THE JOURNAL OF SymBoLIC LoGic
Volume 89, Number 4, December 2024

ON RANK NOT ONLY IN NSOP; THEORIES

JAN DOBROWOLSKI“* AND DANIEL MAX HOFFMANN

Abstract. We introduce a family of local ranks Dy depending on a finite set Q of pairs of the form
(p(x,).q(y)). where (x, y) is a formula and ¢(y) is a global type. We prove that in any NSOP; theory
these ranks satisfy some desirable properties: in particular, Do(x = x) < w for any finite tuple of variables
xandany Q.if ¢ O pis a Kim-forking extension of types. then Dy(¢q) < Dg(p) for some Q.andif g D p
is a Kim-non-forking extension. then Dy (g) = Dy (p) for every Q that involves only invariant types whose
Morley powers are | X -stationary. We give natural examples of families of invariant types satisfying this
property in some NSOP; theories.

We also answer a question of Granger about equivalence of dividing and dividing finitely in the theory
T of vector spaces with a generic bilinear form. We conclude that forking equals dividing in 7.
strengthening an earlier observation that T, satisfies the existence axiom for forking independence.

Finally. we slightly modify our definitions and go beyond NSOP; to find out that our local ranks
are bounded by the well-known ranks: the inp-rank (burden). and hence. in particular, by the dp-rank.
Therefore. our local ranks are finite provided that the dp-rank is finite, for example, if 7" is dp-minimal.
Hence. our notion of rank identifies a non-trivial class of theories containing all NSOP; and NTP; theories.

§1. Introduction. In the past years, we observed a rapid development of geometric
tools and techniques related to model-theoretic stability theory. After a successful
use of these techniques in the context of stable theories and remarkable applications
in algebraic geometry, studies went beyond the class of stable theories. One of the
main tools of a geometric nature in model theory is the notion of an independence
relation (cf. [2]), which plays a key role in the description of simple theories (cf.
[24]). Another important geometric tool in model theory is the notion of a rank,
which also can be used to characterize dividing lines in the stability hierarchy. For
example. a theory is simple if and only if the local rank D(x = x, . k) is finite for
every choice of a formula ¢ and every natural number k (cf. Proposition 3.13 in
[4]). Actually. in the case of simple theories there is an elegant connection between
the local rank D and forking independence | . in short: the rank decreases in an
extension of types if and only if this extension is a forking extension (Proposition
5.22in[4]). On top of that, the local rank in simple theories was used to develop the
theory of generics there (see [25]).

Independence relations and ranks behave less nicely in the case of non-simple
NSOP; theories. The NSOP; theories were defined in [17], then studied more
intensively in [11] and in [20], where also the ideas from Kim’s talk (see [23])
came to the picture (roughly speaking: Kim proposed a notion of independence

Received August 4, 2022.
2020 Mathematics Subject Classification. Primary 03C95, Secondary 03C45, 03C52.
Key words and phrases. model theory, NSOP;, Kim-independence, rank.
© The Author(s), 2024. Published by Cambridge University Press on behalf of The Association for Symbolic Logic. This is an Open

Access article, distributed under the terms of the Creative Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/),
which permits unrestricted re-use, distribution, and reproduction in any medium, provided the original work is properly cited.

0022-4812/24/8904-0011
DOI:10.1017/js1.2024.9

1669

. . . . . . f Check for
https://doi.org/10.1017/js1.2024.9 Published online by Cambridge University Press updates


https://orcid.org/0000-0003-3435-4782
https://orcid.org/0000-0002-4514-269X
https://creativecommons.org/licenses/by/4.0/
www.doi.org/10.1017/jsl.2024.9
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jsl.2024.9&domain=pdf
https://doi.org/10.1017/jsl.2024.9

1670 JAN DOBROWOLSKI AND DANIEL MAX HOFFMANN

corresponding to non-dividing along Morley sequences). Further studies on NSOP;
focused on proving desired properties of the notion of independence related to the
notion of Kim-forking as defined in [20] (where Kim-dividing and Kim-forking
were defined with the use of global invariant types). e.g., [21. 22]. A limitation
of this approach is that sometimes there are no invariant global types extending
a given type (however, everything is fine if we work only over models). Then, in
[15]. the authors redefined the notions of Kim-dividing, Kim-forking, and Kim-
independence to avoid this obstacle and worked with definitions more in the spirit
of [23]. However, they needed an extra assumption, i.e., they were working in NSOP;
theories enjoying the existence axiom for forking independence. The NSOP; theories
enjoying the existence axiom were also studied in [10], where, e.g., transitivity
of Kim-independence (as defined in [15]) was obtained over arbitrary sets. The
important question, whether every NSOP| theory automatically enjoys the existence
axiom for forking independence remains open.

Similarly as forking independence in the case of simple theories, Kim-
independence was used to describe the class of NSOP; theories (see [20]). Therefore
one could expect that there should also exists a good notion of a rank, which,
similarly to the situation in simple theories, is related to Kim-independence in the
context of NSOP; theories and which also describes the class of NSOP; theories
(i.e., the rank is finite if and only if the theory is NSOP;). Some attempts to define
such a rank for NSOP; theories were made in [10], however they were not fully
successful in relating the rank to Kim-independence (see Question 4.9 in [10]). On
the other hand, the rank defined in [10] is finite provided 7" is NSOP; with existence
and, in a private communication, Byunghan Kim informed us that SOP; implies
that this rank is not finite (for some formula . natural number k and some type g).
Thus finiteness of the rank from [10] characterizes the class of NSOP; theories.

Let us mention here that also the situation with generics in NSOP; groups is
more difficult than in groups with simple theory. For example, the theory of vector
spaces with a generic bilinear form with values in an algebraically closed field, does
not have Kim-forking generics for the additive group of vector space (see [14]). The
theory of generics in NSOP; groups is currently under development and a suitable
notion of rank could be very useful in that context.

To summarize, for us, there were three main properties expected from the new
notion of rank: being finite if and only if the theory is NSOP;, being related to Kim-
independence, and having a prospective use in the development of generics in NSOP;
groups. Here is what we managed to obtain so far. Our notion of rank (Definition
3.1) is local and depends on pairs consisting of a formula and a global type. It has
all the usual properties of a rank and it is finite, provided the theory 7" is NSOP;.
Nevertheless, it is also finite outside the class of NSOP; theories (e.g., in DLO,
see Example 3.6), which was not expected, but makes the rank more interesting
outside of the class of NSOP; theories (more on that in Section 6). To obtain a rank
which is related to the notion of Kim-independence, we follow some ideas from the
doctoral thesis of Hans Adler (see Section 2.4 in [2]). More precisely, our rank is
not a foundation rank (i.e., defined recursively), but a rank which is witnessed by
our account on dividing patterns (see [2]) related to Kim-dividing given as in [20].
In Section 3.2, we explain the connection between our rank and Kim-independence,
which depends on some notions of stationarity.
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After noticing that our notion of rank might be finite outside of NSOP;, we
investigated behaviour of the rank in the case of NTP, theories. It turned out that
a slight modification of the main definition (compare Definition 3.1 and Definition
6.11) results in finiteness of the rank in any theory of finite dp-rank. Moreover,
the modified rank is bounded by the inp-rank and hence by the dp-rank. On top
of that, the aforementioned modification does not affect the notion of our rank in
the case of NSOP, theories. Therefore, in this paper, we provide a notion of local
rank which shares finiteness in two opposite corners of the stability hierarchy, which
seems to be quite intriguing. Perhaps, a good notion of rank will be more suitable
to work across different dividing lines in the neo-stability hierarchy than a notion of
independence (like, for example, thorn-independence). On top of that, to provide
the definition of ranks in Section 6, we introduce semi-global types and show Kim’s
lemma for Kim-dividing witnessed via sequences in semi-global types.

In Section 4 we study forking in the theory T of infinite-dimensional vector
spaces over an algebraically closed field with a generic bilinear form, which is one of
the main algebraic examples of a non-simple NSOP; theory. We describe forking
of formulae in T, answering in particular a question from [18] about equivalence
of dividing and dividing finitely, and yielding, to the best of our knowledge, first
example of a non-simple NSOP| theory in which forking and dividing coincide for
formulae.

The paper is organized as follows. In Section 2, we recall definitions and several
facts needed later. Section 3 contains the definition and some basic properties of the
new rank; then the new rank is related to the notion of Kim-independence. Section 4
is focused on forking in the theory 7, and verifies auxiliary notions introduced in
the previous section. In Section 5, we collect more examples of NSOP; theories and
we discuss the three relevant notions of independence. Finally, in Section 6, we go
with our rank beyond the class of NSOP; theories.

§2. Basics about NSOP;. As usual, we work with a complete £-theory 7" and
with a monster model € of T, i.e., a k-strongly homogeneous and k-saturated model
of T for some big cardinal . By a small tuple/subset/substructure we mean some
tuple/subset/substructure of size strictly smaller than . Unless stated otherwise, all
considered tuples/subsets/substructures will be small. For example, A C € tacitly
implies that | 4| < . In short, we follow conventions being standard in model theory,
e.g., outlined in [4, 26].

At the beginning, we need to evoke several definitions and facts about Kim-
dividing and NSOP; theories. A reader unfamiliar with the subject may consult,
e.g., [10, 15, 20].

DErFINITION 2.1. A formula o (x: y) has SOP; (Strict Order Property of the first
kind) if there exists a collection of tuples (a,),e2<o such that:

(1) {e(x:ay,) | @ < w} is consistent for every 7 € 2,
(2) if 7 € 2<? and v > 7 ~ (0). then {¢(x:a,). ¢(x:a,~q))} is inconsistent,

where < denotes the tree partial order on 2<“. The theory T has SOP; if there is a
formula which has SOP,. Otherwise we say that 7" is NSOP;.
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DEerINITION 2.2. We say that T enjoys the existence axiom for forking independence
if for each set 4 and each tuple b we have that b | A If T is NSOP; and enjoys
the existence axiom for forking independence, then we say that T is NSOP, with
existence.

DEFINITION 2.3 (Morley sequence in a type). Let 4 C €, p(y) € S(A4). and let
(1, <) be a linearly ordered set. We call a sequence (b;);c; a Morley sequence in p if:

(1) b; L  b<iforeachi €1,
(2) (b;)ier is A-indiscernible,
(3) b; = pforeachi € I.

DEerINITION 2.4 (Morley sequence in an invariant global type). Assume that
q(y) € S(¢) (ie.. ¢q is a global type) is A-invariant and let (/, <) be a linearly
ordered set. By a Morley sequence in q over A (of order type I) we understand a
sequence b = (b;);e; such that b; = ¢|._, for each i € I. By ¢®' we indicate the
global A-invariant type in variables (x;);e; such that for any B D A.if b |= ¢®/|p
then then b; |= ¢q|p,_, foralli € I.

Therefore. if ¢(y) € S(€) is A-invariant, we have two possible notions of a Morley
sequence: a Morley sequence in ¢|4 and a Morley sequence in g over 4. Of course,
a Morley sequence in ¢ over A4 is a Morley sequence in ¢| 4. The converse does not
hold in general.

DEFINITION 2.5. Let g(y) be an A-invariant global type. We say that a formula
p(x:y) g-divides over A4 if for some (equivalently: any) Morley sequence (b;);<, in
g over A, the set {¢(x, b;) | i < @} is inconsistent.

We have the following two notions of Kim-dividing, (A) appears in [15] and (B)
appear in [20]. For us notion (A) is the one which we will use here. However, Theorem
7.7 from [20] implies that (A) and (B) coincide over a model (i.e.,if 4 = M =< €)
provided T is NSOP;, and therefore we will switch very often to notion (B) if the
situation is placed over a model.

DEFINITION 2.6. Let A C €.

(A) Assume that k € N\ {0}. We say that ¢(x, b) k-Kim-divides over A if there
exists a Morley sequence (b; )<, in tp(b/A) such that {p(x,b;) | i < w}is k-
inconsistent. We say that ¢ (x, b) Kim-divides over A if there exists k € N\ {0}
such that ¢ (x. b) k-Kim-divides over A.

(B) We say that ¢(x:;b) Kim-divides over A if there exists an A-invariant global
type ¢(y) 2 tp(h/A) such that ¢(x: y) g-divides over A. Equivalently, we say
that ¢ (x;b) Kim-divides over A if there exists an A-invariant global type
q(y) D tp(b/A4) and a Morley sequence (b;)i<,, = g®?|4 such that by = b
and the set {o(x,b;) | i < w} is inconsistent.

Facr 2.7 (Kim’s lemma over models). Assume that T has NSOPy and let M < €.
The following are equivalent:

(1) @(x:b) Kim-divides over M.,
(2) for any M-invariant global type q(y) 2 tp(b/M) and any Morley sequence
(b)i<w | q®°|m we have that the set {p(x.b;) | i < w} is inconsistent.
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Later on, we will define a local rank related to the notion of Kim-dividing. Our
rank will focus on Kim-dividing over models, so one could ask how much of the
picture is lost if we restrict our attention only to Kim-dividing over models. First, let
us make an observation easily following from the definition: if ¢ (x, #) Kim-divides
over A with respect to definition (B) and 4 C B then there exists ¢ =, b such that
c L B and such that ¢(x, ¢) Kim-divides over B with respect to definition (B).
This means that passing to Kim-dividing over models is not so harmful if we decide
to work with the definition (B). The following lemma shows the same for the notion
of Kim-dividing from the definition (A). The proof is not a surprise in any meaning,
but let us follow the argument for a little warm-up.

LemMA 2.8 (any T). Let A C B, o(x:y) € L(A). If ¢(x, a) k-Kim-divides over
A, then there exists ¢ =4 a such that ¢ J/A B and ¢ (x, ¢) k-Kim-divides over B.

ProoFr. By the definition of k-Kim-dividing, there exists an A-indiscernible
sequence (a;)i<,, such that ag = a, for each i < w we have g; \LAAa<,< and
{p(x.a;) | i < w} is k-inconsistent. We will use several properties of | . which
hold in any theory T, these are listed, e.g., in Remark 5.3 in [4].

Step 1: Increase the length of (a;);<., to a big cardinal A (big enough for the use of
Erdbs—Rado theorem for B-indiscernibility, see, e.g., Proposition 1.6 in [4]). To do it,
consider:

p(%) = p((xa)a<z) == U tp(ao ... an/Aao)[Xag. - . Xan -

n<w .
ap<---<op<s

Let b = (ba)a<; = p(%). then b is A-indiscernible, by = ag = a. {@(x.by) | @ < A}
is k-inconsistent. Invariance and finite character of | imply thatalso b, | , Ab<a
for each a < 4.

Step 2: Force | -independence over B. We define recursively partial elementary

over A maps f, : dcl(Ab@) — €, where oo < A, such that:

* fatilacl(abey) = Salda(abe,)-
L4 fa(boz) \LA Bfa(b<a)’
for each o < /. We start with obtaining fo. Since by | , A. tp(by/A) does not fork
over A and so there exists a non-forking extension:
tp(bo/A4) < tp(by/B).

Let fo be determined by fo(by) = by and fo|4 =id4. Now. we deal with the
successor step o ~ a + 1. Let f;, € Aut(€) extend fo. Because boi1 | Ab<a.
we have that 17 (ba11) | LA a (b<a)- There exists an extension

(/4 (bas)/A S alb<a)) © 0 (b1 /Bf alb<a).

which does not fork over A4, i.e., b(’l+1 J/ABfa(bga). Let f,+1 be determined

by far1(bas1) =b y and foiilaaws,) = falacs.,)- We move on to the
limit ordinal step: f < A and f € Lim. Let f; € Aut(¢) extend U(Kﬂ fo. From
by L ,Ab<s we obtain f/;(b/;) \LAA(fa(ba)),Kﬂ, so, again, we can find an
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extension
0 (£5(5p)/A(f aba)acp) € 0B/ B(fa(ba))acp)

which does not fork over 4. i.e. by | | B(fa(ba))a<p- Let [ be determined by
Sfplbg) = bk and fﬂ‘dcl(Ab</;) = j;|dC](Ab</j). After the recursion is done, we take
/€ Aut(€) which extends | J,,_; f and set (b} )aci = (f (ba))a<s-

Step 3: Erdés—Rado. By Erdds—Rado theorem (e.g.. Proposition 1.6 in [4]), there
exists a B-indiscernible sequence (¢;);«., such that for each n < w there exist g <
- < ay < Asatisfying

€o...Cn =B b;o by,
Thus:
OCOEBb&OEAb/EAb():a, ~ _
o {p(x,c;) | i < w} is k-inconsistent (since b’ =4 b and {p(x,by) | @ < A} is
k-inconsistent),
o ¢y L gz Bey...cp 1 (because ¢y ...cp =p by, ... by, and by, | BbL,, .and |
satisfies monotonicity, base-monotonicity, and invariance).
Therefore ¢ (x. ¢y) k-Kim-divides over B and ¢y =4 a.

For some oy < A we have that ¢y =3 b&o. Then, because b,;o \LA Bb’<a0 and

because | satisfies monotonicity and invariance, we obtain thatalsoco [  B. -
DEFINITION 2.9.
(1) A partial type n(x) Kim-forks over A if
n(x) \/ wi(x:b;)
j<n

for some n < @ and y;(x: b;) Kim-divides over 4 for each j < n.
(2) Let a be a tuple from € and let 4, B C €. We say that a is Kim-independent
from B over A, denoted by a \Lj B. if tp(a/AB) does not Kim-fork over 4.

One could redefine the notions of Kim-forking and Kim-independence using Kim-
dividing with respect to definition (B). In such a case, we will always indicate that
we work with Kim-forking with respect to definition (B) or use | * to denote
Kim-independence defined with Kim-dividing with respect to definition (B).

The previous lemma easily leads to the following.

COROLLARY 2.10. Let AC B, a.d € €.

(1) If p(x. a) Kim-divides over A, then there exists ¢ =4 a such that ¢ | B and
o(x, ¢) Kim-divides over B.
(2) If for all ¢ =4 a such that c \LA B, the formula ¢(x, c) does not Kim-divide

over B, then ¢(x. a) does not Kim-divide over A.
(3) If for all d' =4 d and all ¢ =4 a such that ¢ L B we have d’ J/I;c then

K
d | a.
The following characterization of NSOP; proved much more useful in studying
Kim-independence than the original definition of NSOP; introduced in [17].
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THEOREM 2.11 (Theorem 8.1 in [20]). The following are equivalent:

(1) Tis NSOP,.

(2) Kim’s lemma for Kim-dividing: For any M = € and any @(x:b), if o(x:y) q-
divides over M for some M-invariant q(y) € S(&) with tp(b/M) C ¢q(y). then
o(x;y) g-divides over M for any M-invariant q(y) € S(€) with tp(b/M) C
q(y).

Fact 2.7 has a generalization to Kim-dividing over arbitrary sets:

THEOREM 2.12 (Theorem 3.5 in [15]). Let T be NSOP; with existence. Then T
satisfies Kim’s lemma for Kim-dividing over arbitrary sets: if a formula ¢(x,b) Kim-
divides over A with respect to some Morley sequence in tp(b/A) then the formula
(x,b) Kim-divides over A with respect to any Morley sequence in tp(b/A).

As we will notice in a moment, Kim’s lemma for Kim-dividing (over models) will
be the main reason behind the fact that our local rank is finite in the context of
NSOP; theories.

§3. Rank.

3.1. Definition and basic properties. In this section, we are interested in defining
a local rank depending on pairs consisting of an £-formula and a global type. We
will prove several properties of this new rank. Our idea for the rank was in some way
motivated by Hans Adler’s doctoral dissertation (see [2]). More precisely, in Section
2 of his dissertation, Adler defines so called dividing patterns and then defines a local
rank measuring the length of a maximal dividing pattern. In our case, we could
not simply reuse his idea, since we are trying to “domesticate” Kim-dividing, and
instead of that we propose our own variation on Kim-dividing patterns.

Let O := ((¢o(x:0).90(30))- - - (@n-1(xX: yu-1). gn1(¥n-1))).  where ¢y, ...
., 1 € Land qo. .... g, are global types.

DEerFINITION 3.1. We define a local rank, called Q-rank,
Do(-) : {sets of formulae} — Ord U{oo}.

For any set of £-formulae 7(x) we have Dy(n(x)) > A if and only if there exists
n € n* and (b®, M®),., such that:
(1) dom(z(x)) € M°,

2) qo.....qn1 are M -invariant,

) M® < € foreach o < 4 and (M®),.; is increasing and continuous,

) b*M* C M°*! foreacha + 1 < A,

) b = qy(a)|me for each o < 4.

) 7(x) U {@y(a)(x:6%) | o < 1} is consistent.

) each @, (,)(x:5*) Kim-divides over M* with respect to definition (B).
i.e., for each o < A there exists an M%-invariant global type rq( y,7<a>)
extending tp(h®/M®) and b® = (b¥)ice, = rE” |y such that by = b and
{@y(a)(x:b%) | i < w} is inconsistent.

If Do(n) > A for each 4 € Ord, then we set Dy(n) = co. Otherwise Dg(x) is the

maximal A € Ord such that Dy(n) > /.

(

3
(4
(5
(6
(7
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Remark 3.2. If T is NSOP;, then Definition 3.1 is equivalent to the same
definition but with the condition (3) replaced by

(3") M < ¢ for each a < A, (M®)4; is continuous, and each M+ is | M| *-

saturated,

or even by

(37) M < ¢foreacha < A, (M®),; is continuous, and each M+ is | M*|*-

saturated and strongly | M ®|*-homogeneous.

The proof is a quite standard and long recursion, which uses transitivity and
symmetry of J/K over models. Thus we omit it. If we refer to Definition 3.1 in
the case of T being NSOP;., we usually have in mind its equivalent formulation with
the condition (3*).

Let us explain a little bit the concept behind this rank. For simplicity we
assume that Q = ((¢.¢)). Then the witnesses from the definition of Dy(n) > 4.

(M®,b%)a<;.i<er. may be used to draw the following tree:

Each horizontal sequence of b{*’s is a Morley sequence in some global M *-invariant
type and so witnesses Kim-dividing of ¢ (x: b§) over M“. This is nothing new.

The first new ingredient in our rank is that we require that also the leftmost branch
in our tree forms a Morley sequence, this time in the previously fixed global type ¢
(which is M-invariant). In other words, we focus only on Morley sequences —and
that is in accordance with the intuition that all the essential data in a NSOP, theory
is coded by Morley sequences.

The second new ingredient in our rank is that we allow “jumps” in the extension
of the base parameters between levels. More precisely, instead of the sequence
dom(n) € M%< M! < .... we could consider a more standard sequence dom(z) C
dom(n)b) C dom(n)bJb} C .... However, let us recall that | K does not necessarily
satisfy the base monotonicity axiom, thus we allow in our rank some freedom in
choosing the parameters over which each next level Kim-divides.

REMARK 3.3. Because in NSOP; theories the both notions of Kim-dividing ( (A)
and (B) from Definition 2.6) coincide over a model and in our rank we consider
only Kim-dividing over models, our rank is suitable to work with both notions of
Kim-dividing in the NSOP; environment.
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In the following lines, we will make use of our intuition and show several nice
properties of the Q-rank, we also refine the definition of Q-rank, so it will become
more technical, but it will allow us to prove a few more facts. We start with something
completely trivial.

Facr 3.4.

(1) Dol) > 7. f € Aut(€) = D)) > .

(2) If n' C = then Dy(n) < Do(n').

(3) Do(n) < @_K”D((%,qj))(n), where @ denotes the Cantor sum.

Proor. Items (1) and (2) follow by the definition. Item (3) follows from the
following fact, which can be proven by a straightforward induction on «: for any
ordinal o = AgUA;U---UA,_1, if o; is the order type of A; for i < n, then a <
Do D D ay. =

COROLLARY 3.5. There exists finite Q such that Do(x = x) > w if and only if there
exists Q such that |Q| = 1 and Do(x = x) > w.

As we will see in a moment, the Q-rank is finite in the case of NSOP; theories,
which is a desired property of our rank. It also happens that outside of NSOP; the
rank may be finite, e.g., in the case of 7" being DLO. In the following example we
work with Definition 3.1, however a more general result on finiteness of our rank in
the context of NIP theories is provided in Section 6, where we work with a slightly
modified definition of Q-rank (see Definition 6.11).

ExampPLE 3.6. Let T be the theory of dense linear orders without endpoints,
DLO. First, we will show that Do(x = x) <1 for O = (¢(x. yz).q). where ¢ is an
arbitrary invariant type and ¢(x. yz) = (y < x < z). Suppose M'.b%.i <2. j <
with bj = (aj, c;) witness that Do(x = x) > 2. As ¢(x:aj.¢}) divides over ac)
(i.e.. over b)), a. ¢) cannot lie in (a}.c}). hence by the consistency condition we
must have a) < a} < ¢} < ¢J. But then an automorphism over M, moving b to
b will move ¢(x:al.cj) to a formula inconsistent with it. This contradicts M-
invariance of the restriction ¢’ of ¢ to the first variable as a} = ¢'|M;.

Note also that if ¢(x. y) is of the form x > y or x < y or x = x. then D, ,y(x =
x) = 0, as in that case no instance of ¢(x, y) Kim-divides over any set. Also, it is
easy to see that if ¢(x. y) = (x = y) then Dy ,)(x = x) = 1.

Nowlet O = (¢(x.y).¢q(y)) with x = xg ... x,_| be a variable of lengthn, ¢(x, y) a
formula and ¢(y) a global invariant type. By quantifier elimination and completeness
of g(y) we have that ¢(y) A (x. ) = g(3) A V/iuy $1(x. ) where cach d(x. )
defines a product of intervals with endpoints in the set y U {400, — co}.

We claim that Dy (x = x) < nk. Suppose for a contradiction that Dy (x = x) >
nk. Then by pigeonhole principle one easily gets that Dy (x = x) > n where
Q' = (¢y.q) for some [/ < k. Let (b', M');, 41 witness that Dy/(x = x) >n+ 1.
Choose ¢ |= {¢(x,b") : i < N} and let w(x) be a formula equivalent to qftp(c/0).
By replacing ¢;(x, y) with w(x) A ¢;(x, y) we may assume ¢;(x, y) is of the form
w(x) AN e, 2j(xj. ), where each z;(x;, y) defines an interval with endpoints in
y U {+00,— co}. Again by pigeonhole principle we must have that Dyr (x = x) > 2
with Q” = (w(x) A x;(x;.»)) forsome j < n. As y(x) is over f and is consistent, we
get that, for any j, any family of instances of y(x) A y;(x;. y) is consistent if and only
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if the corresponding family of instances of ;(x;, y) is consistent (any realisation of
the latter can be extended to a realisation of w(x), since there is a unique 1-type in
DLO). Hence DQ//(X =Xx)= D(}(‘/(XA/’«)’)#)(XJ' = )Cj). But D( X; = Xj) <1
by the first two paragraphs, a contradiction.

2 (x;.9).9) (

DEFINITION 3.7. Let p(x:y) € L and let ¢(y) € S(€). We define C,; < w as
Cpq :=max{k | (3M < € M is M — invariant)
(3ai)icow = q%°|m){p(x:a;) | i < k} is consistent) }.
REMARK 3.8. Let M, N < €. Assume that:

e ¢ is M-invariant, (a;)i<, = ¢©“ |y and kyy is the maximal number (or )
such that {p(x;a;) | i < kys} is consistent.

e gis N-invariant, (b;)i<, = ¢®|x and ky is the maximal number (or @) such
that {o(x:b;) | i < kpr} is consistent.

Then ky = k). To see this we introduce auxiliary N =< ¢ which contains M and
N, and a Morley sequence (¢;)i<e, | ¢®| 5. We have that (a;)i<p, =um (¢i)ico =~
(bi)i<w. This remark says that C,, is in some sense a uniform bound and it can
not happen that for each M =< ¢ and each corresponding Morley sequence (a;);<c.
max{k | {¢(x:a;) | i < k}} is finite, but Cp,y = .

From now on (if not stated otherwise), we assume that T has NSOP;.

LEMMA 3.9. Then Do(n) > Aifandonly if there existn € n* and ((b8) i<, M®)
such that:

(1) dom(z(x)) € M°,

(2) qo. ... qn1 are M -invariant,

(3) M@ =€ for each a < L, (M%) 4, is continuous, and each M°*" is |M®|*-
saturated,

(4) (b®)icoM™ C M foreacha +1 < A,

(5) n(x) U{@y)(x:b8) | @ < A} is consistent.

(6) ]."or eafh a < i, we have (b¥)i<o, = qﬁ:)\Ma and {@,o)(x:b%) | i < w} is
inconsistent.

a<i

ProoF. The implication right-to-left is straightforward and holds even without
the assumption about NSOP;. Let us show the implication left-to-right.

By Remark 3.2, there is a configuration satisfying conditions (1)—(7) from
Definition 3.1 such that each M*! is |M|*-saturated. By Kim’s lemma (Fact
2.7), we can replace the condition (7) from Definition 3.1, by: for each a < A
there exists ¢ = (¢®)i<p, qﬁz’)wa such that ¢f = b* and {p, () (x:c) i<
w} is inconsistent. By saturation of M, we find (b?);,, € M**! such that
(b%)icey =mapa (¢f)i<e, Which is the desired sequence to finish the proof. -

LemMA 3.10. Do({x = x}) < X Cy,q; <. whereJ ={j<n|Cp, 4 <}
jes o

PrOOF. Let us deal first with the case when O = ((¢(x:y).¢(»))). Assume that
Dy(n) > 2> 0 and let (b®, M*),; be as in Definition 3.1 (# is constant, so we
skip it).
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We have that b® |= ¢|ye and since b*M® C MF!, it is b* |= q|,0p<a. We
know also that ¢ is M -invariant and that {p(x:5%) | @ < A} is consistent. On
the other hand, by Lemma 3.9, there exists a Morley sequence (b?)Kw E q®?| 0
such that b) = 5% and {p(x:5?) | i < w} is inconsistent. Therefore C,,, < w and so
A< Cpy <.

We switch to the general case where

0 = ((po(x:10).40(30))- - - (@n-1(X: Yu-1). g1 (Y1)

Now, the function 7 € n* becomes important. We have that A = | J i<n 7 '[j]. so we
are done if we can show that [7'[j]] = 0 or [ '[j]| < Cp,; &, < @ for each j < n.

Fix some j < n and assume that |7'[j]| > 0. Let @ < 4 be the first index such that
n(a) = j. Repeating the first part of this proof for ¢; we obtain what we need.

CoRrOLLARY 3.11. Do(n) < 3~ Cp, g, <@, where J ={j <n|Cy, 4 < o}
i€l

ol
LEMMA 3.12. Do(n) > 4 if and only there exist n € n*, (b®)a<sicwr» and M < €
such that

(1) dom(n) C M.

(2) qo.....qn1 are M-mvarzant

(3) n(x)U {s0,7 y(x:b8) | @ < A} is consistent,

4) {oy (x: ) i< w} is inconsistent for each o < A.
(5)

(67D Bico E 437 1 © - @ qi -

ProOF. The left-to-right implication is straightforward: by Lemma 3.9 there are
proper 1 € n* and ((b?) <. Me), . weset M = M and reuse (b?) p<ice-

Let us take care of the right-to-left implication. We will recursively define
a sequence ((e®)icw. M®)a<, satisfying all the six conditions from Lemma 3.9.
Because we do not want to get lost in a notational madness, instead of introducing
new subscripts, we will sketch a few first steps.

We set M := M and take M' < ¢ which is a |M°|*-saturated, and which
contains M° and (b?)i<w. Consider a Morley sequence

(C'ilil);w--- ( )t<w l—q ® ®‘1®w|Ml
We have
(b/1 1),<w e (bl)l<w —MO([, ) (6?71);w U (Cil)i<w~

Now, let M? < € be |[M!|*-saturated such that M'(c});<,, € M? and let us choose
one more Morley sequence

(d;)L 1)z<m e ( i )t<w ': (] ® Y (] |M2

i<w

We see that

(e Dz " (D<o

(d/ 1)1<w - (diz)l<w 7M1( 1)

i<w
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and so
(di )y @), () (D) icw =pp0 (¢ )2y o7 (e)iny, () ice
=m0 (biH);w D (0))icor

Set (eiz)i<w = (diz)i<wa (eil)i<w = (cil)i<w and (e,(‘))i<w = (b,(‘))i<wo
Continuing this process we will obtain a sequence of models M? < M! <
-+ = M*! and Morley sequences (%)<, = q}%’ﬂ we, where a < 4. such that

Ma(e,q)Kw C M and

(e[.)'fl);w e (e?)i<w =M (bziil);w - (b?)Kw'

Since dom(n(x)) € M = M", we have also that 7(x) U {¢, ) (x:¢f) | @ < A} is
consistent and that {¢,,)(x:ef) | i < w} is inconsistent for each a < A. Therefore

all the conditions of Lemma 3.9 are satisfied for ((ef)i<w. M*)a<- 5

ExampLE 3.13. Let us provide an example of a situation when the rank of the
home sort is finite, but strictly bigger than 1. Let k£ be any natural number greater
than 1 and let p be equal to zero or to a prime number distinct from 2. Consider the
2-sorted theory T} of k-dimensional vector spaces over an algebraically closed field
of characteristic p, equipped with a non-degenerate symmetric bilinear form (see
[14, Chapter 10]). Let x and y be single vector variables, ¢(x,y) = (x L y A x #0),
and let ¢(y) be the generic type in the vector sort V (so ¢ is (-invariant). Put
0 = ((¢(x.»).q(»))). We will show that Do({x = x}) =k - 1.

Let (v;)i<w be a Morley sequence in ¢(y). Then in particular vy, ..., v, | are
linearly independent, which easily implies that A,_, ¢(x.v;) is inconsistent. Thus
Do({x = x}) < k — 1. For the other inequality, put M; = acl(ay. ai. .... ax_14;) for
i < k andnote thatb’ := vy, |= q|u, (asb’ | M;and b’ |= qlp). and each M; isan
elementary submodel by quantifier elimination. Also, the sequence (v, Vitit1s ... )
is Morley over M;, and it witnesses that ¢ (x, b’) Kim-divides over M; foreachi < k.
Finally, A\, , ; ¢(x.b") is consistent, as there is a non-zero vector orthogonal to
BY,....b""2. This shows that Do({x = x}) =k — .

ReMARK 3.14. Note that if 7 is an NSOP; theory (as we assume here) and
for some k < w, a formula ¢(x,y), M < €, some M-invariant ¢(y) € S(¢) and
some (b;)i<e E q%°|u. the set {p(x,b;) | i < w} is k-inconsistent but not (k — 1)-
inconsistent, then D<<M>)(x = x) = k — 1 (asin Example 3.13). To see this, consider
alinear order I being (k — 1)-many copies of w (one after another one) and (¢;);e;
q®"|yr and use Lemma 3.12. In other words, for z(x) := {x = x} the situation is
quite simple and either D((, ,))(n) = 0 or D((, ,))(n) = Cy 4 provided C,, < o.

LemMa 3.15. If n - 7’ then
DQ(?Z) < DQ(?Z/).

PrROOF. Assume that Dy(n) > 4 € N5, then by Lemma 3.12 there exist 7 € n”,
(b*)a<;icw. and M =< € such that:

1

(1) dom(n) C M,

(2) qo.....qu_1 are M-invariant,

(3) 7(x) U{@y() (x:b§) | @ < A} is consistent,
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(4) {@y(a)(x:b%) | i < w} is inconsistent for each o < 4.
(5)

(6720 " Bico E a7 1) © - @ gt -
Let N =< € contain M and dom(n’), and let
(/D2 (Dico E a7 @ @ 450 v
Then naturally dom(z’) C N and g;. ..., g, are N-invariant. Because
(bi! ine oo (B))icr = (C,'H);w (W) i<o

we have also that {p,(,)(x:¢f") | i < @} is inconsistent for each o < 4. and that
7(x) U{ @) (x:cf) | @ < A} is consistent. Moreover, 7 bz’ implies that 7'(x) U
{@y()(x:¢f) | & < 4} is consistent. Hence, Lemma 3.12 gives us Dp(n') > 4. -

LEmMA 3.16. DQ(nU{ \ y/j}) :r];1<21">1(DQ(nu{y/j}).

j<m

Proor. Because 7 U {y;} = U{\; y;} for each i < m, Lemma 3.15 gives us
that

m<axDQ(7z U{y,}) < DQ(?Z U { \/ 1//‘,'}).
IR j<m
Hence it is enough to show that

DQ<nU{ \/ wj}> >l = I}Earil(DQ(nU{q/j}) > A

Jj<m
Let Do(rn U{V/; ;}) = 2 ie. thereexists 57 € n* and (b*, M®),<; as in Definition
3.1, in particular,
e dom(zU{\/, j}) € MY,
e tU{V; ¥;} U{pya) (x:0%) | a < 1} is consistent.
Thus there is ip <m such that 7 U {w;} U{p,@u) (x:6*)|a <A} is consis-
tent. Because dom(z U {;,}) C dom(z U {\/; v;}) € M°. we have that Do(z U

{wi,}) > 4 and so also max; Do(n U {y;}) > 4. =
Let us recall that we are working in a theory 7" which is NSOP;.
LemMA 3.17. Assume that go(yo) = - = ¢u_1(yu1) = q(») (in Q).
(1) Let {np} lists all finite subsets of n. If for each 8 we have that Dgo(nz) > A < .
then Dg(m) > J.

(2) We can always find a finite g C 7 such that Dg(ny) = Do(n).

PrOOE. Because for each f we have Dy(ng) > 4. by Lemma 3.12, for each f
there exists a function 7 € n*, a sequence of sequences (blﬂ “
M?# < ¢ such that:

(1) dom(ry) € M,

(2) gis MP-invariant,

(3) mp(x) U {gonﬁ(a)(x; bg‘a) | @ < 1} is consistent,

)a<ii<w and a model
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4) {go,m(a)(x; bP*) | i < w} is inconsistent for each a < 4,
(5)

B Dy ™ B i< 457 @ - @ g%y
Let N < € be such that | J M# C N. Moreover, let us pick up the following Morley
B

sequences:
(i -7 ()ico E 450 @ @ ¢%|y.
and, without loss of generality, let {go,mm)(x;y) | Boa< A} = {po(x:p). .o or
(x:p)} for some r < n. We introduce w(x:;y) := \/ ¢:(x;»), and note that
i<r
7(x) U {p(xe§) | a < )

is consistent (otherwise, by compactness, 7g(x) U {w(x:cf) | o < A} is inconsis-
tent for some . which is impossible, since

—1\~ ~ _ =1\~ ~ 0
(Ci/ 1),~<(,)~~- (C?)Kw =MFP (b;[g )i<w"' (blﬁ )i<w

and 7g(x)U {Soq/f(a)(x:bg’a) |« < A} is consistent). Consider d = n(x) U
{w(x:c§) | @ < A}, then for each a < 4 there is in < r such that |= ¢, (d.c§).
Letn € n* be given by 57 : o > .

As we want to use Lemma 3.12 to show that DQ(n) > /, and we have already
defined 7. N < € and (¢f)a</.i<e. We need to verify whether all the five conditions
from Lemma 3.12 hold. Obviously, dom(n) C N and ¢ is N-invariant, so we have
the first and the second condition. The fifth condition is naturally satisfied by the
choice of (¢{*)q<.i<- The third condition says that 7(x) U {@,(,(x.c§) | @ < A} is
consistent, which is witnessed by element d. For the fourth condition, we need to note
that {¢,(,)(x.c) | i < w} is inconsistent for every o < 4. Because #7(a) < r. there

exist f and o’ < Asuch thaty(a) = n5(a’). We know that {cpnﬁ(a/)(x, bl_ﬁu’) li<w}

is inconsistent, that (bl.ﬁ‘“,)Kw E ¢®?|,s and that (¢%)i<o, = ¢®®|,,s. Thus also

{@y(a)(x.¢?) | i < w} is inconsistent. .

COROLLARY 3.18. Let qo(yo) = - = gua1(yp1) = q(y) (in Q) and let n(x) be a
partial type over A. Then there exists p(x) € S(A) extending n(x) such that Dy(p) =
DQ(R’).

Proof. The proof is completely standard, but let us sketch it anyway. Consider

7(x) == 7(x) U {~p(x) € L(4) | Do(r(x) U {w(x)}) < Do(r(x))}.

By Lemmas 3.15 and 3.16, the set 7 is a partial type over 4. Let p(x) € S(4) be
any extension of 7.

If Dy(p) < Do(n) then by Lemma 3.17 there exists a finite subset po(x) C p(x)
such that Dy(poy) < Dg(n). Let w(x) := A po(x) € L(A), we have that

Do(n(x) U{w(x)}) < Doly(x)) < Do(po(x)) < Do(n(x)).
Thus -y (x) € #(x) C p(x) and we got a contradiction with w(x) € p(x). -
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Let A = {¢1(x:p).....on(x: )} and 1 < k < w. Recall that there is a local rank
used in simple theories, denoted D( -, A, k) (cf. Chapter 3 in [4]). This local rank may
be used to characterize simplicity as: T is simple if and only if D({x = x}, {p}. k) <
w for all ¢ and k (e.g., Proposition 3.13 in [4]). As our rank is also local, we can
treat our rank as an analogon of the local rank D (-, A, k). Let us compare now the
both local ranks.

REMARK 3.19. For each O = ((¢o.q0). ..., (©u_1.¢,-1)) and any partial type 7,
there exists K < w such that for any k£ > K we have

Do(n) < D(x. (. ... on1}. ).

PrOOF. As T is NSOP;, there is some A < w such that Dy(n) = 1. Let # and
(b, M®),; be as in Definition 3.1. For each o < 4 there exists k, < @ such that
<p,7(a)(x; b*) ky-divides over M“. Set K := max{ky.....k; 1}. Then, by definition,
D(n, {40, ....pn1}. k) = 4, provided k > K. -

On the other hand, if 7 is NSOP; but not simple, then there must be a
formula ¢ and some ko < w such that D({x = x},{¢}. ko) > w. Thus for every
K < o there exists k > K (e.g., k = K + ko) such that D({x = x}.{p}.k) >
but. D, ) {x = x}) < w for any choice of ¢ € S(C). Therefore sharp inequality
in Remark 3.19 happens outside of the class of simple theories. One could ask about
equality under the assumption of simplicity. The following counterexample, which
1s even stable, leaves no doubt.

ExampLE 3.20. Let T be the theory of an equivalence relation E with infinitely
many classes all of which are infinite. It is well-known that 7 is w-stable of Morley
rank 2. Let ¢o(x, y) = E(x,y) and ¢;(x,y) = (x = y). Then it is easy to see that
for any k > 1 we have that D({x = x}, {@o(x, ). 01(x,y)}. k) = 2. Now, fix two
arbitrary invariant global types qo(x), ¢ (x) and put Q = {(v0.q0). (¢1.q1)}. We
claim that Dy({x = x}) < 1. Suppose for a contradiction that Dy({x = x}) > 2
witnessed by M M' b°. b' and #:2 — 2. The case where #(0) =1 can be
excluded immediately, so assume 7(0) = 0. Observe that |= E(h°, b!), as otherwise
©,0)(x.6°) A, 1)(x. b') would be inconsistent (note ¢;(x, y) - E(x.y) for i =
0.1). On the other hand. as b' = g, ;)| ,0,0. We have in particular that b' L0 b,
so E(h°, M) # (), which contradicts that ¢ (x. b°) divides over M.

3.2. Rank vs. Kim-independence. We know that Kim-generics do not exist in the
theory of infinite-dimensional vector spaces with a bilinear form (see Proposition
8.15 in [14]), which is NSOP;. Since in the case of simple theories, a notion of
finite local rank, which is compatible with forking and invariant under shifts by
elements of a definable group (so-called stratified local rank, see, e.g., Fact 3.7 in
[26]), would lead to the existence of forking generics (see Lemma 3.8 in [26]), we
probably should not expect that a notion of finite local rank in the case of NSOP;
theories will be compatible with Kim-forking and invariant under shifts by group
elements (otherwise one could try to prove existence of Kim-generics, which does
not always hold). Anyway, it seems that our notion of rank does not behave well
under shifts by elements of some definable group, so does not immediately exclude
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compatibility of the rank with Kim-forking. Here, we study this problem and relate
our results to an important question from [10].

Lemma 3.21. Let M < N < € and a € €. If Do(tp(a/M)) = Dy(tp(a/N)) for
each M-invariant Q such that |Q| = 1, thena | IA; N.

PROOF. Assume that a j/ﬁ N, which means that tp(a/N) Kim-divides over
M. Let p(x.b) € tp(a/N) Kim-divide over M. There exists an M-invariant
q(y) € S(€) extending tp(h/M) such that ¢(x,b) g-divides over M. We set
0 = ((¢(x:).4(»))). By Lemma 3.15 and Corollary 3.11, it follows that

Do(tp(a/N)) < Dol(tpa/M) U {p(x:b)}) =: 1 < w.
Therefore there exists a sequence (b%, M *),; such that:
(1) Mb C M°,

)
) M < &and M**!is | M*|*-saturated for each a < 4.
) b*M* C Mt foreacha + 1 < A,
) b% = g|pe for each a < A,

) tpla/M) U {p(x:b)} U {p(x:b%) | a < i} is consistent,

) @(x:b%) Kim-divides over M“ for each o < /.

By Lemma 3.12, we can modify M and so assume that M is | M |*-saturated, which
we do. We set M ! := M and b! := b. Checking that (b*, M®) <n<; witnesses
that Dy (tp(a/M)) > A+ 1 is routine (note that, as 1 < w, (b%, M®) j<a<, can be
naturally indexed by the elements of 4 + 1). o

LemMA 3.22. Let T be NSOP; with existence. Assume thata € €, M < N <X €,
N is |M|*-saturated. q(y) € S(€) is M-invariant, and that " |y is stationary for
anyn < w. Let Q = ((p(x:¥).q4())). If a L, N then Do(a/M) = Do(a/N).

ProoF. Let Dg(a/M)=:/ < w, it means by Lemma 3.9 that there exists
((bf)icer» M®) , _, such that:

(1) M C M
(2) gis M O_invariant (which comes for free as q is M-invariantand M C M 0),
(3) Me < ¢foralla < 4, (M%),; is continuous, and M**! is | M “|*-saturated

foralla +1 < 4,

(4) b2 ,M*> C M foralla+ 1 < A,
(5) b2, E q®°|yo foralla < 4,
(6) tpla/M) U {p(x:b%) | a < A} is consistent,
(7) {e(x:b%) | i < w} is inconsistent for all a < A.
Step 1. Let d =tpla/M) U {o(x:by) | a < i} and let N <€ be such that
aN =), dN". By the existence axiom for forking independence, there exists N/ =4
N such that

M<*bZh | N’
Md

Because a | N. we have that d | | N" and then also that d |, N'. As
N' is |M|t-saturated, Proposition 5.4 from [4] assures us that d | N’ and
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M<*bZ), |, N’ combineintodM<*bZ/, |  ~N'.Thenmonotonicity of | gives
us b=h | u N

Step 2. Because aN =3 dN" =p; dN' and ¢(y) is M-invariant, we have that
Dg(a/N) = Dg(d/N’). so it is enough to show that Dy(d/N’) > A. Note that
tp(d/N’) U {e(x:b§) | & < A} is consistent.

Step 3. Note that

bzi) = (bz(}l)izw " (b?)i<w ': q®w @ ® q®w|M
Since b4

S L, N’ and the type ¢®° @ -- ® ¢¥“[) (A-many repetitions) is station-
ary, we have that also

bl = (bF N, (BDicw E 4% @ @ %y
Step 4. Now, Lemma 3.12 gives us easily Dy(d/N’) > A. -

DErFINITION 3.23. Consider p(x) € S(A4). We call p(x) Kim-stationary if for each
B DO A there is a unique Kim-nonforking extension of p over B.

Repeating the proof of [4, Lemma 11.6] we get:

Fact 3.24. (Arbitrary T) Let | ™ be any invariant ternary relation satisfying
symmetry [over models] and extension [over models]. Then for any parameter set [any
modell M and a. b, if tp(ab/M) is | *-stationary then tp(a/M) is | *-stationary.

PrOOF. Let N = M and let a’ =) a’’ = a be such that a’ \LLN and
a” \L*M N. By extension, symmetry, and invariance, there are ', 5" such that
a'b’ =y a"b" =y ab. a’b’ | N and @”b” |7 N. Then by | “-stationarity
of tp(ab/M ) we have that a’b’ =y a”’b"”, so in particular a’ =y a”. 4

REMARK 3.25. Let p(x) be a complete type over M C € with x possibly infinite.

(1) Let T be simple. then p(x) is stationary if and only if p|,, is stationary for
every finite subtuple x, of x.

(2) (T being NSOP;) Let M = €. We have that p(x) Kim-stationary if and only
if p|,, is Kim-stationary for every finite subtuple xq of x.

PrOOF. We start with the proof of (1). The implication from left to right follows
from Fact 3.24. Assume p/|,, is stationary for every finite subtuple xo of x and let
qo. q1 be global non-forking extensions of p. Then for every finite subtuple x, of x
we have that gy|,, and ¢1|, are non-forking extensions of p|, . so by stationarity of
D|x, they are equal. hence go = ¢; and p is stationary.

The argument for Kim-stationarity is exactly the same. -

LeEMMA 3.26. Let A C €. let (I, <) be an infinite linear ordering without a maximal
element, and let q(y) € S(€) be an A-invariant type.

(1) Let T be simple. If q| 4 is stationary then also ¢®°| 4 is stationary.

(2) (Any T) If g®@| 4 is stationary then q®'| 4 is stationary.

(3) (Any T) If ¢®°| 4 is Kim-stationary then q*'| 4 is Kim-stationary.

PrROOF. We start with the proof of (1). By Remark 3.25, it is enough to show that
for each n < w, the type ¢®"|4 is stationary. This can be shown inductively by the
use of the following claim: -
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Cramm. If p(x) € S(€) is A-invariant, such that p|4 is stationary, then q ® p| is
stationary.

PROOF OF THE CLAIM. Let B D 4. let ab |= ¢ ® p|,4 be such that ab | B. and

let a’b’ |= q @ plp. Our goal is ab |=q ® p|p. As ab | B. we have b |  B.
Since b’ |= p|p and p is A-invariant, also b” | B. Stationarity of p|, implies that
there exists /' € Aut(€/B) such that f(b) = b’, thus b |= p|p. Because a = ¢|4p.
we have that f(a) = ¢l . Since ¢ is A-invariant, we obtain that f(a) L0
On the other hand, ab | 4 B changes via f into f(a)b’ | 4 B, then symmetry,
base monotonicity, normality and monotonicity of | give us f(a) | . Bb
By transitivity of | . f(a) [ , 5" and f(a) | ,,, Bb' imply that f(a) | A Bb'
which by the fact that a’ = ¢|gy (soa” | Bb’) and by stationarity of ¢|4 implies
fla) =gy a’. As f(a) = q|gy. we have that a = ¢|py. thus ab |= ¢ ® p|p and we
end the proof of the claim.
_ Now. we are moving to the proof of (2). Assume that @ = (a;);e; = ¢®'|4 and
b = (bi)ier = q®'|4 are such that a L Bandb |  Bforsome B D A. Weneed
to show that tp(@/B) = tp(b/B). which holds if and only if for each n < w and
eachiy.....i, € I.suchthati; < - < i,, wehavetp(a,, ... a;, /B) = tp(b;, ... b;, / B).
Consider such iy, ..., i, € I and choose any infinite sequence Iy C [ starting with
(i1. ... 1,) which has the order type of (w. <). Let a;, := (a;)ics, and by, := (b;)ic,-
Then ay, = q®°|a. by, = q®“|4. Monotonicity of | gives us that a; | B
and by, | p B. As ¢®®|4 is stationary we have that ar, =g by,. so in particular
tp(dl’n ail /B) = tp(bin "'bil /B)

The proof of (3) is similar to the proof of (2). as the only property of | used

was monotonicity, which also holds for | *. —1

DEFINITION 3.27. Let A C € and let ¢(y) € S(€) be A-invariant.

(1) We call |, strongly stationary if the type ¢®®| 4 is stationary.

(2) We call ¢|4 strongly Kim-stationary if the type ¢©*| 4 is Kim-stationary.

REMARK 3.28. Let 4 C € and let g(y) € S(€) be A-invariant, and let (I, <) be
an infinite linear ordering without a maximal element.

(1) If the type ¢| is strongly stationary then ¢®7| 4 is stationary.

(2) If in addition T is simple, then the type ¢| 4 is strongly stationary if and only
if g 4 is stationary.

(3) If the type ¢| is strongly Kim-stationary then ¢®/| 4 is Kim-stationary.

(4) If in addition 4 C M =< €, the type ¢®“|) is Kim-stationary if and only if
for each finite subtuple X of (x;)i<w. the type (¢%“| ) . is Kim-stationary.

QUESTION 3.29. Let M = € and let ¢q(y) € S(€) be M-invariant such that q|y is
Kim-stationary. Is the type q®®|y Kim-stationary?

COROLLARY 3.30. Let T be NSOP; with existence. Assume thata € €, M < N <
¢, that q(y) € S(€) is M-invariant and let Q = ((p(x:).q(»))).

(1) Assume that N is | M |*-saturated and q|y is strongly stationary, then
a ] N = Dg(a/M) = Dg(a/N).
M
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(2) Assume that T is simple and q|y is stationary, then

a | N = Do(a/M) = Dg(a/N).
M
(3) If q|a is strongly Kim-stationary, then
K
a | N = Dg(a/M) = Dg(a/N).
M

Proor. (1) is exactly the content of Lemma 3.22. For (2), we use Lemma 3.26
and repeat the proof of Lemma 3.22, where in Step 1, instead of the saturation
assumption we use transitivity, which naturally holds in simple theories.

(3) also uses a modification of the proof of Lemma 3.22. More precisely, in Step 1,
we use that | implies | K and that transitivity (over arbitrary sets) holds in NSOP;

with existence. We obtain dM <*b</, \Llﬁf{ N’ and then bZ \LI;[ N'. Then, Step 3

follows by the definition of strong Kim-stationarity. The rest (Step 2 and Step 4)
remains the same. -

It is worth comparing (2) and (3) in the above corollary with Theorem 4.7(2)
from [10]. We are aware that we introduced a different notion of rank, but because
of that, we were able to drop the assumption on simplicity from [10, Theorem 4.7(2)]
at the cost of assuming strong stationarity of the type ¢ and so to provide partial
answer to the counterpart to Question 4.9 from [10] for our notion of rank.

In Example 4.1, we will observe that the stationarity assumption in Lemma 3.22
cannot be removed. Moreover, in Proposition 4.2, we will see that in the case of
vector spaces with a bilinear form, being strongly Kim-stationary is equivalent to
being Kim-stationary.

§4. Forking in T.. In this section we describe forking in the theory 7T of
vector spaces with a generic bilinear form, answering in particular a question about
equivalence of dividing and dividing finitely stated in the first paragraph of Section
12.5 in [18]. Before that let us recall the basic definitions and provide some facts
related to the previous sections.

Let T, be the theory of two-sorted vector spaces over an algebraically closed field
of a fixed characteristic p different from 2 (we allow p = 0), with a sort V for vectors
and a sort K for scalars, equipped with a non-degenerate symmetric (or alternating)
bilinear form, as studied in [18]. Then T is NSOP; by [11, Corollary 6.1] and it
has existence by [14, Proposition 8.1]. Fix a monster model ¢ = (V' (¢), K(¢)) of
Too.If A C €= T. put (4) := Ling(¢)(V(4)) and let Ax := 4N K(<). By [14.
Corollary 8.13], for any sets 4, B, C we have that 4 \Llé B if and only if:

e (AC)N(BC) = (C) and

e dcl(4C)g chf(@)K dcl(BC)g.

where dcl(x)x means (dcl(*))g (for an algebraic description of dcl(*). see [18,
Proposition 9.5.1]). For a discussion about forking and dividing in T, see [18,
Section 12.3] and the rest of this section below. In all the proofs in this section we
will assume the bilinear form is symmetric; the arguments in the alternating case are
analogous.
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ExampLE 4.1. Let M | T and let gy be the unique global \Lr-generic (in
the sense of [18, Definition 12.2.1]) type in V. Let v |= qo|pr and let N = M be
a model containing v. Then ¢y (x) U{x L v} does not Kim-fork over M so it

has a realisation w with w \Lfl N. Let ¢(x, y) express that x € (y)\ {0} with
x and y being single vector variables, and Q = ((¢(x, ). qo(»))). We claim that
Do(w/N) =0and Dgo(w/M) > 1, which shows that the stationarity assumption in
Lemma 3.22 cannot be removed. Indeed. note that if N < Ny and b = ¢o|y, then b
is not orthogonal to v. so tp(w/N) U ¢(x. b) is inconsistent, hence Dy (w/N) = 0.
On the other hand, tp(w/M) U ¢(x,b) is consistent and ¢(x,b) go-forks over N
(as the sets (b;) \ {0} are pairwise disjoint for a Morley sequence (b;);, in o over
No. since such a sequence is linearly independent). Thus Dg(w/M) > 1 (and it is
actually easy to see that Do(w/M) = 1).

PROPOSITION 4.2. Let p(x) = tp(a/M) be a complete type over M = To,. Then
p(x) is Kim-stationary iff a € K(€) U (V(M)). Hence p(x) is Kim-stationary if and
only if it is strongly Kim-stationary.

Proor. By Remark 3.25, we may assume x is a finite tuple of variables. Assume
the right-hand side first. Then by compactness p(x) - x C VU K(€) for some
finite-dimensional subspace Vo < V(€). As Vo U K(€) is stably embedded in ¢
and definable over M in the pure field K, we can view p(x) as a complete type
over Vo(M)U K (M) in the finite Morley rank structure Vo U K (€). Hence Kim-
stationarity of p(x) follows as in VU K(€) Kim-independence coincides with
forking independence and Vo(M) UK (M) < Vo U K(€).

Now assume that p(x) is stationary and let p’(x() be its restriction to a single
vector variable xg. By Fact 3.24, p’(x¢) is Kim-stationary. Let ay = p’(xo) be the
coordinate of « corresponding to xy. Suppose for a contradiction that ay ¢ (M ). Let
v € V(€) be orthogonal to M with [v,v] =1 and let N = M be such that v € N.
Then it is routine to check that p’(xg) U {[xo,v] = 0} does not Kim-fork over M,
so it extends to a complete type s(xg) over N which does not Kim-fork over M. Let
r(xo) be the unique I'-independent extension of p’(xo) over N. Then r(xq) and s(xg)
are two distinct Kim-independent extensions of p’(xq) over N, which contradicts
Kim-stationarity of p’(xy). =

For m < w, T,, denotes the theory of m-dimensional vector spaces over an
algebraically closed field of characteristic p equipped with a non-degenerate
symmetric bilinear form. The following are Definitions 12.3.8 and 12.3.11 in [18].
For the definition of dividing uniformly (which we will not use directly), see [18,
Definition 12.3.4].

DEFINITION 4.3. Let ¢(x, b) be a formula and let 4 be a countable set.

(1) ¢(x.b) divides finitely over A if there is an A-indiscernible sequence (b;);<c,
of realisations of tp(h/A4) such that {¢(x:b;) :i < w} is inconsistent and
{b; : i < w} is contained in some finite-dimensional substructure N C €.

(2) ¢(x:b) TMS-divides over 4, if there is a -Morley sequence (b; )., intp(b/A)
(ie.a | "-independent A-indiscernible sequence or realisations of tp(h/A))
such that the set {¢(x:b;) : i < w} is inconsistent.
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For the definition of | "' see[18. Definition 12.2.1]. As L U implies L K (see [20.
Proposition 9.38(1)]). every I'-Morley sequence is a Kim-Morley sequence. Hence,
as Kim-dividing is witnessed by any Kim-Morley sequence (see [10. Theorem 3.8]),
it follows that T'MS-dividing is the same as Kim-dividing in 7.

By o* = {i* : i < w} we will denote a copy of @ with the reversed order.

PRrOPOSITION 4.4. Let A be a countable set of parameters and ¢(x.b) a formula
which divides over A. Then o (x. b) divides finitely over A (so it divides uniformly over
A by [18, Lemma 12.3.9]).

Moreover, if k is such that p(x,b) k-divides over A, then there is an A-indiscernible
sequence witnessing this contained in a model of Ty (),

PrOOF. Let k be such that ¢ (x, b) k-divides over A. By compactness we can find
an A-indiscernible sequence (b;)i<p~e+ With bgx = b such that the set {p(x,b;) :
i <~ w*} is k-inconsistent. Note that for any i the type 1p(bi /Ab<,b(<;)«) is
finitely satisfiable in b, hence in particular, putting C := Ab_,, we get that the
sequence I := (b;«);<., is Morley over C. Hence ¢ (x,b) Kim-divides over C, so
(by Kim’s lemma), it TMS-divides over C. Thus, by [18, Lemma 12.3.12], (x,b)
divides finitely over C so, as A C C. it divides finitely over A.

Moreover, the proof [18, Lemma 12.3.12] gives that a C-indiscernible sequence
witnessing k-dividing of ¢ (x. b) over C can be found in an R-dimensional subspace
of V(€) provided that there is a model Ng |= T containing k elements of a I'-
Morley sequence witnessing TMS-dividing of ¢(x, ») over C. But such k elements
contain at most k| (b)| vectors, so there is a model of Ty () containing all of
them (see, e.g., [14, Fact 3.2]). This gives the ‘moreover’ clause. -

By [18, Remark 12.3.14] we conclude:

COROLLARY 4.5. In T, forking and dividing coincide: for any small set A and any
Sformula o(x, b) we have that ¢(x.b) forks over A if and only if ¢(x. b) divides over A.

Next, we will describe dividing of formulae in 7, in terms of dividing in the
w-stable theories T, (which are interpretable in ACF).

By quantifier elimination in T, (see [14, Fact 2.8], [18, 9.2.3]), we may (and will)
restrict ourselves to considering only quantifier-free formulae.

Fact 4.6. Let M |=T,, (with M C € |= T.,) and let ¢(x.a) be a (quantifier-
free) formula with a C M. Then if ¢(x, a) is consistent in To, and m > 2(|V (x)| +
|V (a)]), then ¢(x. a) is consistent in M.

PROOF. Suppose € = ¢(b, a) for some b C €. Then, as m > 2|V (ab)|, there is
a model N = T, containing ba (see [14, Fact 3.2]). As ¢(x, a) is quantifier-free,
we have N = ¢(b, ). By quantifier elimination in 7, we conclude that ¢(x, a) is
consistent in M. -

PRrOPOSITION4.7. Suppose A C €, |Ay| < w. ¢(x, b) is a (quantifier-free) formula,
and k < w. Let M C € be a model of T,, with m > 2k|V (b)| containing A and b.
Then ¢(x., b) k-divides over A in T if and only if it k-divides over A in M.

PrOOF. Suppose first that ¢ (x, b) k-divides over 4 in T,,. By Proposition 4.4,
we can find a sequence (b;);,, contained in a model N = T, witnessing this. Then,
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as {op(x,b;) : i < w}isk-inconsistent in T, it is k-inconsistent in N as well. Hence,
by quantifier elimination in 7T}, ¢ (x. b) k-divides in M.

Conversely, suppose ¢(x,b) k-divides in M, and consider arbitrary / <  and
a finite subset py C qftp(b/A4). Then there is a sequence (b;);<; of tuples in M
such that for any iy < -+ < ix we have that )\ ;_, ¢(x.b;;) is inconsistent in M and
b; = po for every i < [. Then, as b;; ... b;_, contains at most k| V (b)| vectors and
m > 2k|V (b)|. we get by Fact 4.6 that /\;_; ¢(x,b;;) is inconsistent in T as well.
So, by compactness, ¢(x, b) k-divides in To. =

§5. Further examples. In this section, we collect more examples of NSOP,
theories with existence. In each of them, there exist at least three related notions
of independence: | . | *and | ®7 (recall that | * denotes Kim-independence
with respect to definition (B) of Kim-dividing). We would like to better understand
what are the relations between these three notions of independence. Obviously:

L = L% = ™ Thefirstnatural question is: when | * and | ** coincide?

REMARK 5.1. Let T be NSOP; with existence. Then | X = | *if and only if
forevery C and every p(x) € S(C) we have that p(x) extends to a global C-invariant
type. The implication “=-" holds for arbitrary 7.

PROOF. “«<": We only need to show that a J/ng B=a \LIC{ B for arbitrary
a, B, C. By assumption tp(B/C) extends to a global C-invariant type r(x). If
a | Iéq then there is an aC-indiscernible Morley sequence in r(x) over C starting
with B. As I isin particular | -Morley over C, by Kim’s lemma we get thata | Ié B.

“=": Suppose there exist B and C such that tp(B/C) does not extend to a global
C-invariant type. Then for any D we have that tp(BD/C) does not extend to a

global C-invariant type, so, vacuously, E | Ié"q BD for any D, E. But we can choose
(assuming 7 has infinite models) D and E such that E C acl(D) \ acl(C), in which
case E J/[c( BD. hence | X does not imply | ¥ in T. -

REMARK 5.2.

(1) Note in particular that if there exists C with acl(C) # dcl(C) then for any
¢ € acl(C) \ dcl(C) the type tp(c/C) does not extend to a global C-invariant
type.so | X # .

(2) By exactly the same argument as above, if T is NSOP; with existence, then
| % coincides with | * over algebraically closed sets if and only if for any
algebraically closed C any p(x) € S(C) we have that p(x) extends to a global
C-invariant type. In particular, if 7 = 77 is stable then | K4 coincides with

L% = | over algebraically closed sets.

EXAMPLE 5.3. We are working in T,. As there are sets C with dcl(C) # acl(C)
(for example, in the sort K (€), on which the induced structure is just that of a pure
algebraically closed field), we have that | K # | K4 in Too. We expect that | K=
J/K‘q over algebraically closed sets which however relies on Question 5.4 below:
by the proof of [14, Proposition 8.1], any complete type over a finite set C extends
to a global type p(x) which is invariant over acl/(C). By compactness, the same
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is true for arbitrary C, as the existence of a global acl®?(C)-invariant extension of
p(x)isequivalent to consistency of the type p(x) U {¢(x.d) +> p(x.d’) : p(x.y) €
L.d.d" €€ d =,4q(c)d'}. So. if dcl®(acl(C)) = acl®?(C) then p(x) extends to
a global acl(C) -invariant type in Tsd, which restricts to a global acl(C )-invariant
type in 7.

QUESTION 5.4. Isit true in To, that for any set C we have dcl® (acl(C)) = acl®?(C)?

ExaMPLE 5.5. Assume that T is the theory of w-free PAC fields, let F'* be a
monster model of 7 and let F := (F*)*P (so F is a model of SCF and in this
example, if we refer to SCF, we actually refer to Th(F)). Assume that 4 = acl(A4),
B = acl(B)., C = acl(C) (by [7]. we know that acl(*) is obtained by closing under
/-functions and then taking the field-theoretic algebraic closure) and C C AN B.
By [6]. we have 4 | . B if and only if:

o4 | SéCF B (forking independence in SCF) and

e acl(AB) N (ABy)*PB%*P = acl(A4By)B for each By = acl(By) C B.
Let A’ be a small subset of F* and let B = acl(B). By the general properties
of forking independence (e.g., Remark 5.3 in [4]). A" | » B holds if and only if
4 | » B. where 4 := acl(A’'B). By the above description of forking independence

in the theory of w-free PAC fields, we have 4" | , B (and so also 4’ J/'; B and

A | I;"’ B). So we see that the existence axiom for forking independence holds over
algebraically closed sets. Actually, the existence axiom for forking independence
holds over arbitrary sets (cf. Remarks 2.15 and 2.16 in [15]).

Let us recall what is | * and | *7 in the case of w-free PAC fields. Up to the

best of our knowledge. there is no description of | * or | % over arbitrary sets,
so we need to pick a model F < F*. Assume that 4 = acl(4) and B = acl(B),
and F C AN B. Then, 4 Jj; B if and only if 4 J/IF“’ B (as both notions of Kim-

dividing coincide over models in NSOP; ), if and only if:
e A \LiCF B and
* SG(4) L §g0r)SG(B).

where (2) is considered in the so-called sorted system, which is a first-order structure
build from all the quotients by open normal subgroups of the absolute Galois group
(see, e.g., [5. 8. 19]). In fact, as the absolute Galois group is the free profinite group
on w-many generators, this sorted system is stable (by [5]) and hence the second dot
above can be replaced by “SG(A4) \J/SQ(F) SG(B)”, i.e., the forking independence

relation, which is described in Proposition 4.1 in [5].

ExaMPLE 5.6. Let T be the theory ACFG, exposed in [13]. More precisely, fix
some prime number p > 0 and let L be the language of rings extended by a symbol
for a unary predicate G. Models of the Lg-theory ACF are algebraically closed
fields of characteristic p with an additive subgroup under the predicate G. Now,
the Lg-theory ACFG is the model companion of ACFg; let (K, G) be its monster
model. For 4 C K, let 4 denote the field-theoretic algebraic closure of 4 in K. Take
A, B, C C K and recall that the weak independence relation, A J/Té B, is given as
follows:
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o A4 \L/éCF B and

e G(AC + BC) = G(AC) + G(BC),
where | ACE denotes the forking independence relation in ACF. By Corollary 3.16
from [13]. we have that | is | “ after forcing base monotonicity:

Al B << (VDCCB)(4 | BC).
cD
Therefore ACFG, which is a NSOP; theory, enjoys the existence axiom for forking
independence. In a private communication with Christian d’Elbée, it was suggested
to us to use Corollary 1.7 from [13] and Theorem 2.12, to show that | “ coincides
with J/K over algebraically closed sets. As the proof is standard, we omit it here.

Therefore \LK coincides with | “ over algebraically closed subsets and \LK"]
coincides with | “ over models. In ACFG, there exist sets C such that dcl(C) #

acl(C).thus | * # | ®in general (by Remark 5.2). One could ask whether | ©
and | K4 coincide over algebraically closed sets (similarly as in Ts.)?

ExamPLE 5.7. In [12], another example of an NSOP; theory with existence was
studied. More precisely, 7,,, denotes the theory of existentially closed incidence
structures omitting the complete incidence structure K, ,. In other words, Ty, is
the theory of a generic K, ,-free bipartite graph. Theorem 4.11 from [12] gives
us that 7}, ,, is NSOP; and Corollary 4.24 from [12] implies that 7, , satisfies the
existence axiom for forking independence. Actually, the aforementioned corollary
gives us also a nice description of forking independence, thus let us evoke it: for any
A,B,C C € = T,,, we have

A1 B > A|B <= (vDCad(BC).CCD)4 | B)
C C D

and | "is a ternary relation coinciding with L K4 over models. Thus, again, forking
independence is induced by forcing base monotonicity on a ternary relation related

to | *4.
The above examples motivate asking the following question:

QUESTION 5.8. Assume that T is NSOP, with existence. Is it true that | is | ©
after forcing base monotonicity, i.e.,

Al B < (VYD Cacl(BC). CCD)(A\LB)
c D

We know that in a Ky theory T (not necessarily an NSOP; theory), for each a and
A it holds thata | ) 7 A'. Assuming that Question 5.8 has an affirmative answer

and assuming that \L coincide with \|/ over algebraically closed sets, we would
obtain the forking existence axiom over algebraically closed sets.

'We proved this fact under assumption of NSOP; with the use of our rank, but after a talk on the
topic, Itay Kaplan, in a private communication, shared with us a simpler proof of this fact, which does
not need the NSOP; assumption.
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§6. Beyond NSOP;. Now. let us consider arbitrary theory T (not necessarily
NSOP;). Instead of Definition 3.1, one could define the rank by the conditions
from Lemma 3.12. Such a rank would be always finite (indeed, by the consistency
condition and pigeonhole principle applied to #, rank of any type = would be
bounded by ), en() Corar < ) and satisfy the standard properties (Lemmas 3.15—
3.17 and Corollary 3.18). This is some strategy, however it seems that we require
too much here. Thus, let us derive yet another notion of rank and show its finiteness
in an important class of theories. The new rank is a slight modification of Q-rank
and, as we will see in a moment, the new rank coincides with the Q-rank in NSOP;
theories.

6.1. Refining notions. We start with introducing a refined notion of an invariant
type and a notion of a surrogate of a global type. These notions are used in Definition
6.11 and came out from studying examples similar to the one in Section 6.3.

DEFINITION 6.1. Let A, B be small subsets of ¢ and let C C €. A type ¢(y) €
S(C) is B/A-invariant if f(q) = ¢ for every f € Aut(€/A) such that f(B) = B.
(Note that this implies C is invariant under all such f.)

REMARK 6.2. Let A C B be small subsets of €, let C C €, and let ¢(y) € S(C).
We have: ¢ is A-invariant = ¢ is B/A-invariant = ¢ is B-invariant.

DEFINITION 6.3. A type ¢(y) is a semi-global type over A if there exists n(y) €
S(A) such that ¢g(y) € S(4 U =(¢)) and = C gq.

DEFINITION 6.4 (Morley in semi-global type). Let ¢ be an A-invariant semi-global
type over 4 and let (1, <) be a linearly ordered set. By a Morley sequence in q over A
(of order type I) we understand a sequence b; = (b;)ic; such that b; |= |4,

REMARK 6.5. Assumethat 4 C B aresmall subsets of €, and gisan B/A-invariant

semi-global type over B and (1, <) is a linearly ordered set.

(1) For each f € Aut(€/A4) with f(B) = B, we have f(q) = ¢ € S(B U rn(¢))
for some 7(y) € S(B). More precisely. f(n) = n € S(B) (Bis fixed setwise).
so (B U n(€)) = B U =(¢), and so we do not need to add new parameters
to the domain of ¢ (to satisfy B/A-invariance of ¢) and being a B/A-invariant
semi-global type over B is well-defined.

(2) If by = (b;)ier and ¢; = (c;);es are Morley sequences in g over B, then b; =3
¢r. Thus we see that b; and ¢; realize a common type over B, which we denote
q®"|p. Moreover, b; is B-indiscernible and b; J/‘; b.; foralli € I.

LeMMA 6.6. Suppose q is a B/A-invariant semi-global type over B and c¢; =
(¢i)ier = q®!|p for some linearly ordered set I. Let f € Aut(€/A) with f(B) = B
and let b be an enumeration of B. Then be; = f(b)cy.

PrROOF. By compactness, we may assume that I = {ij, ..., i,} is finite. Assume
by induction that bc; ...c, | = f(b)c ... cp1. Pick f € Aut(€) sending bc; ... ¢,
to f(b)cy ...cp 1. Then, as f(q) = q by B/A-invariance, we have

J;(Cn) = f(tp(cn/bcl e Cp1)) = f(q)|f'(b)f(c1)...f(

which shows that 7 (b)c; ...cn = f(b)ey ...cn1 fcn) = f(bey...cn) = by ...cn.

) = q|bc1...cn,1 = tp(CVl/bcl Cnfl)

Cn
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LEMMA 6.7. Assume that q and v are A-invariant semi-global types over A,

tp(b/A) = r|4 = qla. If for aformula o(x,b) thereisb, = q®¢|4and c,, = r®°|4
such that {o(x.b;) | i < w} is consistent and {p(x,¢;) | i < w} is inconsistent, then

T has SOP;.

PrOOF. Astp(b/A) =r|4 = q|4. we have that ¢.r € S(4 U tp(b/A4)(€)) and we
can repeat the proof of Proposition 3.15 from [20]. .

COROLLARY 6.8. If T is NSOP; then we have Kim’s lemma for semi-global type
dividing: for any small set A C €, any formula p(x, b)., if there is an A-invariant semi-
global type ¢ O tp(b/A) over A and a sequence b, |= q®®| 4 such that {p(x.b;) | i <
w} is inconsistent, then {¢(x.c;) | i < w} is inconsistent for any A-invariant semi-
global type r D tp(b/A) over A and any sequence c<,, = r®®| 4.

PROPOSITION 6.9. The following are equivalent for the complete theory T

(1) Tis NSOP,.

(2) (Kim’s lemma for semi-global types dividing) For any small M =< €, any formula
o(x,b), if there is an M-invariant semi-global type q 2 tp(b/M ) over M and
a sequence b, = q®”|y such that {o(x.b;) | i < w} is inconsistent, then
{p(x.c;) | i < w} is inconsistent for any M-invariant semi-global type r 2
tp(b/M ) over M and any sequence c<,, = %% |-

(3) (Kim’s lemma for Kim-dividing) For any small M < €, any formula ¢(x.b).
if there is an M-invariant global type q O tp(b/M) and a sequence b, =
q®?|pr such that {p(x.b;) | i < w} is inconsistent, then {p(x,¢;) | i < w} is
inconsistent for any M-invariant global type r 2 tp(b/M ) and any sequence
Ccor B T80,

Proor. (1)=-(2) follows by Corollary 6.8. If ¢ and r are M-invariant global
types extending tp(h/M) then ¢|p and r|p. where B := M U tp(b/M)(€), are M-
invariant semi-global types over M and thus (3) is implied by (2). Finally, (3)=(1)
is contained in Theorem 3.16 from [20]. o

REMARK 6.10. Say that we are interested in the notion of Kim-dividing (over 4)
of a formula ¢ (x, b). As it was earlier pointed out, the main issue with the definition
of Kim-dividing from [20] is that there might be not enough many A-invariant
global extensions of tp(b/A) to witness Kim-dividing. Perhaps there are situations,
where it is easier to find an A4-invariant semi-global extension (over A) of tp(b/A)
and so working with semi-global types (instead of global types) in the definition of
Kim-dividing from [20] might give better results.

6.2. Modifying rank. Again, let
0 = ((po(x:30).q0(30)). - (@u1 (%1 Y1) Gu1(¥n1)),
where ¢y, ..., v, 1 € Land qo, ..., g, 1 are global types.
DEFINITION 6.11. We define a local rank, called Q-rank.,

Do(-) : {sets of formulae} — Ord U{co}.

For any set of £-formulae 7(x) we have Dy(n(x)) > / if and only if there exist
n € n* and (bg. M“)ad, where b2 = (b%);cz. such that:
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(1) dom(n(x)) € M.
(2) qo.....qn1 are M -invariant,
(3) M* < ¢ for each o < 4, (M%),; is increasing and continuous, and each
M+ is |M©|*-saturated and strongly | M ®|*-homogeneous,
4) bgM* C M foreach a + 1 < 4.
) b = Gy (o)l are for each oo < 4.
) ( YU {Son(a (x:b8) | a < A} is consistent,
7) for each o < A there exists an M /M 0-1nvar1ant semi-global type 7, ( Vn(a )
over M® such that b3 |= r&%|ye and {¢, () (x:b%) | i € Z} is inconsistent.

(
(5
(6
(

If Do(n) >/ for each 1 € Ord, then we set Dy(n) = co. Otherwise Dy(r) is the
maximal A € Ord such that Dy (n) > /.

PROPOSITION 6.12. If T is NSOP; then Dy = Dy.

PrOOF. If Dy() > / then there exist # € n* and (b%, M¥),<; as in Definition
3.1. By Remark 3.2, we may assume that each M *!is | M“|*-saturated and strongly
|M*|"-homogeneous. Then, as in Lemma 3.9, we may assume that each r, € S(€)
from the condition (7) of Definition 3.1 is equal to dy(a) and that we have b2, C

M+ satisfying q®“’ |me and such that {¢,,)(x.b%) | i < @} is inconsistent. By
saturation of M “*1 . we can extend each b2, to b3 = q®Z |sro contained in M+
such that {¢, (,)(x.b%*) | i € Z} isinconsistent. Finally. g,,(, |B” where B® := M U
Qy(a)| e (€),isan M @ /M -invariant semi-global type over M*. Therefore we fulfill
all the conditions of Definition 6.11 and we see that DQ(n) > A

Now, assume that Dy(n) > i. There exists # € n* and (bg = (b®)icz. Ma)ad
as in Definition 6.11. All the first six conditions from Definition 3.1 are naturally
satisfied by . M“, and b%,. where a < A. To see that also the condition (7) of

<’
Definition 3.1 is satrsﬁed we argue as follows. Let a < 4. let ¢2, = q | me be

contained in M**! and such that ¢§ = b§. We know that ¢, ,) is M° 1nvar1ant,
so in particular also M “-invariant. Moreover as qy(q)|pa. where B := M U

(@) ue(€), is an M“-invariant semi-global type over M @, and there exists an
M @ /M O-invariant semi-global type ro(y,(s)) over M® such that by |= r$%|ye and
we have that {, ) (x:b) | i € Z} isinconsistent (by the condition (7) of Definition
6.11). Corollary 6.8 implies that {,(,)(x:¢?) | i € Z} is inconsistent. =

COROLLARY 6.13. If Tis NSOP; then l~)Q(7r) < w for any choice of m and finite Q.
The following easily follows by the definition.

Fact6.14. (1) Do(n)) > 4. f € Aut(€) = D;(o)(f(n)) >
(2) Ifdom(rc)Cdom( ) and n & 7' then Do(n )< [) o(n').
(3) Do(n) < Z Dy, 4 (m).

(4) We have

ﬁQ<n U { \/ wj}) maxDQ(n U {y;}).
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QUESTION 6.15. Working outside of NSOP,. can we improve statements (2) and
(4) in Fact 6.14 so they will get theses as in Lemma 3.15 and Lemma 3.16?

ProposiTION 6.16. If DQ(n(x)) > J then there exist natural numbers [, formulae
Wa(X. ya). and sequences c§ = (c¢f*)icz. where a < A such that:
e foreach a : 2 — 7 the set
n(x) U U{t//a(x, c?(a)), “Walx.c) |1 #o(a)}
a<i

is consistent,
e for each o < A the set

{Walx.cf) |1 € 2}
is l,-inconsistent.

Proor. Consider ((b%). M“),<; as in Definition 6.11. For simpler notation,
let us introduce small M* < & which contains all M%%, all b%’s and is
|U, M“|*-saturated and strongly |lJ, M“|*-homogeneous. We know that
7(x) U {@y(a)(x.b%) | & < 1} is consistent. .

Cram 1. There are natural numbers (ky)o<; such that
n(x) U ({%(a)(x, b) |0 <1< ka} U {=pya)(x.b%) [ 1< 00r 1 > ka})

a<i

is consistent.

Proor oF CLamM 1. We will choose k,,’s recursively. Let ky < w be maximal such
that

m(x) U {0 (x.5)) [ 0 <1 < kot U {pya)(x.5§) |0 << A}
is consistent. Then also
(x) U {0 (x.5]) | 0 <1 < ko}
U {0 (x.5)) | I <0or! > ko}
U{@y) (x.b5) | 0 <a < A}
is consistent. If not then, by compactness,

7(x) U iy (%.9) 10 < 1< Ko} U {oy (B0} U {oyia(x.08) [0 < < 2}
(1)
is consistent for some s < 0 or s > ko. Assume s < 0. Because bgbg b,?ofl =0
by ... b,?o and by C M', and M' is |M°|"-saturated and strongly |M°|*-
homogeneous, thereexists /1 € Aut(M'/M°) such thatsuch that /(b5 .60 ) =
By ... b0

ko

We recursively construct an increasing sequence fo € Aut(M*/M°) for 1 <
a < A. Assume that we have f, € Aut(M*/M°) and we need to define fqy.
Consider any extension f, C f/, € Aut(M*™1/M°). As b3 | r&%|ya (ry as
in the condition (7) of Definition 6.11), we have [/ (b) = 17, (ra)®?| ;1 (are).

071
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We know that /! (M%) = M*®, f!]|,,0 = id,,0 and thatr, is M® /M°-invariant. Thus
SL0S) E r&% e and f1(bg) =pe bS. There exists f7 € Aut(M*+!/M*) such
that 7/ f1,(b3) = bg. Set foy1:= fll o fl, € Aut(M**'/M°) and note that f,, C
far1. I8 < Ais a limit ordinal, then simply put f5 := |J fao € Aut(M°/M°).
I<a<o
After applying f; to the set of formulae from (1), we obtain that

n(x) U {gon(o)(x,b?) |0</ <k} U {go,7<a)(x, bg) |0 < a< i}

is consistent which contradicts the maximality of k.
Now, assume that there are (kﬂ) p<y such that

90Uy e b)) 10< 1 < ky)
B<y
U (e (x.b)) [ 1< 0o0r 1 >k}
B<y

U{eye (x.08) | 7 <a < 2}
is consistent. Let k, < o be maximal such that
) U Henn (6. 51) 1 0 < 1< g}

B<y

U J ey (x.0)) | 1< 0orl > ky}
B<y

U{@y(x.5]) | 0 <1< ky}

U{@ya) (. b8) | 7 < @ < 2}

is consistent. Repeating the argument from the case of y = 0, we will obtain that

also
() U {nip (x.57) [ 0 < 1< kg
p<y
U U{ﬁ%(/})(valﬂ) | l<0orl>ks}
By
U{@ya)(x.5§) | 7 < a < A}
is consistent. Here ends the proof of Claim 1. 4

Cram 2. The array (b );"gz’1 is mutually indiscernible over My, i.e., for every oy < A

we have that (b;°);cz, is indiscernible over (b®) oy .icz.-

PrOOF OF CramM 2. Let i, j C Z be increasing tuples of the same length m.
As b- 20 and bao both satisfy 75" [u,,. we have b& =y, b]CY so there is some
fa0+1 € Aut( a0+l/Ma0) with fozo-H( °) = fa0+l( *). By Lemma 6.6 we have
that /5,1 U 1dbgo+1 is an elementary map, so it extends to an automorphism f 412 of
M, +2. Continuing inductively, we obtain a compatible sequence of automorphisms

So € AUt(Mo/Myy) D fags1 for ag < a < 4 with f,(b)) = bl for every f < a
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(at limit steps we take unions). Then f; witnesses that b?o =(6%) e i b;‘o. Here
ends the proof of Claim 2. —
Let
C,? = (b;?a-n’ blga-nJrl’ e bl?a-n+(ka—1))’

l//a(X, c;zl) = /\ (Piy(a)(x’ bl?a‘n+_/)>
0<j<ka

where a < Aand n € Z.
By Claim 2. the array (¢*)?5/ is also mutually indiscernible over M. Hence, the
first item from the thesis of the proposition follows from consistency of 7(x) U

U A{wa(x.c§). mwalx.cft) [ 1 #0}.

a<i
For the second item of the thesis, we argue shortly as follows. Because of the

condition (7) in Definition 6.11, for each a < A there exists /, < w such that
{©y(a)(x.b%) | i € Z} is l,-inconsistent. In particular for each oo < 4. we have that
{wa(x.c®) | n € Z} is l4-inconsistent.

Fact 6.17 (Fact 2.11 in [16]). For any theory T the following are equivalent.

(1) Tis dp-minimal.
(2) There is no sequence of formulae yi(x,p). ..., wau(x,y) with |x| =n and
sequences (aj)icw with 1 < j < 2" so that for any o :{l,....2"} = w. the

set
/\ Wk(xaaf(k))/\ /\ /\ _‘l//k(xaa/k)

1<k<2n 1<k<2" 1o (k)
is consistent.
COROLLARY 6.18. If T is dp-minimal then Do (n(x)) < 21*,
Proofr. By Proposition 6.16 and Fact 6.17. .

QUESTION 6.19. What other properties does DQ satisfy in the dp-minimal context?
For example, do we have a counterpart of Lemima 3.17 in the dp-minimal context?

The following definitions may be found in [9].

DEFINITION 6.20.
(1) Aninp-pattern in 7(x) of depth 4 is (ly. Ya(X. Vo). (%)icew)a<s such that:

1
o {pa(x.b¥) | i < w} is l-inconsistent for each o < 4.

o 2(x) U {pq(x, bg(a)) | @ < A} is consistent for each o : 1 — w.

(2) The burden of 7(x). denoted inp-rk(7(x)). is the the supremum of the depths
of all inp-patterns in 7(x).

(3) We let the dp-rank of n(x), denoted dp-rk(z(x)), be the supremum of A
for which there are ¢ = and mutually indiscernible over C := dom(x)
sequences (b%);<,. where a < A, such that none of them is indiscernible
over aC.
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FacTt 6.21.

(1) inp-rk(n(x)) < dp-rk(n(x)) (Fact 3.8 in [9]).

(2) If Tis NIP then inp-tk(n(x)) = dp-rk(n(x)) for every partial type n(x) (Fact
3.8in[9)).

(3) Tis NTP; iff inp-rk(n(x)) < oo for every partial type n(x) (Fact 3.2 in [9]).

(4) T is NIP iff dp-rk(n(x)) < oo for every partial type n(x) (Proposition 10 in
(1.

COROLLARY 6.22.

(1) For every Q and partial type ., we have
Dy(n) < inp-rk(n) < dp-rk(z).
(2) If T is NTP, then for every Q and partial type m, we have
Dy(n) < .

ProOF. Follows from the definition of inp-rk(r), Fact 6.21 and Proposition 6.16.
_|

As we see above, Q-rank is finite in NSOP; and finite dp-rank theories. There is
a natural question: what is the class of theories for which Q-rank is finite. We need
to look for a class of theories which generalizes finite dp-rank theories and NSOP;
theories at the same time. In their recent work, authors of [3] provide a new dividing
line in the stability hierarchy, called the antichain tree property and show that theories
without the antichain tree property (NATP) generalize NTP, and NSOP;.

QUESTION 6.23. Is 15Q finite in NATP? Is D~Q infinite in ATP?

A prospective approach to answer the second above question above, could be by
considering the Q-rank in the context of NSOP theories with SOP;.

Moreover, one could use finiteness of the O-rank to indicate that a given theory
is placed among an extension of the current known boundary of the combinatorially
tame universe [27]. For example, the author of [27] notes that his theory ACFO of
algebraically closed fields with multiplicative circular orders has TP, (Proposition
3.25in [27]). but on the other hand his theory is a quite natural expansion of the
theory of the algebraic closure of a finite field. For sure it is worth checking whether
the O-rank is finite (or ordinal-valued) in the case of ACFO.

6.3. An example where the rank is infinite: valued Boolean algebras. Let B be
a Boolean algebra considered in language Ly = {A,V.“,0, 1} and (P.<.0p.1p) a
linearly ordered set with minimal element 0p and maximal element 1p. We call a
function v : B — P avaluation, ifv(x) = 0piff x =0, V(1) = 1p,and v(x V y) =
max(v(x),x(y))forallx,y € B.Nowlet Lygs = Lgy U {v,0p, 1p} be a two-sorted
language on sorts B and P, where v is a symbol of a unary function from B to P. Let
DVBA, be the Lyp4-theory expressing that (B, V, A.¢,0, 1) is an atomless Boolean
algebra, v : B — P is a valuation, and for all x < y in B (here, “<” indicates the
canonical ordering in Boolean algebras) and any p € P such that v(x) < p < v(y)
there exists z € B with x < z < y and v(z) = p (density) and there are disjoint
1. y2 < y withv(y;) = v(y2) = v(») (no valuation-atoms).
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It is easy to see that DVBAj is consistent. By Example 4.33 from [3], DVBA,
has ATP, so intuitively one may expect that the Q-rank is infinite in DV BA,. Let us
argue on that.

PrOPOSITION 6.24. DV BA is complete and admits QF in Lypgy.

ProOF. Let M, N |= DVBA, and let ' : A — B be an isomorphism with 4, B
finitely generated substructures of M and N, respectively. Since M and N are locally
finite, 4 and B are finite. Let ¢ € M be an element. By a standard back-and-forth
argument, it is enough to find b € B such that f extends to an isomorphism of
the substructures generated by 4a and Bb. Let (ajy, ....ax) be all the atoms in A4
and (by, ..., by) all the atoms in B. Let P(4) = {p1,.... p;} and P(B) = {q1.....q/}
be ascending enumerations in sort P. Assume a € B(M) (the argument in case
a € P(M) is very similar). By the quantifier elimination in (P, <,0p.1p). we can
find ¢.....q}.4q].....q; € P(N) such that (q1.....4:.4].....q;.4].....q]) has the
same quantifier-free type as

(proo.pvlanay).....vla Aay).v(a® Aay),....v(a Aay)).

By the density axiom, for every i < k we can find b/ < b; such that v(b!) = ¢/ and
v(b; ANb) =q! Puth:=\/ b]. Define f'(a A a;) = b! foralli <k and
i<k

fwlanar),....vl@anag).v(a® ANay),...,v(a Nag)) = (g1 oo @i g1+ o g1

Then /' U f’ uniquely extends to an isomorphism of the substructures generated by
Aa and Bb which sends « to b, as required. =

Let ¢(y) = {0p <v(y Am) =v(y) <v(m’) | m,m’ € B\ {0}}. We claim that
q(y) determines a complete global type (note it will obviously be @-invariant).
Clearly ¢(y) determines a complete type of y in the Boolean algebra B. Hence,
by the quantifier elimination, it is enough to prove that for any x, y = ¢ and any
a,b.c,d € Bwehave v((x Aa)V (xAb)) <v((xAc)V (x¢ Ad)) if and only if
v((yAa)V (¢ Ab)) <v((y Ac)V (¥ Ad)), and likewise for equality in place of
inequality. Note that if » # 0 then v(x“ Ab) =v(b) > v(x Aa), so v((x Aa)V
(x¢ Ab)) = v(b). On the other hand, if » = 0 then v((x Aa) V (x¢ A b)) = v(x A
a) = v(x). Hence, the equivalences easily follow by inspection.

Now, for any model M definery, (y) = {0p < v(y Am) =v(y) <v(m’) |m.m’' €
B.v(m) € conv(v[B(M)\ {0})}U{y Ac=0]|v(c) <v[B(M)\{0}]}. where
conv denotes the convex hull operation in (P, <). Note qlm C ry. Again, by
quantifier elimination ry(y) determines a complete global type. Moreover, as
v[B(M) \ 0] and its convex hull are invariant under automorphisms preserving M
setwise, we get that ry,(y) is M/ My-invariant for any My < M.

Let p(x,y) = (x Z0Ax < y) and Q = (p(x.¥).¢(»)). We claim that Dy(x =
x) = oo for x a variable of the sort B. Fix any ordinal 1. Choose (M%,b%),;
with (M®),; continuous so that b® |= ¢|ye and b*M* C M**! for every a < A,
and each M*! is |M“|"-saturated and strongly | M “|*-homogeneous. Then r|sa
witnesses that ¢(x,b*) Kim-divides (with respect to a semi-global type) over
M* for every o < A (this is because for any Morley sequence (m;);<., in r we
have that m; Am; =0 for all i # j). On the other hand. {p(x.b%) |a < A} is
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consistent by compactness and the choice of ¢. This shows that DQ(x =Xx)>= A 50
Do(x = x) = 0.
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