis (McGraw-Hill Co., Inc., New York, 1966).

9. C. T. C. Wall, Introduction to the preparation theorem, Proceedings of Liverpool Singularities-
Symposium I, ed. C. T. C. Wall (Springer-Verlag, Berlin, 1971).

Case Western Reserve University,
Cleveland, Ohio

https://doi.org/10.4153/CJM-1976-091-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-091-7

