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Introduction. The purpose of this paper is to establish the following 
theorem : 

THEOREM 1. Let © be a finite group with abelian Sylow 2-subgroups in which 
the centralizer of every involution is solvable. Then either © is solvable or else 
©/0(@) is isomorphic to a subgroup of PTL(2, q) containing PSL(2, g), where 
either q = 3 or 5 (mod 8), q > 5, or q = 2n, n > 2. 

As an immediate corollary, we obtain 

THEOREM 2. If ® is a simple group with abelian Sylow 2-subgroups in which 
the centralizer of every involution is solvable, then © is isomorphic to PSL(2, q), 
where either q = 3 or 5 (mod 8) and q > 5 or q = 2n and n > 2. 

The proof of Theorem 1 is carried out by induction on the order of @. 
Combined with a number of known results, Theorem 1 is easily derived as a 
consequence of the following theorem: 

THEOREM 3. There exists no finite simple group © which satisfies the following 
conditions: 

(a) A Sylow 2-sub group © of © is abelian. 
(b) The centralizer of every involution of © is solvable. 
(c) © is not generated by two elements. 
(d) If © is elementary of order 8, then |N(©)/C(©)| = 7. 
(e) There exists a distinct conjugate ©i of © such that ©i P\ © ^ 1. 
(/) A proper subgroup § of © is either solvable or else § / 0 ( § ) is isomorphic 

to a subgroup of PTL(2, q) containing PSL(2, q), where q = 3 or 5 (mod 8), 
q > 5 or q = 2n, n > 2. 

(g) The normalizer of some non-identity solvable subgroup of @ is non-solvable. 

Thus the bulk of the paper is devoted to the proof of Theorem 3. Conditions 
(a), (b), and (e) of the theorem imply directly that © normalizes, but does not 
centralize, a ^-subgroup of © for some odd prime p. The set a- of all such odd 
primes p, which is therefore non-empty, plays a central role in the paper; and 
Theorem 3 is established by showing, on the other hand, that a must be 
empty. This result is ultimately obtained by applying the main results of 
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"On the Maximal Subgroups of Finite Simple Groups" (5), which give suffi
cient conditions for a simple group @ to satisfy the uniqueness condition for 
some prime p (for the definition, see Section 1 below). 

The application of these results follows rather closely the arguments of Sec
tions 8 and 9 of "The Characterization of Finite Groups with Dihedral Sylow 
2-Subgroups" (6). However, it turns out that we actually require a slight 
extension of the results of (5), which is implicitly contained in that paper. 
This generalization involves a slight weakening of the concept of ^-constraint 
which was introduced in (5), and is described in detail in Section 1. 

We remark also that the prime 3 plays a somewhat exceptional role, owing 
to the fact that in certain situations we cannot verify for the prime 3 all the 
conditions which must be met in order to be able to apply the main results 
of (5). These exceptions occur only when ® involves subgroups § such that 
© / 0 ( § ) is isomorphic to either PTL(2, 8) or to a subgroup of PTL(2, 3') 
containing PSL(2, 30 with t > 1. 

Finally wTe shall follow as closely as possible the notation of (4; 5; 6; 12); 
and it will be assumed that the reader is familiar with the more standard parts 
of this notation. 

1. Weak p-constraint. The principal results of (5) will be of fundamental 
importance to us in the paper. These results consist in giving a set of conditions 
on a simple group & in order that @ satisfy the uniqueness condition for a 
particular prime p, as this term is defined in (6, Section 8). If 3̂ is an Sv-
subgroup of a group @ such that Sf^jVz^) is non-empty, we say that © 
satisfies the uniqueness condition for the prime p provided & possesses a 
unique subgroup 9ft which is maximal subject to containing an element of 

J360P), i = 1, 2, 3, or 4 and p £ *-,(2K). Here 

MOP) = { Ç o | ? o C Ç a n d a c Ç 0 f o r s o m e a i n y ' X ^ ( ? ) } . 
and 

s/i($) = {$o|$o £ Ç, ?o contains a subgroup $ i of type (p, p) such that 

for each P in %#, C*(P) € jtfi-i($)}, 

for i = 2, 3, 4. Theorems C, D, and E of (5) give sufficient conditions for a 
simple group ® to satisfy the uniqueness condition for a particular prime p, 
while Theorems A and B give results which are needed in the applications to 
verify the hypotheses of Theorem C. 

However, the conditions of Theorems C, D, and E of (5) are not entirely 
sufficient for the applications to the present paper. As a consequence we 
require a slightly weaker set of conditions which are sufficient to imply the 
same conclusions. This extension will consist in replacing the condition of 
^-constraint throughout (5) by a somewhat weaker condition. As we shall see, 
the arguments in (5) all remain valid, with possible minor modifications in 
some of their statements, when this weaker condition is used in place of 
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the original definition of ^-constraint. We wish to emphasize that the results 
of this section are in themselves completely independent of the balance of the 
paper. 

By definition, a group © is said to be ^-constrained if for any ^-subgroup 
$ * 1 of ®, COP*) is solvable, where <$* is an 5,,-subgroup of (V i P (C($ )$ ) . 
I t will be convenient to say that © is ^-constrained with respect to ty if this 
condition holds for a particular non-trivial ^-subgroup $ of @. In this termin
ology, © is ^-constrained provided © is ^-constrained with respect to each 
non-trivial ^-subgroup of ©. We note that in (5) the use of the concept of 
^-constraint was limited exclusively to primes p for which 6^r^Vz(p) was 
non-empty. Our generalization consists in showing that it is unnecessary to 
demand that © be ^-constrained with respect to every non-trivial ^-subgroup, 
but only with respect to certain ones. To this end, we now make the following 
definition: 

DEFINITION. A group © will be called weakly p-constrained for any prime p 
for which 5^^J\^z(p) is non-empty provided that © is p-constrained with respect 
to any non-trivial p-subgroup ty of © such that NOP) contains an element of 
s#±(%) for some Sp-subgroup $ of ©. 

Remark. Since any subgroup of ty of type (p, p, p) lies in j ^ O ^ ) by (4, 
Lemma 24.2), it follows that for © to be weakly ^-constrained, it is necessary 
that © be ^-constrained with respect to each non-trivial ^-subgroup ^ of © 
whose normalizer contains a subgroup of type (p, p, p). This should serve to 
point up the very close relation between the concepts of ^-constraint and weak 
^-constraint. Furthermore, it shows that in any argument of (5) in which 
each of the "critical" groups occurring therein possesses a subgroup of type 
(Pi P> P) (o r m ore generally an element of s/^ty)), the given conclusion will 
hold and the given argument will remain valid if the term "^-constraint" 
is replaced throughout by "weak ^-constraint." This observation is essentially 
all that is needed to establish the generalization which we seek. 

Corresponding to this generalization of the concept of ^-constraint, we alter 
the definition of "weakly ^>-tame" as given in (5, Definition 7) by replacing 
the assumption that © be ^-constrained by the condition that © be weakly 
^-constrained. Furthermore, we use this new definition of weakly p-tame to 
redefine the concepts of £-tame, strongly ^-tarne, and r-tame, as given in 
(5, Definitions 8, 9, and 10). We shall now examine briefly the various state
ments and proofs of (5) in order to demonstrate that the principal results of 
that paper remain valid when these new definitions are used in place of the 
original ones. 

First of all, in (5, Lemma 3.3) the subgroup § of the simple group © con
tains a ^-subgroup ty of index at most p in an 5^-subgroup $ of ©. Hence if 
S^c€jVz ($) is non-empty, then $ £ sA(%). Thus this lemma remains valid 
with weak ^-constraint replacing ^-constraint in the hypothesis. Similarly, the 
very important Lemma 3.4 of (5) remains valid provided we add to the 
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hypothesis the assertion that the ^-subgroup $1 of the lemma contain an 
element of j / 4 ( $ ) for some 5^-subgroup 93 or @. 

It should, of course, be understood that it is the modified statements of 
these lemmas which are to be applied in the balance of (5) in carrying out 
the desired generalization. 

Next consider the various results in (5, sections 4 and 5). A reading of these 
two sections will reveal that in any argument in which the concept of ^-con
straint is invoked, the corresponding ^-subgroup has a normalizer which 
contains an element 21 of ^f^jVz {p). It follows at once from this fact that all 
the results of these sections continue to hold with our new definitions of 
weakly p-tame and of p-tame. Now consider (5, Theorem 2), which gives a 
sufficient condition for a simple group © to satisfy E%a. If 2Ï G %(p), then 
C(2l) contains an element of Sf^ojVz (93) for some 5^-subgroup % of @, and 
hence 2£G j ^ 2 ( $ ) . Similarly if 93 G W(q), then 93 G s/2(&) for some ^ -sub
group Q of @. Furthermore, it follows likewise from the definition of JF(^) 
that any element of ^~(p) lies in j ^ C ? ) for some ^-subgroup 9$ of @. But 
now to see that (5, Theorem 2) remains valid, we have only to observe that 
whenever we invoked ^-constraint or g-constraint in the course of its proof, 
the normalizer of the corresponding p- or g-subgroup contained either an 
element of %(p), of J^(p)y or a subgroup of type (p, p, p), or correspondingly 
a subgroup of <%(q) or a subgroup of type (g, q, q). 

To show that (5, Theorem 3) also remains valid, it is necessary only to 
observe that N(Qi) contains an element of j ^ i ( O ) , O an «S^-subgroup of © 
containing an S^-subgroup Q* of N(Oi) ; for from this it will follow that each 
of the critical subgroups involved in the proof of Theorem 3 contains an 
element of ^ ( Q ) . Here Q i is a maximal element of M (9$; q), 93 an ^ - sub 
group of ©, and 93 does not centralize Oi . But by (5, Lemma 5.3) (which as 
we have shown above continues to hold), it follows that Q i is non-cyclic; 
and this implies at once that N(Oi) contains an element of j ^ C O ) . 

Finally Theorem A and the other results of Section 8 of (5) continue to 
hold, for the subgroups of © involved in the various arguments of this section 
always contain Sylow subgroups for the appropriate primes. Likewise in the 
proofs of Theorems B, C, and D and the various lemmas of Section 10 of 
(5), one sees that the critical subgroups again always contain either an Sp-
subgroup 93 of © or an element 21 of ^fc€^z (95) î s ° these theorems also 
continue to hold. Finally in the proof of Theorem E and the other lemmas of 
Section 11 of (5), the arguments involve subgroups of © which in each case 
contain an element of ^/4(?5), so that these results remain valid, too. 

Summarizing, then, we have the following theorem. 

THEOREM 4. Theorems A-E of (5) continue to hold if in the definition of 
weakly p-tame, the assumption of p-constraint is replaced by that of weak p-con-
straint, and if corresponding modifications are made in the definitions of p-tame, 
strongly p-tame, and r-tame. 
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Finally similar remarks apply to Lemmas 8.1-8.4 of (6), which continue to 
hold when the above changes are made. In applying any of the generalized 
results of (5) or Section 8 of (6) in the present paper, we shall, for simplicity, 
continue to refer to the corresponding statements of (5) or (6), even though 
it is the appropriate modification of such statements that is intended in 
each case. 

2. Ao-groups and Ai-groups. In proving Theorem 3 it will be essential 
for us to establish first a number of properties of solvable groups with abelian 
SVsubgroups and also of non-solvable groups § in which § / 0 ( § ) is isomorphic 
to a subgroup of PTL(2, g) containing PSL(2, g), where either q = 3 or 5 
(mod 8) or g = 2n, n > 2. It will therefore be convenient to adopt the following 
terminology : 

Definition. We call § an A0-group if § is a solvable group with an abelian 
SVsubgroup. We call § an Ai-group provided: 

(i) § is non-solvable. 
(ii) An S2-subgroup of fè is abelian. 

(iii) § / 0 ( § ) is isomorphic to a subgroup of PTL(2, q) containing PSL(2, q). 
(iv) C$(T) is solvable for any involution T in § . 

Since an 52-subgroup of § is abelian, either q = 3 or 5 (mod 8) or q = 2n. 
Furthermore, q > 3 since § is non-solvable by assumption. As in (6, Section 3), 
we call q the characteristic of the ^4i-group § . We note that since PSL(2, 4) 
and PSL(2, 5) are isomorphic, an ^4i-group of characteristic 4 is also of 
characteristic 5, and conversely. In all other cases the characteristic is unique. 
If § is an ^4i-group of odd characteristic, then an 52-subgroup of § is a four-
group and consequently § is a non-solvable D-group in the sense of (6, Section 
3). In particular, many of the results of Sections 3, 4, and 8 of (6) hold in 
this case. In the present section we shall extend these results to the class of 
Ao- and ^4i-groups. 

By analogy with Lemmas 3.1 and 3.3 of (6), we first list in two successive 
lemmas the properties of PSL(2, 2n) and PTL(2, 2n) which we shall need. 
Proofs of the various statements are either given explicitly in Dickson (2) 
or Dieudonné (3) or else can be derived directly from their results and the 
proofs of Lemmas 3.1 and 3.3 of (6). 

LEMMA 2.1. Set & = PSL(2, g), where q = 2n, n > 1. Then the following 
hold: 

(j) l £ l =<Z(<Z2
 7 1). 

(ii) § is simple if q > 2. If q = 2, § is isomorphic to the symmetric group 53 . 
/ / q = 4, then § is isomorphic to PSL(2, 5). 

(iii) An S2-subgroup © of § is elementary of order q. © is disjoint from its 
conjugates. If X is any non-trivial subgroup of @, then C$(%) = @. N$(@) is a 
Frobenius group of order (g — l)g, and contains a cyclic group of order q — 1 
which acts transitively on the involutions of ©. 
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(iv) / / X is any 2-subgroup of § of order at least 4, then J/|#(£; 2') is trivial. 
(v) $ contains cyclic Hall subgroups 9îi a^rf 9t2 0/ orders g — 1 awd g + 1 

respectively. N$(9ii) is a dihedral group of order 2\dti\, i = 1,2. If X £ Rfi, /Aew 
C$(X) = 9Î*, i = 1, 2. 91* is disjoint from its conjugates, i = 1,2. 

(vi) If q = 2n > 4, then the only non-solvable subgroups of $£ are isomorphic 
to PSL(2, 2m) withm\n. 

(vii) If X is an element of § of prime power order pl > 1, p odd, there exists 
a conjugate X' of X in § such that (X, Xf) is not a p-group. 

(viii) There are no non-trivial central extensions of § by a group of odd order 
when q > 4. If $ is a non-solvable group such that $ / 0 ( S ) is isomorphic to § , 
and C$(0($) ) $£ 0 ( $ ) , JÂew $ contains a normal subgroup 8 isomorphic to § , 
o « J f i = ? X 0 ( « ) . 

LEMMA 2.2. Ze* § = PSL(2, q) and £* = PTL(2, q), q = 2n, n > 1. Then 
the following hold: 

(i) &* = § g , where § <] §*, g ^ cyc/ic 0/ order », and § C\ g = 1. g 
normalizes subgroups of § 0/ orders q — 1, q, and q + 1 respectively. 

(ii) 1/ go C g and: |g0 | = &, *Ae» C<p(g0) w isomorphic to PSL(2, 2m), 
where m = n/k. An Si-subgroup of § g 0 is abelian if and only if |g0 | is odd. 

(iii) / / © is an S\-subgroup of § normalized by g and if X is a subgroup of 
© of order at least 4, then the subgroups C g ( ï ) s with S in © are the only maximal 
elements of \A§*(X\ 2'). 

(iv) The Sp-subgroups of §* are cyclic or metacyclic for any odd prime p. 
(v) If €> is isomorphic to a normal subgroup 8 of a group $ in which 

C#(8) = 1, then $ is isomorphic to a subgroup of §* containing § . 
(vi) If X is an element of §* of prime power order pl > 1, p odd, then there 

exists a conjugate X' of X in §* such that (X, X') is not a p-group. 
(vii) Let go be a subgroup of g of order px > 1, p an odd prime, and let $R 

be a cyclic subgroup of § of order q — 1 or q + 1 normalized by g0. Then either 
go does not centralize (V($R) or pl = 3, q = 8, and |9?| = 9. 

(viii) Let go fo # subgroup of g 0/ 00J0J prime order p, let dl be a cyclic subgroup 
of § of order q — 1 or q + 1 normalized by go, and /e£ 9?o 0£ a subgroup of 9Î »0£ 
contained in C^(g0). Then if n > p, or equivalently if C^(g0) is non-solvable, 
we have (C§(g0), 9to> = §• 

Our next lemma is a consequence of a theorem of Huppert (10). 

LEMMA 2.3. Let & be an Ao-group, let © be an Si-subgroup of &, and assume 
that the following conditions hold: (a) 0 ( § ) = 1, (b) © is elementary, and (c) 
§ has one class of involutions. Then: 

(i) § is isomorphic to a subgroup of the one-dimensional affine group of 
semi-linear transformations over GF(g), where q = |©|. 

(ii) @ < I § and & possesses a cyclic subgroup which acts regularly on © by 
conjugation and which has order at least (|©| — 1)/d, where d = (|©| — l,ra(©)). 

(iii) For any involution T in ©, |C§( r ) | = |©|w, where w\m(@). 
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Proof. By assumption, § is solvable and © is abelian. Since 0 ( § ) = 1, it 
follows from (9, Lemma 1.2.3) that © O § and that C$(@) = @. Further
more, since § has one class of involutions and © is elementary, § can be 
represented as a doubly transitive permutation group on |©| letters. Since 
C§(©) = @, this representation is faithful. But now we can apply a result of 
Huppert (10) concerning doubly transitive solvable groups to conclude that 
§ is isomorphic to a subgroup of the one-dimensional affine group §* of semi-
linear transformations over GF(g), q = |©|. Without loss we may identify 
$} with its image in | )*. 

Now §* consists of all transformations + b, where a, b Ç GF(g), 
a 9e 0, and a is an element of the Galois group of GF(g) over GF(2). Hence 
1̂ *1 = #(<Z ~~ l)m> where q = 2m. Furthermore, the set of all transformations 
x' = axa forms a subgroup 36* of §* of order (q — l)ra; and X* = 9î*9J?*, 
where 9?* is a cyclic normal subgroup of 36* of order g — 1 consisting of the 
transformations of the form and 9JÎ* is cyclic of order m consisting 
of the transformations of the form x' = oc?. Also © consists of the transforma
tions of the form x' = x + b and ©9?* is a Frobenius group of order q(q — 1). 
Since 9JÎ* fixes the involution xf = x + 1 and since all involutions of §* 
are conjugate, we conclude that |C$*(r) | = |@|m for any involution T in ©. 
Thus \C$(T)\ = |©|ze/, where w divides m = w(©), and (iii) holds. 

Finally § = ©£, where 36 £ X*. Since § is doubly transitive, |2E| is a multiple 
of q — 1, and hence |36 Pi 9î*| > g — 1/rf, where d = (g — 1, w). Since 
X r\ 9î* is cyclic and acts regularly on @, (ii) also holds and the lemma is 
proved. 

LEMMA 2.4. Let § be an A0-group, let © be an Si-subgroup of § , and let X 
be a non-trivial 2-subgroup of ©. Then: 

(i) £ = 0 ( § ) $ , where St = N$(@). § Zww 2-fe»g*& 1. 

(ii) C§(!E) ac£s transitively on the maximal elements of kl#CE; £) /or an^ 0dd 
prime p. 

(iii) 7/ $ is a maximal element of kl$ ( £ ; £ ) , *&e» $ = ($ H 0(#))Qp(2:) 
and [ty, Ï ] C O (§) . ^4/so $ w permutable with an Si-subgroup of § containing X. 

(iv) Let ty be a maximal element of \/\$((&; p). Thenty C 0 ( § ) . 7 f © C [ § , § ] , 
/Aerc ez^^r © centralizes 3̂ or ©/C©($) is non-cyclic and £?<ré'jVz(Ç!$) is non
empty. 

(v) / / « = N^(©), /Ae» C$(£) C 0 ( $ ) C * ( £ ) . 

(vi) 7/ § tes one c/a^5 0/ involutions, then © is homocyclic of type (2a, . . . , 2a) 
on ra(©) generators. In this case, if <$ is a maximal element of M$(£; p), an 
Si-subgroup of N<p ($) is homocyclic of type (2a, 2a, . . . , 2a) on k < m (©) 
generators. 

Proof. Since © is abelian, (9, Lemma 1.2.3) implies that § has 2-length 1. 
But then § = 0(§)N<p(©) by Sylow's theorem, yielding (i). 
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Next let $ be a maximal element of kl<p(£; p). Then by (i), î Ç 02>,2(£), 
and consequently 7 ^ Ç $ H 02>,2(£) Ç ? n O ( § ) . This in turn implies 
that $ = ( ? n 0 ( $ ) ) C ç ( î ) . In particular, $ Ç ? = 0 ( £ ) C e ( £ ) . Since an 
S^-subgroup of C $ ( ï ) normalizes some J-invariant ^-subgroup of 0 ( § ) , 
maximality of ty implies that ty is an S^-subgroup of 8. Since 8 contains an 
S2-subgroup of § , the final assertion of (iii) now follows from D2>2, in 8. 

To prove (ii), let ^1 be a second maximal element of M^( ï ; p). Then also 
$ 1 £ 81 and the images $ and $1 of $ and $1 respectively in 8 = 8 / 0 ( § ) 
are each ^-subgroups of 8. Since 8 = 0 (§ )C$(S) , it follows that $ f C 0 ( § ) $ 
for some J^ in C$(£). But then $ and ^3f are each X-'mvariant 5^-subgroups of 
0(§)?P and consequently are conjugate by an element in C $ ( ï ) , thus proving 

Now let ty denote a maximal element of M^(©; p). Since © C 0 2 ' , 2 (§) , ^ 
centralizes © (mod 0 2 ' ( § ) = 0 ( § ) ) , and therefore 3̂ £ 0 ( § ) by (9, Lemma 
1.2.3). Suppose next that © C [§, § ] and that Ç g C(©). Now $ is an 
Sp-subgroup of 0 ( § ) and hence § = 0(§)9 l , where 91 = N#0P). This implies 
that © C [9t, 91]. Set S = C^(^), in which case 6<d 91. If ©/© H S were 
cyclic, then an 52-subgroup of 9Î/Ê would be cyclic and consequently 9Ï/Ë 
would have a normal 2-complement by Burnside's Transfer Theorem. But 
then 9Î would possess a normal subgroup of index 2 contrary to © CI [91, 9Î]. 
Thus ©/© H 6 = ©/C@ (̂ 3) is non-cyclic, as asserted. 

To complete the proof of (iv), we show next that Sf^jVzity) is non-empty. 
Let 3) be a subgroup of ^ chosen in accordance with (4, Lemma 8.2). Then 
cl(35) < 2, 35 O 91, and © does not centralize 35. Assume by way of contra
diction that S?rélM($), and hence also , 9 * ^ 3 (£>), is empty. Since cl(35) < 2, 
this implies that 35 = 35/D (35) is elementary of order p or p\ If 91 = 91/D (3)) 
and Ë = C^(S), it follows that 91/(1 is isomorphic to a subgroup of GL(2, p). 
But © does not centralize 35 (modD(î))) and consequently 9J/S has even 
order. However, it is easy to see that any subgroup of GL(2, p) with abelian 
S2-subgroups possesses a normal 2-complement; cf. (6, Lemma 3.4). Thus 
9Ï, and consequently also 91, possesses a normal subgroup of index 2, which 
is a contradiction. Thus ^^y(4(35) is non-empty, and (iv) holds. 

Set § = § / 0 ( § ) and let X be the image of X in f). Then by (6, Lemma 
1.4(iv)), Cf>(£) is the image of C$(£) in J>. But by (i), § = 0 ( § ) $ , where 
$ = N^(©) and consequently $ maps on § . It follows at once that 

C©(SE) ç 0($)C«(!£), 

proving (v). 
Finally to prove (vi), we assume that § has one class of involutions. Since 

© is abelian, two elements of © conjugate in § are already conjugate in 
$ = N§(©). Thus $ has one class of involutions. This implies that no proper 
subgroup of 12i(©) is characteristic in @. But then if © is of exponent 2a, we 
must have 12a_1(©) = Œi(©); and we conclude at once that © is homocyclic 
of type (2a, 2a, . . . , 2a). 
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Finally let ty be a maximal element of M^( ï ; p), set § = § / 0 ( § ) and let 
5 , ©, $ be the respective images of X, ©, and $ in | ) . Then © <3 § . Since © 
is an abelian ^'-group, it follows that © = ©i X ©2, where @i = C@($) 
and ©2 = [©, $]_. But then ©1 is homocyclic of type (2a, 2 V . . , 2a) on 
& < m(©) = ra(©) generators. Furthermore, since ©PiNf>($) centralizes 
Ç, @i is an 52-subgroup of N^($ ) . Let §1 denote the inverse image of N ^ ( ^ ) 
in § . Then an ^-subgroup of §1 is isomorphic to @i. But Ï Ç ^ i and 
$ Q 0 ( § i ) , whence $ is an 5^-subgroup of 0 ( § i ) . By Sylow's Theorem, 
N^i(^J) contains an vSVsubgroup of §1. But clearly §1 = N§(0(§)<S(5) and 
consequently N$($) £ §1. Thus N$0P) = N^OP), and we conclude that 
an 52-subgroup of N#0P) is homocyclic of type (2a, 2a, . . . , 2a) on k < m(©) 
generators. Thus (vi) hold, and all parts of the lemma are proved. 

LEMMA 2.5. Let S> be an Ai-group, let © be an Si-subgroup of § , let SL be a 
subgroup of © of order at least 4, and assume that |©| > 4. Then the following 
conditions hold: 

(i) © is elementary. § ^as characteristic 2m(@). N§(@) contains an element 
which acts transitively on the involutions of ©; in particular, § has one class of 
involutions. 

(ii) Any two maximal elements of ]A$(Z; p) are conjugate by an element of 
C§(£), where p is an odd prime. 

(hi) If <$ is a maximal element of |/|$ ( £ ;£ ) , then $ = ( î î n 0 ( § ) ) C ç ( £ ) 
ana7 [$, ï ] C 0 ( § ) . 1)3 is permutable with an Si-subgroup of § containing X. 
N$0P) w an Ax-group of characteristic 2™<©>/* > 4, w/zere ife = | $ / $ H 0 ( § ) | . 

(iv) Every element of M(©) fes iw 0 ( § ) . 
(v) J / f l = N^(©), ^ » C$(5t) ç 0 ( ® ) C « ( î ) . 

(vi) Assume that 0 ( § ) is a p-group contained in the centre of § . 77ze?z § 
possesses a normal subgroup §1 which is isomorphic to a subgroup of PTL(2, 
2W(@)) containing PSL(2, 2W(@)) and which contains an Sv-subgroup of § . 

Proof. In proving (i), we may clearly assume that 0 ( § ) = 1, in which case 
it follows from the definition of an ^4i-group that § is isomorphic to a subgroup 
of PTL(2, q) containing PSL(2, q), where q = pn and either p = 2 or g = 3 or 
5 (mod 8). Hence by (6, Lemma 3.3(i)) and Lemma 2.2 (i) and (ii), we have 
§ = 8g, where 8 is isomorphic to PSL(2, £w) or PGL(2, £"), 8 <l § , 8 C\ % = 1, 
and g is cyclic of order dividing n. Suppose first that q = pn is odd. In this 
case an 52-subgroup of PGL(2, q) is dihedral of order at least 8. Since the 
52-subgroup © of § is abelian, 8 must therefore be isomorphic to PSL(2, q). 
Since q = 3 or 5 (mod 8) and |8| = %q(q — l)(q + 1), it follows that 
I© Pi 81 = 4 . But I ©I > 4 by assumption, and hence g necessarily has even 
order. Since |g | divides n, n = 2m for some integer m, and we conclude from 
the formula for |8| that |8| is divisible by 8. This contradiction shows that p 
must be equal to 2. In this case, PGL(2, q) = PSL(2, q). By Lemma 2.2 (i), 
% normalizes an 52-subgroup ©0 of 8; and ©0 is elementary of order 2n. Let 
go be an S2-subgroup of % and suppose that $0 9^ 1. Then by Lemma 2.2(ii), 
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|C@o(5o)| = 2n/Jc, where k = |g0 | . But this implies that ©0 go is non-abelian, 
contrary to the fact that the 52-subgroups of § are abelian. Thus g0 = 1, 
and we conclude that @0 is an SVsubgroup of § . Hence © C 8, © is elementary 
of order 2n, n = m(©), and § is of characteristic 2m(@). Furthermore, Ng(@) 
contains a cyclic subgroup of order q — 1 which acts transitively on the elements 
of ©^ by Lemma 2.1 (iii), and consequently all parts of (i) are established. 

In proving the remaining parts of the lemma, we drop the assumption 
0 ( § ) = 1» a n d set § = § / 0 ( § ) . Let X and © be the images of X and © 
in |>._By (i), § = 8g, where 8 is isomorphic to PSL(2, g), where q = 2m^\ 
8 <J § , § is cyclic of odd order, and Ï H g = 1. Furthermore, we can assume 
that % is chosen so as to normalize @. Finally we denote by 2JÎ the inverse 
image of © g in § . Since 0 (@§) centralizes ©, it follows at once from Lemma 
2.2(h) that 0 ( © g ) = 1, and consequently 0 ( § ) =_0(Wfl). Furthermore, 
by Lemma 2.2(iii), every element of M$( ï ; 2') lies in ©g . 

Now let ty be a maximal element of M^(ï ; p) and let ^ be its image in § . 
Then *Ç C C $ ( ï ) C © g and hence $ Ç 2)?. Thus 2ÏÎ contains every maximal 
element of \A$(X',p). Since 2)? is solvable, (ii) follows at once from Lemma 
2.4(h) applied to 2)?; and since 0(2)?) = 0 ( § ) , the first assertion of (iii) 
follows in the same way from Lemma 2.4(iii). Furthermore, since ty £ @§, 
Cg(^) is isomorphic to PSL(2, 2m), where m =m(©) /£and& = | $ | by Lemma 
2.2(h). But $ centralizes St, £ C 8, and \X\ > 4 by hypothesis. Hence m > 2, 
and consequently Cg($) is non-solvable and so is an ^4i-group of characteristic 
2m. Now let § i be the inverse image of C^($) in § . Then § i is an ^li-group of 
characteristic 2m and $ £ 0 ( § i ) - Since J C ^ i and ^ is a maximal element 
of M§(£; p),y$is an ^-subgroup of 0 ( § i ) ; and it follows at once from Sylow's 
theorem that N^Op) is an ^li-group of characteristic 2m. But clearly 
C$($) = N$($) , and consequently N$PP) maps into C$($) . Thus 
N^(^) CI §!, and we conclude that N§((Ç) = N^OP) is an ^4i-group of charac
teristic 2m. Since m = w(5)/ife > 2 and jfe = \%\ = |<P/$ H 0 ( § ) | , the final 
assertion of (iii) is proved. 

By Lemma 2.2(iii), M^(©) is trivial, and hence every element of M^(©; p) 
lies in 0 ( § ) . Thus (iv) also holds. 

Since C$(£) maps into Cf,(3l) and C$(£) C ©g , we have Ce(£) C 2)?. 
Since © Ç 2)?, Lemma 2.4(v) implies that C ^ ï l Ç O ® ^ ^ ) , where 
$ i = Naw(@), and (v) also holds. 

Finally we establish (vi), which is the analogue of (6, Lemma 3.10) for 
^ -groups of characteristic 2n. Let § = © / 0 ( § ) = 8 § , where 8, % have the 
usual meaning, and let 8 and % denote respectively the inverse images of 8 
and g. Then 0 ( § ) = 0(8) and by our hypothesis, 0(8) C Z(8). Since 
8/0(8) = 8 is isomorphic to PSL(2, 2W<®>), it follows from Lemma 2.1(viii) 
that 8 = §o X 0 ( § ) , where § 0 is isomorphic to 8. Next let ty be an 5P-
subgroup of %. Since 0 ( § ) CI Z(g) and g / 0 ( § ) = g is cyclic, g is abelian 
and consequently $ <3 g. Thus § i = §0^ <3 § and §1 contains an Sp-
subgroup of § . Finally since 0 ( § ) is a £ -group, 3̂ Pi 0 ( § ) = 1, and §1 is 
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isomorphic to a subgroup of PTL(2, 2m^) containing PSL(2, 2W<©>). This 
completes the proof of the lemma. 

LEMMA 2.6. Let § be an A i-group of characteristic a and let © be an S ̂ -subgroup 
of § . Then the following conditions hold: 

(i) If § contains an Ay-subgroup of characteristic qi > 5, then qi divides q. 
(ii) If q> 5, and q is odd, then £ = (C$(T)\T G ©#). 

(iii) § has no normal subgroups of index 2. 
(iv) ©c[Ns(©),Ns(©)]. 
(v) If ^ is a normal p-subgroup of § such that C^ ($) $£ O (§) , £Ae« C§ ($) 

is aw ^41-group and contains an SVsubgroup of § . 
(vi) Suppose q is odd and let ^ be a maximal element of M§(©; p). If either 

q= p-or © Ç [N©($), N^OP)], *Ae» $ = ( $ n 0(#) )C*(©) . 
(vii) Suppose q = pn is odd and q > 5. JTzen //zere aw/5 a prime r 7^ p such 

that © does not centralize a maximal element of M§(©; r). 

Proof. In proving (i), we can clearly assume that 0 ( § ) = 1. Then § = £g, 
where S <d § , 8 is isomorphic to PSL(2, g), g = 3 or 5 (mod 8) or q = 2n, 
% is cyclic of odd order and ? H g = 1. Hence if §1 is an ^i-subgroup of § 
of characteristic qu § P\ S = 81 is an ^4i-group of the same characteristic q. 
Since gi > 5, clearly q > 5. If g is odd, then q = pn and gi = >̂m with ra|n 
by (6, Lemma 3.1 (viii) ). On the other hand, if q = 2n, then gi = 2m with m\n 
by Lemma 2.2(vi). This proves (i). 

Since 0 ( § ) = (C0(&)(T)\T Ç ©#), (ii) will follow if we can show that 
§ = (Cç>(T)\T G ©#), where § = § / 0 ( § ) and © is the image of © in § . 
Since 0 ( § ) = 1, it suffices to prove (ii) under the additional assumption that 
0 ( § ) = 1. Thus § = 8g a s above, where now q = 3 or 5 (mod 8). By 
(6, Lemma 3.3 (i)), we may assume that © centralizes g. Hence we need only 
show that 8 = (Cg( r ) | r G ©^). Since q > 5, our conditions imply that, in 
fact, q > 11. The desired conclusion now follows from (6, Lemma 3.1 (ix)). 
This proves (ii). 

Let §1 be a normal subgroup of § of index 2. Since § is non-solvable, so 
also is §1, and hence §1 is an ^i-group. Therefore |© Pi § i | > 4 and so 
|©| > 4. But by Lemma 2.5(i), © is elementary and § has one class of involu
tions. This implies that §1 contains all involutions of © and hence that 
© £ §1, contrary to the fact that | § : § i | = 2 and © is an 52-subgroup of § . 
Thus (iii) holds. 

If |©| > 4, then by Lemma 2.5(i), N§(@) possesses an element which acts 
transitively on the involutions of © and also © is elementary. It follows at 
once from this that © Ç [N$(©), N$(©)]. On the other hand, if |©| = 4, 
then N^(©) contains a 3-element which cyclically permutes the three involu
tions of @; otherwise N§(©) = C§(©) and § would have a normal 2-comple-
ment. Thus (iv) holds in this case as well. 

Now let $ be a normal ^-subgroup of § such that S = C§(̂ J3) $£ 0 ( § ) . 
Set § = § / 0 ( § ) and let @ = 8g , where 8 is isomorphic to PSL(2, g), 

https://doi.org/10.4153/CJM-1965-085-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1965-085-x


FINITE GROUPS 871 

8 <3 §> S is cyclic, and 8 H § = 1. Furthermore, | §| is odd since § has no 
normal subgroups of_index 2. Now S <3 £> and consequently the image (S of 
6 in § is normal in § and 1 ^ 1 . Since 8 is simple and C^(8) = 1, it follows 
that ? C | . Since also 8 contains an 52-subgroup of § , we conclude that S 
is an ^4i-group and that E contains an SVsubgroup of § , proving (v). 

Assume next that q is odd and let ^ be a maximal element of V\%> (© ; p) for 
some prime p. Once again set § = § / 0 ( § ) and let ^3, © be the images of $ 
and © in § . Then § = 8 § , where 8 and § are as in the preceding paragraph. 
We may also assume, in view of (6, Lemma 3.3 (i)), that % centralizes ©. 
Suppose first that q = pn. Then Ms(©) is trivial by (6, Lemma 3.1 (vii)), 
and consequently g is the unique maximal element of Mf>(©) by (6, Lemma 
3.3 (ii)). Hence f Ç J Ç C§(@)- We conclude at once from this that 
y = (^ r\ 0(§))Gp(©). Thus (vi) holds in this case. 

Assume next that © C [N$0P), N^OP)], whence © C [Nf>(^)_, N$ ($)_]. We 
shall argue that 3̂ P\ 8 = 1, so assume the contrary. Since ^ P\ 8 6 Mg(©; p), 
(6, Lemma 3.1 (vii)) implies that q ^ £n. Hence $ H 8 is cyclic by (6, Lemma 
3.1 (v)). Since f H ? < N | ( f ) and © C [N^($), N«($)] f it follows that 
© centralizes $ P\ 8. But © = Cg(@) by (6, Lemma 3.1 (iv)), yielding a con
tradiction. Thus $ H 8 = 1. Since © C 8, T © $ C 8 H f = 1, and therefore 
© centralizes ty. This proves (vi). 

Finally to prove (vii), assume q = pn is odd and g > 5. If 

6 = $/0($) =8g 
and if © denotes as above the image of © in § , it will clearly suffice to show 
that © does not centralize a maximal element of MsC©;^) for some prime 
r 9^ p. But since 8 is isomorphic to PSL(2, q), it follows from (6, Lemma 3.1 
(hi)) that |Cg(r) | = q-ô, where Ô = ± 1 and Ô = q (mod 4), for any f in ©#. 
Furthermore, since |©| = 4, (q — ô)/4 is necessarily odd, and since q = pn > 5 
by assumption, it follows that |Cg(T)| is divisible by an odd prime r 9e p. 
But by (6, Lemma 3.1 (iii)), Cg(!T) is a dihedral group, and we conclude that 
@ does not centralize an 5 rsubgroup of Csi(77). This proves (vii), and completes 
the proof of the lemma. 

The next lemma gives a slight extension of Lemma 2.4(iv). 

Lemma 2.7. Let § be an Argroup, i = 0 or 1, and let © be an Si-subgroup of 
§ . If & is an A o-group, assume in addition that © C [§ , § ] . 77&£w i/ $ is a 
normal p-subgroup of ^p, £ 0 ^ , e^Aer © centralizes ^ or S^^l4^z(^) is non-empty. 

Proof. Let 3) be a subgroup of (̂3 chosen in accordance with (4, Lemma 8.2). 
If Sf^jVz^) is empty, it follows as in the proof of Lemma 2.4(iv) that 
$£ = §/C#C£)) is isomorphic to a subgroup of GL(2, p) and that § possesses 
a normal 2-complement. Hence either © C C^(35) or § , and consequently 
also § , has a normal subgroup of index 2. However, by Lemma 2.6(iii), the 
latter case is not possible if § is an A rgroup ; and it is also excluded by our 
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hypothesis if fè is an ^40-group. Thus © C C#(2)), and therefore © centralizes 
3̂ by (4, Lemma 8.2). The lemma follows immediately. 

LEMMA 2.8. Let & be an A i-group of characteristic rn, let Xbe a 2-subgroup of § 
of order at least 4, and let ̂  be a maximal element of M^( ï ; p) for some prime p. 
Assume, in addition, that <$ = ($ C\ 0 ( § ) ) C ^ ( ï ) ; and set k = | $ / $ H 0 ( § ) | . 
TTzen & divides n and we have the following two cases: 

(i) rn/Jc > 3. Then N^(^) is an Ai-group of characteristic rn/Jc. 
(ii) rn,lc = 3. Then r = 3 and n = k, and $ possesses a maximal subgroup 

$* containing ty C\ O (§) SZ/C/Ê £ to N§ ($*) is an 4̂ i-group of characteristic 3P. 
Furthermore, if p > 5, then $ is an Sp-subgroup of § . 

Proof. If r = 2 , (i) follows from the final assertion of Lemma 2.5 (iii). Hence 
we may assume that r is an odd prime. Set § = § / 0 ( § ) , and let Ç, J be 
the images of $ and £ in § . Then by (6, Lemma 3.3(i)), and Lemma 2.6(iii), 
§ = 2%, where 8 is isomorphic to PSL(2, rn), 8 <3 | ) , § is cyclic of odd order, 
and S H § = 1. Furthermore, we may assume that § is chosen so as to cen
tralize X. Now our hypothesis implies that ^ centralizes Î , and hence $ Ç g 
by (6, Lemma 3.3 (i) ). Since $ is a maximal element of M^ (£ ; £), $ is a maximal 
element of Mf>(ï; p), and therefore $ is, in fact, an ^-subgroup of g\ Applying 
(6, Lemma 3.3(i)) once again, it follows that 8i = Cg($) is isomorphic to 
PSL(2, rn/k), where k = \% If rn/jc > 3, then_8i is an_,4i-group. In this case, 
we set § i equal to the inverse image of N^($) = 8 i§ in § . Then § i is also 
an ^li-group of characteristic rn/1c and $ Ç 0 ( § i ) . Furthermore, 3̂ is an 
^-subgroup of 0 ( § i ) , and so N ^ ^ ) is an ^4i-group of the same characteristic 
rn/k foy Sylow's Theorem. Since N^ (^ ) is the image of § i in § , we see that 
N$0P) C <QU whence N$0P) = N^OP) is an ^4i-group of characteristic rn/Ic. 
Since k = | $ | = l^p/Ç H 0 ( § ) | , we conclude that (i) holds. 

Suppose finally that rw/fc = 3, in which case r = 3 and n = k. Since § is an 
^4i-group, it is non-solvable, and consequently 8 is not isomorphic to PSL(2, 3). 
Thus n > 1, and so n = & = ps = |Ç|, where s > 1. In particular, ^ = §. 
Let $* be the unique maximal subgroup of $ and set 8* = Q J ( $ * ) . Then 
by (6, Lemma 3.3 (i)), 8* is isomorphic to PSL(2, 3P), and $ normalizes, but 
does not centralize, 8*. Setting §* = Nf>C>J3*), it follows that §* = 8*$ and 
that Ç* is an S^-subgroup of 0 ( § * ) . Now let §*, P̂* denote respectively the 
inverse images of §* in § and Ç* in $ . Then §* is an A i-group of characteristic 
3*, T is an ^-subgroup of 0 ( £ * ) , | $ : $*| = £, and Ç H 0 ( § ) C $*. It 
follows now as in the preceding case that N^CÇ*) = N<p*(^*) is an ^4i-group 
of characteristic 3P, thus completing the proof of the first assertion of (ii). 
Furthermore, in this case, § is of characteristic 3W, where n = ps and hence 
8_is isomorphic to PSL(2, 3W), whence |8| = h 3** (3** - 1). But then if p > 5, 
|8| is prime to p, and we conclude at once that $ is an 5^-subgroup of § . 
The lemma is proved. 

In order to be able to apply the main results of (5) later in the paper (in
cluding the modifications made in the preceding section), we need some 
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results concerning ^-stability, ^-restriction, and ^-reduction for the class of 
AQ- and ./li-groups. If § is an ^4rgroup of odd characteristic, then § is a 
D-group, and hence the conditions under which § is ^-stable, ^-restricted, 
and ^-reductive are given in (6, Propositions 6, 7, and 8). We shall now derive 
analogous results when § is an ^40-group or an ^4i-group of characteristic 2n, 
n > 3. We note that the definitions of ^-restriction and ^-reduction are made 
only for groups § in which (VOp) = 1. The precise definitions of each of 
these concepts is given in (5, Section 2) and is repeated in (6, Section 4). 

Furthermore, the related concept of ^-restriction with respect to a subgroup 
3 of Op(&) is defined in (6, Section 4). 

PROPOSITION 1. Let § be an A0-group or an Ai-group of characteristic 2n, 
n > 3, and let p be an odd prime in TTS{§). Then 

(i) § is p-stable. 
(ii) If 0 P ' ( § ) = 1, then either § is p-restricted and p-reductive or p = 3 and 

§ / 0 ( § ) is isomorphic to PTL(2, 8). 

Proof. The proofs of these results follow those of (6, Propositions 6, 7, and 
8) very closely. Hence we shall limit ourselves to giving an outline of the 
arguments. We first discuss ^-stability. In view of the proof of (6, Proposition 
6), it will suffice to establish the following assertion: Let § be an ^40-group or 
an ^Li-group of characteristic 2n, n > 3, in which Op(&) = 1, and assume that 
§ is a linear group of transformations of a vector space 33 over GF(p), p odd; 
then § is a ^-stable linear group—that is, every non-identity ^-element of § 
acts on 33 with non-quadratic minimal polynomial. 

Since the 52-subgroups of § are abelian, the desired conclusion follows 
directly from (9, Theorem B) if § is an ^40-group. Hence we may assume that 
§ is an ^4i-group. In this case the argument parallels that of (6, Lemma 4.2). 
If 8 = C$(0P' (£>)) C 0 ( § ) , then the assertion follows again from (9, Theorem 
B). On the other hand, if 8 $£ 0 ( § ) , we find that 8 is an ^4i-group of the same 
characteristic as § and that 0 ( § ) C Z(8). Now application of Lemma 2.5 (vi) 
yields the existence of a normal subgroup 2i of 8 which is isomorphic to a 
subgroup of PTL(2, 2n) containing PSL(2, 2n) and which contains an 5^-sub-
group of 8. Hence it suffices to prove the desired assertion for 8i. But now if 
X is any ^-element of Si, it follows from Lemma 2.2 (vi) that there exists a 
conjugate X' of X in 8i such that § 0 = (X, Xf) is not a ^-group. Since the 
5Vsubgroups of § 0 are abelian, the last paragraph of the argument of (6, 
Lemma 4.2) applies without change to yield that X has a non-quadratic 
minimal polynomial on 33. Thus § is ^-stable in all cases. 

We next treat ^-restriction. Let 3 be a non-identity subgroup of Z(O p(§)) 
such that 3 < 3 § and O î,(§/C§(c3)) = 1. Then by definition, § will be p-
restricted, provided § is ^-restricted with respect to S f° r e a c n s u c n subgroup 
3- As at the beginning of the proof of (6, Proposition 7) this will be the case 
if $ = &/C&(3) is a ^-restricted linear group acting on 33 = &i(£)—that is, 
for every ^-subgroup or abelian ^-subgroup $ ^ 1 of § , $ contains a normal 
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subgroup $ i such that $ / ^ i is cyclic and such that a generator of $ / $ i has 
minimal polynomial of degree greater than 2 on Ge($i) . We note that !Q is 
an Ao- or an ^4i-group according as § is an A0- or an ^4i-group, and in the 
latter case that § is of the same characteristic as § and that Ô / 0 ( § ) is 
isomorphic to PTL(2, 8) if and only if the same is true of § / 0 ( § ) . Further
more, we have Op(§) = 1. In carrying out the proof, we drop the superscripts 
for simplicity of notation. 

Let then $ 9e 1 be either an 5^-subgroup of § or an abelian ^-subgroup of 
§ . Consider first the case that ( V ( $ ) 9e 1 and that $ g C$( (V(§ ) ) . Then 
arguing as in the corresponding case of (6, Proposition 7), we find in all cases 
that § is a ^-restricted linear group. We note that since the 5Vsubgroups of 
§ are abelian (6, Lemma 4.4) (which is used in the argument) applies without 
exception. As in (6), we are thus reduced to the case that $ C ? = C^(0 P ' (§)) 

£0($). 
We now apply Lemma 2.5(vi) as in the case of ^-stability; we conclude that 

ty Ç Si, where Si <d S and Si is isomorphic to a subgroup of PTL(2, 2n) con
taining PSL(2, 2n). Since Si is a ^-stable linear group acting on 33, the desired 
conclusion follows with $1 = 1 if ^ is cyclic; hence we may also assume that 
$ is non-cyclic. Now by Lemma 2.2 (i), §1 = SoS> where 80 is isomorphic to 
PSL(2, 2n), So<3 Si, § is cyclic, and So P g = 1. We may assume that g is 
chosen so that $ = ($ Pi So) ($ H S). Since the ^-subgroups of So are cyclic, 
we have 3̂ P So 9e 1 and $ H g 5̂  1. Furthermore, $ P g normalizes 
9Î = Cg0(^ P So). Now 9Î is cyclic of order 2n ± 1 by Lemma 2.1 (v). Suppose 
that either ^ 3 or 2 V 8. Then $ Pi g does not centralize ( V ($) by 
Lemma 2.2 (vii). But then the final paragraph of the proof of (6, Proposition 
7) applies without change to show that § is a ^-restricted linear group in any 
of these cases. Wre conclude that if § is not a ^-restricted linear group, then 
p = 3, 2n = 8, and $ is non-cyclic, in which case § / 0 ( § ) is isomorphic to 
PTL(2, 8). Thus (ii) holds with regard to ^-restriction. 

Finally we consider the concept of ^-reduction. Let $ be an 5^-subgroup of 
§ , let 33 be a subgroup of ty such that 33 is generated by elementary subgroups 
33z, i = 1, 2, . . . , s, with the additional property that 33 = V(ccl§(33); $ ) . 
Let tyo be a normal subgroup of $ contained in Op(§) and set S = C^C^o). 
Suppose that § 9^ SN^(33). For § to be ^-reductive, we must show under 
these circumstances that there exists a subgroup $ of § satisfying certain 
prescribed conditions which are stated just before (6, Proposition 8). Set 
T = % P S (§ ) , £ x = Ne OP*), and § 0 = S ( $ ) $ . Arguing as at the begin
ning of the proof of (6, Proposition 8), it follows that §* 9e (S P §i)N^.(33) 
for at least one value of i = 0 or 1 and that (VOp*) = 1 for both i = 0, 1. 
Hence it suffices to prove the existence of the required subgroup $ under the 
additional assumption that § = S&u i = 0 or 1. 

If €> = §0, then § is an ^40-group. Since we have already shown that every 
ylo-group is ^-stable, the argument of the corresponding case of (6, Proposition 
8) applies without change to yield the existence of $ . Hence we may assume 
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that § = §1 and that § is not solvable. Then $* is an S^-subgroup of 
0 ( § ) = S (£ ) . Setting § = § / ( ) ( £ ) , we have § = 9ft§> where $ft is isomor
phic to PSL(2, 2n), § is cyclic of odd order, and 9JÎ r\ g = 1. Furthermore, 
we can assume without loss that $ = ($ P\ 2ft) ( $ Pi g) , where $ is the image 
of $ in § . If 2 denotes the image of 8 in § , then as in the proof of (6, Proposition 
8), we may assume that $1 (£ 8. Furthermore, since § is ^-stable, we may 
also assume, as in the same proof, that |93*/33* P *i)3*| > >̂2 for some 
i = 1,2, . . . ,s. 

Finally let §* be the ima_ge of 93, in $ and set So = % H g. Then by 
Lemma 2.1 (v), we have | â , | =J>2, |S50| = £, and $ Pi Wl ^ l._Now S 0 

normalizes a subgroup 5R = C^f^ P $ft), and by Lemma 2.1(v), 9Î is cyclic 
of order 2n + 5, where 8 = ± 1 . Furthermore, 2fto = C^(So) is isomorphic to 
PSL(2, 2m), where m£ = n. Since £ divides 2n + 5, it follows that p divides 
(2n + 8)/(2m + ô). Since | $ | = 2n + 8 and_ |& P 2ft0|_= 2m + 8 and since $ 
is an Sp-subgroup of 9î, this implies that $ P 90? $£ 2fto. Hence if m > 1, or 
equivalently if 2fto is non-solvable, then it follows from Lemma 2.2 (viii) that 
2ft = (2fto, $ P 2ft). In this case the final two paragraphs of the proof of 
(6, Proposition 8) apply without change to yield the existence of the required 
subgroup $. 

There remains then the case m = 1 and 2fto is isomorphic to PSL(2, 2). 
Now So centralizes 12i(f P 2ft), and consequently $ P 2ft0 ^ 1. But |2ft0| = 6, 
whence p = 3, 2n = 8, and § / 0 ( § ) is isomorphic to PTL(2, 8). Thus (ii) 
holds and the proposition is proved. 

Finally we prove the following elementary lemma. 

LEMMA 2.9. Let P be a p-group, p odd, acted on by a four-group X, and let 
9î be a X-invariant normal subgroup of ty such that 3̂ = 9ÎC$(Ï). If X centralizes 
Z ^ ) , then X centralizes Z(9Î). 

Proof. Let 7\, T2, T3 be the involutions of X and let 
Z«R) = 3o X 3 i ; X 3 / X as ' 

be the ^-decomposition of Z(9î). Since Z(9Î) <3 ^5Ï, ^o = Qp(i£) normalizes 
each St- Since $ = $R^0, it follows that C 5 / (^o) C Z ( $ ) . But X centralizes 
Z(^P) by assumption, and consequently Cg. '^o) = 1. This forces 3 / = 1> 
i = 1, 2, 3, whence Z(9t) = ^o and X centralizes Z(9î). 

3. Summary of known results and first reductions of the theorem. 
The following five known theorems cover particular cases of Theorem 1 : 

THEOREM A (Gorenstein and Walter, 6). If ® is a simple group with an 
abelian Si-subgroup of type (2, 2), then © is isomorphic to PSL(2, q), q > 5 and 
q = 3, 5 (mod 8). 

THEOREM B (Brauer, 1). If @ is a simple group with an abelian S2-subgroup 
of type (2*,2W), then n = 1. 
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THEOREM C (Brauer, to appear). / / © is a simple group with an abelian 
Sz-subgroup © of type (2, 2, 2), and if G{T) is solvable for every involution T in 
®,then |N(©)/C(©)| = 7. 

THEOREM D (Suzuki, 11). If © is a simple group with an abelian S2-subgroup 
© and if © is disjoint from its conjugates, then © is isomorphic to PSL(2, 2n), 
n > 2. 

THEOREM E (Thompson, 12). If © is a simple group with abelian Si-subgroups 
and if the normalizer of every non-identity solvable subgroup of © is solvable, 
then © is isomorphic to PSL(2, q), q > 4, where either q = 2n or q = 3, 5 
(mod 8). 

With the aid of these results, we can obtain the following reduction in the 
proof of Theorem 1 : 

PROPOSITION 2. Let % be a group of least order satisfying the hypotheses, but 
not the conclusion of Theorem 1. Then we have: 

(i) © is simple. 
(ii) If © is an S^-subgroup of ©, then w(©) > 3. Furthermore, if © is 

elementary of order 8, then |N(©)/C(©)| = 7. 
(iii) Every proper subgroup of © is an A--group, i — 0 or 1. 
(iv) There exists a distinct conjugate ©i of © swc/z £&a£ @i P\ © 7e 1. 
(v) The normalizer of some non-identity solvable subgroup of © is non-

solvable. 

Proof. Let § be a proper subgroup of @. Then an S2-subgroup of § is 
abelian, and the minimality of © implies that either § is solvable or else 
§ / 0 ( § ) is isomorphic to a subgroup of PTL(2, q) containing PSL(2, q), where 
either q = 3 or 5 (mod 8), q > 5, or q = 2n, n > 2. Furthermore, G$(T) is 
solvable for any involution T in § . I t follows therefore from the definition 
that § is either an Ao- or an ^4i-group. Thus (iii) holds. 

We show next that © is simple. I t is immediate that our hypotheses carry 
over to @/0(@). Hence, if 0(@) ^ 1, then our minimal choice of © implies 
that the conclusion of Theorem 1 holds for @/0(@), and hence also holds for 
©, a contradiction. Thus 0(@) = 1. Suppose next that 02(@) ^ 1. Then 
6 = C(0 2 (©)) is solvable since 6 Q G(T) for any involution T of 02(@). 
Furthermore, since an 52-subgroup of ® is abelian, © CI fë. Thus ( S o @, (5 is 
solvable, and |@/Ë| is odd. But then ®/S is solvable, and hence © is solvable, 
which is not the case. Therefore 02(@) = 1, and we conclude that S(@) = 1. 

Suppose now that © is not simple and let § be a minimal normal subgroup 
of @. Since SOp) char § < ® , w e have S ( § ) C S ( ® ) = 1 . Thus by the first 
paragraph of the proof, § is an ^4i-group. Minimality of § forces § to be 
isomorphic to PSL(2, q), q = 3, 5 (mod 8), q > 5, or q = 2n, n > 2. Our 
hypothesis implies that |C(§) | is odd. Since C(§ ) <3 ©, it follows that 
C(§) C S ( ® ) = 1. But now we can apply Lemma 2.2(v), to conclude that 
© is an ^4i-group. This contradiction shows that © must be simple. Thus 
(i) holds. 
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Next suppose ra(@) < 2. First of all, © must be abelian of type (2a, 2a); 
for if this were not the case, then © Ç Z(N(©)), and Burnside's Transfer 
Theorem would imply that © possesses a normal 2-complement, contrary to 
the simplicity of ©. But then a = 1 by Theorem B and so @ satisfies the 
conclusion of Theorem 1 by Theorem A, a contradiction. Thus m(0) > 3. 
Furthermore, if © is elementary and m(@) = 3, then |N(©)/C(@)| = 7 by 
Theorem C. Finally, conditions (iv) and (v) follow from Theorems D and E 
respectively. 

Thus a minimal counter-example to Theorem 1 satisfies the hypotheses of 
Theorem 3, and hence Theorem 1 will follow once Theorem 3 is established. 
Thus the balance of the paper is devoted to the proof of Theorem 3. 

We now introduce a distinguished subset a of x(@), which will play a 
fundamental role throughout the paper. 

Definition. Let © be an ^-subgroup of ®. Denote by a the set of those odd 
primes p in TT(@) such that © does not centralize some maximal element of 

M (€>;*>). 
Clearly a is determined independently of the choice of ©. Furthermore, for 

any odd prime p not in a, © centralizes every element of |/ |(©; p). 
We now prove 

PROPOSITION 3. a is non-empty. 

Proof. Suppose that a is empty. We shall show that any two distinct 52-sub-
groups © and ©i of @ have a trivial intersection, contrary to Proposition 
2(iv). Assume then, by way of contradiction, that © P\ ©i ^ 1. Then 
6 = C ( © P \ © i ) contains both © and ©i and Ë is solvable. By Lemma 
2.4 (i), S = 0(fè)Ng(©). But since a is empty, © centralizes every subgroup 
of odd order which it normalizes, and hence O(Ê) Q C(©). Thus 6 = Ng(©) 
and © <d Ê, whence © = ©i, a contradiction. Therefore © C\ ©i = 1, as 
asserted. 

Remark. Proposition 2, parts (iv), (v), and the second assertion of (ii) (and 
hence Theorems D, E, and C respectively) are each used only once in the proof 
of Theorem 3 — the first in the preceding proposition, the second in Section 5 
at the end of Proposition 5, and the third in Section 7 in Proposition 8. 
Furthermore, Theorems A and B are not used again in the paper. 

4. A transitivity theorem and some consequences. The following 
proposition is basic for all our work: 

PROPOSITION 4. Let X be a 2-subgroup of ©. 
(i) / / m (2) = 2 and N(£) D C(£) , then N(£) acts transitively on the 

maximal elements of V\ (£; p) for all odd p. 
(ii) / / m(X) > 3, then C(X) acts transitively on the maximal elements of 

M(£; p) for all odd p. 
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Proof. The proof of (i) is essentially identical with that of (6, Lemma 6.1). 
Let 7\, T2, Tz be the involutions of X, let $ be a maximal element of 1/1^(2; P), 
where 5ft = C(Ti), and let Ĵ3i be a maximal element of \A{X; p) containing $. 
Suppose that (i) is false, and choose ^ 2 to be a maximal element of \A(X] p) 
which is not conjugate to tyi under the action of N(£) in such a way that 
35 = $ i P\ ^ 2 has maximal order. Then clearly % j* 1, i = 1,2. Since 
N(St) 3 C(£) , |N (£ ) /C(£ ) | = 3 and N(£) contains a 3-element i? which 
cyclically permutes the involutions Th T2, 7Y Since Gp2(7^) ^ 1 for some 
i = 1, 2, 3, ^o = y$2RJ r\ 9Î ^ 1 for some j - 0, 1, 2. Now 5ft is solvable and 
^o G k k ( £ ; p). Hence Ç0* Ç <P £ $i , where £ 6 Cm(X) by Lemma 2.4(H). 
Setting Y = RŒ, we conclude that ^2

Y H $ i ^ 1 and that F Ç N ( Î ) . But 
then 5|32F is not conjugate to 3̂i by an element of N(X), and it follows from our 
maximal choice of 35 that 35 j* 1. 

Now set § = N(35) and 1 / = $ ^ ^ . Clearly 35 C $*, i = 1, 2, and hence 
35 C $ / , ^ = 1, 2. Let ^3* be a maximal element of M$( ï ; £) containing ^3i'. 
If Q is an y4o-group or an ^4 rgroup of characteristic 2n, then by Lemmas 
2.4(h) and 2.5(h), $2

fX Q ^3*, where X G C^(£) Ç N § ( Î ) . On the other 
hand, if § is an yli-group of odd characteristic, then § is a .D-group and it 
follows from (6, Lemma 3.6(i)) that ^2

,x Q ^3* for some X in N$(£) . In 
either case, this leads to a contradiction as in the proof of (6, Lemma 6.1). 

To prove (ii), let $1 and ^2 be maximal elements of \A(X; p) which are not 
conjugate by an element of C(X) and chosen so that 35 = tyi Pi ç$2 has 
maximal order. If 35 9e 1, we proceed as above, setting § = N(35), 
W = tyi P § , i = 1,2, and denoting by ^3* a maximal element of \A$(X; p) 
containing $ / . Since m(X) > 3, § is either an y40-group or an ^4i-group of 
characteristic 2n, whence ^2

X £ ^3* for some X in C^ ( ï ) by Lemmas 2.4 (ii) 
and 2.5(ii), which again leads to a contradiction as in the proof of (6, Lemma 
6.1). Thus if $ 1 and ^2 are any two maximal elements of \A(X; p) which are 
not conjugate by an element of C(£) , then we must have ^1 Pi ^2 = 1. 

On the other hand, since m(X) > 3, there exists an involution T in X such 
that C^(X) ^ 1, i = 1 and 2. Set 6 = C ( r ) , let $<* be a maximal element 
of Mg(ï ; P) containing Gp. (T), and let Q f b e a maximal element of \A(X; p) 
containing $**. Since S is solvable, ^2*^ = $1* for some E in Cg(S) by 
Lemma 2.4(h). Since £i2

E H O i 3 %* and E £ C(X), it follows that 
O i = 0 2

F for some 7*1 in C(X). Since O j H ^ ID C^.(r) 5̂  1, we have also 
O i = $/•", where ^ Ç C(£) , i = 1, 2. Thus ^ = ^ 2

Z where Z = F2 FFr1 

G C(20, a contradiction. This completes the proof of the proposition. 

As a corollary we have 

LEMMA 4.1. Let © be an S2-subgroup of @ and let ^ be a maximal element of 
| / |(©; p). Then: 

(i) N(©) = [N(©) n N ( ? ) ] C ( @ ) . 
(ii) © ç [NOP), NOP)], 

(iii) If p G o-, £Âew ©/C© ($) is non-cyclic. 
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Proof. Let X G N ( © ) . Then tyx is a maximal element of M ( © ; £ ) . Since 
ra(©) > 3, the preceding proposition implies t h a t ^x = tyY for some Y in 
C ( © ) . T h u s I F " 1 = Z G N ( © ) H NOP), whence 

X G [ N ( @ ) n N ( ? ) ] C ( @ ) , 

and (i) follows. 
Set $ = N N ( ç) (©) . If © $£ [$ , $ ] , then NOP) possesses a normal subgroup 

of index 2 by G a i n ' s Theorem (7, p . 215, Theorem 14.4.5). Bu t then N ( © ) 
possesses a normal subgroup of index 2 by (i), and another application of 
G a i n ' s Theorem yields t h a t ® possesses a normal subgroup of index 2, a 
contradiction. T h u s © C [$ , $ ] C [NOP), NOP)] and (ii) holds. 

Finally if p G o-, © does not centralize some maximal element Q of M (©; p). 
Since Q and 3̂ are conjugate by an element of G(©) , © does not centralize $ . 
If NOP) is an ^4o-group, (iii) follows now from Lemma 2.4(iv). On the other 
hand, if NOP) is an ^4i-group, C@0P) = 1 by Lemma 2.5(i), and again (iii) 
follows. 

L E M M A 4.2. Let © be an Si-subgroup of © and let ty be a maximal element of 
M(©; p), where p G cr. Then Cy(X) contains a subgroup of type (p> p, p) for 
any element X of ty of order p. In particular, Sf^jViity) is non-empty. 

Proof. Let Ê be a characteristic subgroup of ty chosen in accordance with 
(4, Lemma 8.2), and set 35 = 12i(S). Then 35 is of exponent p and of class a t 
most 2. Since © does not centralize ^3, © does not centralize S and hence does 
not centralize 35. Bu t by Lemma 4.1 (ii) © C [NOP), N(^J3)], and consequently 
£f(£lVz(X)) is non-empty by Lemma 2.7. In particular, £f/('6^\4(^3) is non
empty . 

Now let X be an element of $ of order p. If X G Z(35), 35 C Cy(X), so 
C$(X) contains a subgroup of type (p,p,p). If X G 35 - Z(35), and 
|Z(35)| > p\ ( Z ( 3 5 ) , X ) C C$(X) and again Cy(X) contains a subgroup of 
type (p, p, p). If X G 35 - Z(35), and |Z(35)| = p, then 35 is extra special, 
and C®(X) contains a subgroup of type (p, p, p). We may therefore assume 
t h a t X G $ — 35. If C®(X) contains a subgroup of type (p, p), then C<$(X) 
contains a subgroup of type (p,p,p). Finally consider t ha t | C T ) ( X ) | = p, 
in which case |C©*(X)| = p2, where 35* = (35, X). T h u s 35* is of maximal 
class. Hence if we set 35o = 35 and 3 5 m = [35*, $ ] , we have |35* : 3 5 m | = p, 
i = 0, 1, . . . , n - 1, where |35| = pn. Bu t then each 35* <3 9? = N(SP) and 
consequently [9fl/35*+i, W/Qi+i] centralizes 35*/35z+i. Since © Ç [$ft, 9Î], it 
follows t h a t © stabilizes the chain 35 = 35o D 35i D . . . D 3 \ = 1, whence © 
centralizes 35, a contradiction. The lemma follows. 

L E M M A 4.3. Let © be an S2-subgroup of © and let $ be a maximal element of 
H ( © ; p) for some prime p in <T. Then © possesses a four-sub group X such that 
Cy(T) contains a subgroup of type (p, p, p) for each involution T in X. 

Proof. Let 35 be as in the preceding lemma, so t ha t 35 is of exponent p, 
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class at most 2, and j^^/J^CS)) is non-empty. We first show that ©i = 12i(©) 
possesses a subgroup ©0 such that ra(©i/©0) < 3 and Gj$(©0) contains a 
subgroup of type (p, p, p). Suppose first that 3 == Z(2)) has order at least ps. 
Let ©o be a subgroup of ©i of maximal order such that 3o = Q3(©o) has order 
at least p*, and let Xo be a complement to @0 in @i. Since © is abelian, Xo 
normalizes 3o- If m(Xo) > 4, then |C30 (^) I > Pz for some T in £0# and 
(©0, X) centralizes a subgroup of 3 of order at least ps, contrary to our maximal 
choice of ©0. Thus m(Xo) = m(©i/©o) < 3 and the desired assertion holds 
in this case. 

Hence we may suppose that | 3 | < P2- Since © C [N0P)> NOP)] by Lemma 
4.1 (ii), it follows from Lemma 2.7 that © centralizes 3- Now set 3D = 3) /3-
Since © does not centralize 3), © does not centralize £); hence applying Lemma 
2.7 once again, we conclude that \X)\ > pz. Arguing now as in the preceding 
paragraph, it follows that if @0 is a maximal subgroup of @i such that Cf)(©0) 
= T)0 has order at least pz, then m(©i/©0) < 3. Setting 3)0 equal to the inverse 
image of So in 3), we see that ©0 stabilizes the chain 1 C 3 C 3)o, and hence 
©0 centralizes 3V Since 3)o contains a subgroup of type (p, py p)y the desired 
assertion follows in this case as well. 

If m(©o) > 2, we can choose X to be any four-subgroup of ©0, and X will 
have the required properties. We can therefore assume that m(©0) < 1 and 
hence that ra(©) = m(©i) < 4. Suppose first that ra(©) = 3. Since 

© ç [NOP), NOP)] 

and © is abelian, NOP) contains a 7-element F which acts transitively on the 
elements of ©i#. Suppose first that @i does not centralize 3- Then some 
irreducible constituent 33 of the representation of (@i, F) on 3 does not have 
@i in its kernel. But then Clifford's theorem implies that |33| = plk, k > 1. 
Let X be any four subgroup of ©1, let 7\, T2, Tz be the involutions of X, and 
let S3 = 23i 932 «3 be the ^-decomposition of 33. Since |33| > p\ it follows that 
195*1 > Pz for some i = 1,2,3. Thus Cg(Ti) contains a subgroup of type 
(Pi PJ P) ^or some i = 1, 2, 3. But as F acts transitively on the involutions of 
©1, C$(Ti) contains a subgroup of type (p, p, p) for each i = 1, 2, 3. Hence 
the lemma holds in this case. On the other hand, if ©1 centralizes 3 , the lemma 
follows by essentially the same argument applied to 3D = 35/3-

We may therefore assume that ra(©) = 4. Consider first the case that 
|N(©)/C(©)| is divisible by 5, in which case NOP) possesses a 5-element X 
which normalizes, but does not centralize, ©1. As above, suppose first that 
©1 does not centralize 3- Then by Clifford's Theorem an irreducible constituent 
353 of the representation of (©1, X) on 3 n ° t containing Si in its kernel has 
order phk, k > 1. Let 2Bi be a subgroup of SB on which ©1 is represented 
irreducibly, and let $1 be the kernel of this representation. Then |2Bi| = p 
and |$i | = 8. Furthermore, 2B* = 2Bi 2Bix 2Bix2 has order p* and 

$* = fa r\ ®!x r\ $!x2 
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has order 2. Hence if $ * = (TJ, Tx centralizes SB*. Bu t then T2 = Tx
x 

centralizes SB*X, and consequently X = (Th T2) centralizes SB* H SB*X, 
which has order p2. T h u s | C S B ( Ï ) | > ^>2. 

We shall show tha t X satisfies the requirements of the lemma. Set T% = T\ T2. 
If |Cgs ( ï ) | > pz, then Csp(ï) contains a subgroup of type (p, p, p) and hence 
so does C $ ( 7 \ ) for all i. Hence consider t h a t |CSB(!E) | = p2, and let 

SB = SB0 x SB/ x SB/ X SB/ 

be the ^-decomposit ion of SB. Here SBo = Cj©(ï) and W/ is the subset of 
C S B ( 7 \ ) inverted by Tjfj ^ i. Now |SB/ | = |SB/ | since T2 = 7 \ x . Bu t then 
|SB| = £ 2 |H7 | 2 |WY| . Since |SB| = Phk and 5* is odd, it follows t h a t SB/ * 1. 
Hence | C s s ( r 3 ) | = |3Bo SB/ | > £3 . Since T± and T2 centralize SB*, and 
|SB*| = p\ W e conclude t h a t | C S B ( 7 \ ) | > £ 3 for all i = 1, 2, 3. T h u s C $ ( 7 \ ) 
contains a subgroup of type (/?, p, p) for each i = 1, 2, 3, as required. There
fore the lemma holds if ©i does not centralize 3 - On the other hand, if ©i 
centralizes 3> we apply the same argument to Î ) = 3 5 / 3 , and the lemma 
follows in this case as well. 

I t thus remains to t rea t the case ra(©) = 4 and N ( © ) / G ( @ ) is a 3-group. 
As above, we assume first t ha t @i does not centralize 3 - Let 9? be an 5 3 -
subgroup of NN(^3)(©). Since N ( © ) / C ( © ) is a 3-group, Lemma 4.1 (i) and (ii) 
implies t h a t © Ç [@3t, © $ ] ; and hence t h a t ©x Ç [ S ^ , ©iSR]. If U denotes 
an irreducible const i tuent of the representation of ©i9? on 3» not containing 
©i in its kernel, it follows once again from Clifford's Theorem t h a t |U| = pzk, 
k > 1. Choose R in 9? with i^ not in C(5 i ) . Then i^ normalizes, bu t does not 
centralize, some four-subgroup Xi of ©i. If T1} T2, T3 are the involutions of 
Xi, this implies t ha t |Ui| = IU2I = |U3|, where U* = C u ( 7 \ ) , i = 1, 2, 3. Bu t 
II = Ui U2 U3. Hence if k > 1, it follows t h a t |U<| > £3, i = 1, 2, 3 ; whence 
C $ ( 7 \ ) contains a subgroup of type (p, p, p) for all i, and 7 \ can be taken as 
the required subgroup T. 

Consider next the case k = 1. Let $ be the kernel of the representation of 
©1 9? on U. Since ra(©i) = 4 and m(\X) = 3, ©1 cannot be faithfully repre
sented on U, and consequently ©1 H $ 5* 1. If |@i H $ | = 2 , then ©x $ / $ 
is e lementary of order 8. Since 9Î is a 3-group, this implies t h a t ©1 $K/$ 
possesses a normal subgroup of index 2. But then ©1 9? has a normal subgroup 
of index 2, contrary to ©1 C [© :9î, ©i9?]. T h u s |@i H ®| > 4 and ©1 possesses 
a four-subgroup Ï which acts trivially on U. Since U is elementary of type 
(PJ P> P)i w e conclude t h a t X satisfies the required conditions. 

Finally if @i centralizes 3> the lemma follows once again by the same 
a rgument applied to X). This completes the proof. 

L E M M A 4.4. Let © be an S2-subgroup of © and X a four-subgroup of @. Let 
Q be a maximal element of \A(©; p) and ty a maximal element of \A{X\ p) 
containing O , where p £ a. Then: 

https://doi.org/10.4153/CJM-1965-085-x Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1965-085-x


882 DANIEL GORENSTEIN 

(i) C contains a X-invariant SP-subgroup of 0(C(T)) for each involution 
TinZ. 

(ii) $ = Q C ¥ ( £ ) . 

Proof. Let T\, T2, Tz be the involutions of X. Let 9?̂  be an ©-invariant 
5^-subgroup of 0(C(7^)) , and let Q j be a maximal element of M(@; £) con
taining 9t*, i = 1,2,3. By Proposition 4(ii), we have O = £liXi for some 
Xi in C(@), i = 1, 2, 3, and consequently SKjZi Ç O for each i. But since 
G(@) ç C(7\) , 9îzXi is a ^-invariant ^-subgroup of 0 (C(7 \ ) ) , i = 1, 2, 3, 
and (i) holds. 

Now let $ = ^ o W W W and O = O o D / D / O s ' be the X-decom-
positions of $ and Q, respectively. Since Q C $ , Q / Ç $ / , i = 1, 2, 3. 
But each ^3/ Ç 7 $ J . Since C(T^) is solvable, it follows therefore from Lemma 
2.4(iii) that $ / Ç 0 (C(7 \ ) ) for each i. Hence yt'

Y* ÇZ 9î< for some Yt in 
C(£) . Setting Zt = YiXit we have Zt Ç C(£) and P / z * ÇZ Q, whence 
P / Z i £ (?/. Thus | Q / | > | W | , and consequently Q / = $ / , i = 1,2,3. 
Hence $ = P̂o Q = Qp (£)£}, and (ii) also holds. 

The next two lemmas are needed to study the problem of ^-constraint for 
the primes in a\ compare Section 6 below. 

LEMMA 4.5. Let X be a 2-subgroup of @, and let ^ be a maximal element oj 
\A(X\ p), where p £ o-. Assume that the following conditions hold: 

(a) <P £ C(£). 
(b) For some non-trivial X-invariant subgroup 35 of ty, C(35) is an Ax-group 

of which X is an Si-sub group. 
Then if 35* is a X-invariant Sp-subgroup of Ov> tV (C (3))), X does not centralize 35*. 

Proof. Our conditions imply that X is elementary of order at least 4 and that 
N(X) Z) C ( ï ) . Let © be an 52-subgroup of © containing X. Obviously every 
maximal element of M (©; £) is contained in some maximal element oî\A(X; p). 
Since any two maximal elements of \A(X; p) are conjugate by an element of 
N(£) by Proposition 4, ^ contains a maximal element Q of \A{(S)x\p) for 
some element X in N ( ï ) . Since X Ç! © x , we can assume without loss that O 
is a maximal element of M(®; p). 

By hypothesis, $ g C(£) ; hence $ g C(£*) for some four-subgroup £* 
of Ï . Let Ti, T2, Tz be the involutions of X* and let 

be the ^-decompositions of $. Then $ / 5̂  1 for some i = 1, 2, 3, say, i = 1. 
Thus 3̂o C $ and N(^0) H $ / ^ 1. But N(^30) H $ / centralizes ^ 0 by 
(6, Lemma 1.1), whence C^'OÇo) 9e- 1. But © centralizes X* and hence 
35 £ 3̂o. Thus C^(35) = 35/ ^ 1. Furthermore, since Î is abelian, $ / , 
and hence also 3V, is ï-invariant. Setting S = C(35), we conclude that 
35/ e kl<s(£; £) and that 35/ g C(£) . 

Suppose first that m(X) > 3, in which case Ê has characteristic 2m(3:). But 
then 35/ C 735/ £ £ O(S) by Lemma 2.5(iii). Now 35/ normalizes some 
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^-invariant S^-subgroup g* of (V,p(fë). If $* Ç C ( ï ) , then 3) / would cen
tralize g* by (6, Lemma 1.1), whence 3V £ g* by (9, Lemma 1.2.3), con
trary to the fact that 3Y does not centralize X. Thus g* £ C(£) . But g* 
and 2)*, being ï-invariant 5^,-subgroups of Op>tP (E), are conjugate by an 
element of C(£) . Hence 3)* $£ C ( ï ) , proving the lemma in this case. 

Consider then that m (X) = 2, in which case X = X* and Ê is of characteristic 
g > 5, g odd. It will suffice to prove that $ / ^ 1, i = 1, 2, and 3, for then it 
will follow as above that 35/ = C^-'CD) ^ 1 for all i = 1, 2, 3, and (6, Lemma 
3.6 (vi)) will imply that 3) / ÇI 0 ( 6 ) for at least two values of i. But then the 
argument of the preceding paragraph will apply without change to give the 
desired conclusion. 

Now W £ 0 ( C ( r i ) ) by Lemma 2.4(iii), and $ / ^ 1 by assumption. 
This implies that X does not centralize any ^-invariant ^-subgroup of 
0 (C(7 \ ) ) . But S contains an element which cyclically permutes the involutions 
7i, T2, T$, and hence X does not centralize any ^-invariant S^-subgroup of 
0 (C(7 \ ) ) for each i = 1, 2, 3. On the other hand, by Lemma 4.4(i) Q contains 
an 5^-subgroup of 0(C(7\ ) ) for each i = 1, 2, 3. Thus if 

O = Q 1 Q 2 Q 3 = Q o O i ' Q ^ Q s ' 

denotes the ^-decompositions of Q, we conclude that G* D Q 0 and Q / ^ 1 
for each i = 1, 2, 3. Since Q Ç $ , Q / C $ / and therefore $ / ^ 1, i = 1, 2, 3, 
as required. 

LEMMA 4.6. Z ^ X be a four-subgroup of @, Ze£ © be an Si-subgroup of © 
containing X, let £x be a maximal element of M(©; p), where p £ c, and /^ ^ 
&e a maximal element of \A(X; p) containing O . Assume that the following 
conditions hold: 

(a) ÇÇC(SC). 
(b) .For 5owg non-trivial subgroup 3) 0/ ^5, C(35) is an Ai-group of which X 

is an Si-subgroup. 
(c) C(O) is solvable. 

Then one of the following two statements holds: 
(i) O contains an ^-invariant subgroup $R with ^^jV^ifSO non-empty 

such that C(9î*) is an Ai-group of characteristic 3*, t > p, for some maximal 
subgroup 9Î* of dt. 

(ii) 13)I = p, 9Î = N(3D) is an Ai-group of characteristic 3P, 35 is an Sp-
subgroup of 0(91), ana7 a maximal element of kta(£; £) te^ arder ̂ >2. 

Proof. Let § be any 4̂ i-subgroup of @ containing X and let 36 be a maximal 
element of I4p(£; X). Since N(X) D C(£) by Condition (b), we have 36 F C 5̂ 
for some F in N(£) by Proposition 4(i), and consequently £ centralizes 36. 
But then we can apply Lemma 2.8 to conclude that either C#(3E) is an /li-group 
or that § has characteristic 3pn, n > 1, and 36 possesses a maximal subgroup 
36* containing 36 P\ 0 ( § ) such that C#(ï*) is an yli-group of characteristic 3P. 
This result will be used repeatedly in the proof. 
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Suppose first t h a t © possesses an ^ - s u b g r o u p $ containing X and also 
containing a maximal element of \A(X\ p). Then by Proposition 4( i ) , we can 
assume wi thout loss t h a t ty Ç $ . Now by the preceding assertion, ei ther 
C$ ($) is an A i-group or else $ has characterist ic 3pn and $ possesses a maximal 
subgroup ^3* such t h a t C^OP*) is an ^4 r group of characterist ic 3P. However, 
in the first case, C ( Q ) is an ^4i-group since Q Ç ^ , in contradict ion to (c). 
T h e same contradict ion occurs in the second case if Q Ç ^3*. Hence ^ * P Q 
is a maximal subgroup of G . We shall show t h a t (i) holds with O = 9? and 

f n o = at*. 
Firs t of all, ^ ^ / ^ ( Q ) is non-empty by Lemma 4.2. Fur thermore , since 

C&W*) Ç C ( 9 ? * ) and C&W*) is of characterist ic 3*, Lemma 2.6 (i) implies 
t h a t C (91*) is an A i-group of characterist ic 3 l for some t > p. T h u s (i) holds. 

We may therefore assume t h a t no A r s u b g r o u p of © containing X contains 
a maximal element of \A(X; p). Suppose next t h a t ^ possesses a subgroup 351 
with |J?i| > p such t h a t C(3)i) is an A i-group. Since Q CI $ , certainly ^ 
is non-cyclic. Hence there exists an element S3 in ^ ( ^ ) . Since |33i| > >̂, 
SDo = Ca)i(SB) ^ 1. Since C(SDi) C C(SD0) = E, it follows t h a t S is an 4 i -
subgroup of © containing £ and S3. Let 36 be a maximal element of M(g(ï; p) 
containing S3. Then Cg(£*) is an ^4i-group for some subgroup 36* of index a t 
most p in 96. Bu t then S3* = S3 P 36* ^ 1, and consequently $t = G (S3*) is an 
^ - s u b g r o u p of © containing X. Fur thermore , $ P JÏ has index 1 or p in $ , and 
$ Ç $ if S3* C Z ( $ ) . Hence under our present assumptions |<Ç : $ P $ | = £, 
$ H S is a maximal element of M a ( £ ; £ ) , and S3* g Z ( Ç ) . In part icular , 
Z(^P) is cyclic. Fur thermore , C ^ ( ^ n i ) is no t an ^4i-group; otherwise 
N ( * i p n f i ) would be an yli-group containing X and ^ , cont ra ry to our present 
assumption. T h u s by the first assertion of the proof, $ has characterist ic 3pW, 
n > 1, and $ P $ contains a maximal subgroup ^ * such t h a t C$(^J3*) is an 
.4i-group of characterist ic 3P. 

Let $o = [ ^ n « j n « ] . Then ^ 0 Ç ^5* and hence C*OPo) is an ^ - g r o u p . 
B u t P̂o char $ H $ <3 $ . Hence if ^o ^ 1, N ( ^ 0 ) is an ^ - s u b g r o u p of © 
containing X and ^ , cont ra ry to assumption. T h u s $ 0 = 1 and ^ P $ is 
abelian. Since ^ = U1^ P $ ) Ç ^ * and since ^ char $ H S , we reach the 
same contradict ion if "jjJi ^ 1. Hence ^50 = 1 and it follows t h a t $ H $ is 
e lementary. Now Z ( $ ) C Ç H « since Z ( ^ ) Ç C(S3*) = $ . Since Z ( $ ) is 
cyclic, it follows t h a t | Z ( ^ ) | = £. If Z (Ç) ç ^5*, then N(Z(<P)) is an ylr-
subgroup of © containing £ and ty, once again yielding a contradict ion. T h u s 
ZOP) P ^5* = 1 and we conclude t h a t Ç H « = Z ( $ ) X $*. Since |Z0P) | = £ 
and $ P $ is an e lementary normal abelian subgroup of ty of index p, ty is of 
maximal class and c l ( ^ ) = a, where pa = \$ P $ | . Since j Z ^ / f s O P ) is 
non-empty , we also have a > 3. 

Now O C $ . If Q CZ $ P $ , then we p u t Q = $ and $ * P £} = 3Î*. 
T h e n y ^ r 8 ( 5 R ) is non-empty , |9? : SR*| = p, and by Lemma 2.6(i), C(9î*) 
is an ^ - s u b g r o u p of © of characterist ic 3*, / > p, since C$($*) CZ C(9?*). 
T h u s (i) holds in this case. Assume finally t h a t Q ^ 3̂ P i fc In this case we 
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setSR = Q n $ n i Then | Q : 5R| = P and hence 31 < i Q . If F G G - $R, 
then F ^ - ( ^ n « ) , and | C * ( F ) | = £2, whence | G Q ( F ) | = £2 . T h u s 
also O is of maximal class. Since , $ ^ ^ / ^ ( 0 ) is non-empty, it follows t h a t 
c l ( Q ) = b > 3, where |<R| = £&. In particular, y<jfM(W) is non-empty. 
Fur thermore , 31 = C o ( Z 2 ( Q ) ) c h a r d and hence 9Î is ©-invariant . Finally 
|̂3* P 9î contains a maximal subgroup 31* of 9Î. As above, C(9?*) is an ^4i-

subgroup of ® of characteristic 3\ t ^ p. T h u s all par t s of (i) hold in this case 
as well. 

I t remains therefore to consider the case t h a t for any non-trivial subgroup 
2)i of $ such t h a t C ( î ) i ) is an ^4i-group, we have |S)i| = p. Now let $) be a 
non-trivial subgroup of ^ satisfying (b). We shall show t h a t the conditions of 
(ii) hold. Firs t of all, our assumptions force |J) | = p. Set 31 = N(35), and let 
36 be a maximal element of M^CE; p) containing $ Pi 31. Since $ is non-cyclic, 
|̂ 3 Pi 3l\ > £2 and hence |3£| > £2 . Our conditions force C(36) to be solvable. 
Hence by the first s t a tement of the proof, 31 is an yli-group of characterist ic 
3p?l, n > 1, and 36 possesses a maximal subgroup 36* containing 36 P 0(31) such 
t h a t C^(36*) is an ^4i-group of characteristic 3P. Now our assumptions force 
|X*| = p, whence |X| = £2 . Fur thermore , since S Ç Ï H O(ïïl) C 36*, i t 
follows t h a t 35 = 36* is an 5^-subgroup of 0 ( 9 t ) and also t h a t Q R ( 3 5 ) is an 
yli-group of characteristic 3P. Bu t CÇR(3)) O Sft, and consequently 31 is an 
^4i-group of characteristic 3P. T h u s all par t s of (ii) are established. Th is 
completes the proof of the lemma. 

5. T h e u n i q u e n e s s c o n d i t i o n . Using the results of the preceding section, 
we shall now investigate the consequences of the assumption t h a t the unique
ness condition holds for some prime p in a. T h e essential lines of the proof 
are based upon arguments of J. G. Thompson which were communicated to 
the au thor and which are used in (12). Our main result is the following: 

PROPOSITION 5. Assume that ® satisfies the uniqueness condition for some prime p 
in a. Let @ be an S^-subgroup of ®, let ^ be a maximal element of M(@; p), 
let $ be an Sv-subgroup of ® containing $ , and let 3JI be the unique subgroup of ® 
containing $ which is maximal subject to the conditions that 3JI contain an element 
of s/±(ty) and that p £ irs(3Jt). Then the following hold: 

(i) @ C 3 J ! and © centralizes Op(33ï). 
(ii) The characteristic of every A i-subgroup of ® is a power of 2. 

Remark. In Sections 6 and 7, we shall argue t h a t if a is non-empty, then, in 
fact, ® satisfies the uniqueness condition for some prime p in a for which the 
corresponding subgroup 9JJ of © violates the conclusion of Proposition 5. Th is 
will force a to be empty , in contradiction to Proposition 3, and will thus 
establish Theorem 3. 

We carry ou t the proof of Proposition 5 in a sequence of lemmas, which are 
of some independent interest. 
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LEMMA 5.1. The following conditions hold: 
(i) © c 2ft. 

(ii) C(T) Ç tyflfor each involution T in ©. 
(iii) N ( ï ) Ç tyftfor every non-trivial subgroup X of ©. 
(iv) $ Ç O ( l ) . 

Proof. By Lemma 4.3, © possesses a four-subgroup X such that C$(7') 
contains a subgroup of type (p, p, p) for each TmX#. But then C$(T) £ s/z(ty). 
Since C(T) is solvable, it follows that C(T) Ç SO? for each T in X#. Since 
C(©) Ç C ( ï ) , C(©) C 5DÎ; and, in particular, (i) holds. Furthermore, 
TO) Ç 2ft since Ĵ5 G j / 8 ( $ ) . Since 

N(©) = [ N ( © ) H T O ) ] C ( © ) 

by Lemma 4.1 (i), it also follows that N(©) Ç ïft. 
Now let Xo be an arbitrary subgroup of © and set $ = N(£o), ? = C( ïo) . 

Then 8 is solvable and © Ç g. Hence | $ / 8 | is odd, whence $ /8 , and conse
quently $, is solvable. Thus $ = 0($)3S^(©) by Lemma 2.4 (i). But 

o(«) = <c0(«)(r)|2nesc') l 

and hence 0(3!) Ç M. Since N«(@) Ç N(©) Ç 9ft, it follows that $ Ç 2ft. 
Thus (iii) holds. Since (ii) is the special case of (iii) corresponding to Xo = (T)y 

(ii) also holds. 
Finally (iv) follows from Lemmas 2.4(iv) and 2.5(iv). 

The second statement of the proposition is an immediate consequence of 
this lemma. For let § be an A i-subgroup of @ which is not of characteristic 2n 

for any n. Then § is of odd characteristic q > 5. By replacing § by a conjugate, 
if necessary, we may assume that X = © P\ § is an 52-subgroup of § . But 
then § = (C$(T)\T e X#) by Lemma 2.6(H) and consequently § ÇZ 3ft by 
Lemma 5.1 (ii). Since § is an ^4i-group, also 2ft is an y4i-group. But © C $0? 
and m(@) > 3, whence 2ft has characteristic 2m(@) by Lemma 2.5(i). However, 
this is impossible by Lemma 2.6 (i), since § ÇZ 2ft and § has odd characteristic 
q > 5. 

To prove the first statement of the proposition, we need several additional 
lemmas. 

LEMMA 5.2. N(@) has only one class of involutions. 

Proof. We first argue that @ has only one class of involutions. Let T be a 
fixed involution in © and suppose @ possesses a conjugate class SB of involutions 
with T ([ SB. Choose T0 in SB. Since T and T0 are not conjugate in ©, (7\ T0) 
contains an involution 7\ which commutes with both T and To. But C(!T) CI 2ft 
by Lemma 5.1 (ii), and hence 7\ G 2ft. Thus T\ = r 2

M for some involution T2 

in © and some M in 2ft. Since C(T2) Ç 2ft, we have C( r x ) Ç ïft and hence 
To 6 2ft. Thus SB Ç 2ft. But then (SB) is a normal subgroup of @ contained in 
2ft, contrary to the simplicity of @. Thus all involutions of & are conjugate. 
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Since © is abelian, two involutions of @ which are conjugate in @ are 
already conjugate in N(@). Hence N(@) possesses only one class of involutions. 

In the following lemmas, T will denote a fixed involution of © and we set 
§ = C(T)Ov(Wi). Since C(T) C 2», § is a subgroup of 2R. 

LEMMA 5.3. Assume Qi(©) does no^ centralize $ . Then if X is an element of 
order p in § , C ^ ( X ) contains a subgroup of type (p, p, p). 

Proof. By Lemma 5.1 (iv), $ Q O(SDî). Since ^ is a maximal element of 
M(@; P), this implies t h a t $ is an 5„-subgroup of 0(2R) . Bu t then 9K = 0 ( ^ ) 9 ? 
by Sylow's Theorem, where VI = Nm(^). I t follows a t once t h a t ® = Cyi(T)^ 
contains an ^ - s u b g r o u p of § . Hence if $* is an 5^-subgroup of $ , it will 
suffice to show t h a t C<$*(X) contains a subgroup of type (p, p, p) for every 
element X of order p in $*. If X G $ , this is a consequence of Lemma 4.2. 
We may therefore assume tha t X Ç ty* — $ and, in particular, t h a t ^ is not 
an 5^-subgroup of $ . 

Let S be a characteristic subgroup of ^ chosen in accordance with (4, Lemma 
8.2), and set 3) = Œi(fê), so t h a t 3) is of class a t most 2 and of exponent p. 
T h e lemma follows if |C®(X) | > £; therefore we may assume tha t | (S® (X) | = p. 
T h u s J)* = (3J , X) is of maximal class. T o derive a contradiction from this 
assumption, it will suffice to show t h a t 3) = 3)/D(3)) has order a t least 
pv+l. For assume this to be the case. Since every homomorphic image of a 
^>-group of maximal class is easily seen to be of maximal class, £)* = 35*/D(33) 
is necessarily of maximal class. Since © is a maximal subgroup of 3D* of order 
a t least pp+1, cl(3D*) > p + 1. On the other hand, since 3) is elementary, we 
clearly have cl(S)*) < p, thus yielding a contradiction. 

Now since J / ^ L ^ O P ) is non-empty, NOP) C 30Î, and consequently 
yi = NOP). Bu t then N ( © ) = Nsn(@)C(©) by Lemma 4.1 (i), and it follows 
from the preceding lemma t h a t 8 = Ns^(©) has only one class of involutions, 
whence 8 = 2/0(2) has only one class of involutions. Fur thermore , 
Cm(T) Ç 0(m)C2(T) by Lemma 2.4(v). Since « = C<si(T)^ and <$ is not an 
^ - s u b g r o u p of S, this implies t h a t $ P\ C%(T) is not an 5^-subgroup of 
C%(T). Let ? be the image of T in 2, in which case C%(T) is the image of 
C g ( r ) in 2. Since $ contains an 5^-subgroup of 0 ( 8 ) and $ P\ Cg(T) is not an 
5p-subgroup of C g ( r ) , we conclude t h a t p divides |Cg(!T)|. 

On the other hand, 2, being solvable, possesses a 2-complement f). T h u s 
8 = ©f), where © denotes the image of © in 8. Set ©i = 12i(©) and 
Si = ©i f). Since any element of f) which centralizes @i necessarily centralizes 
©, we conclude from_(9, L e m m a l . 2 . 3 ) t h a t 0 ( 8 i ) C 0 ( 8 ) . Bu t 8 = 8 / 0 ( 8 ) , 
and consequently 0 ( 8 i ) = 0 ( 8 ) = 1. Fur thermore , since all involutions of 8 
are conjugate, 8i also has only one class of involutions. I t follows therefore 
from Lemma 2.3 (iii) t h a t |C^L ( T) | = 2m(®1)iu, where w|ra(©i). Since p divides 
|Cg(T) | , p also divides 1 ( ^ ( 7 % and it follows t h a t p divides ra(©i) = ra(©). 

By Lemma 2.3 (ii), we also have t h a t f) possesses a cyclic subgroup 5R of 
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order r > (2m(®} — l)/d, where d = (2™(®} — 1, m(©)), which acts regularly 
on ©1. Let 9t be its inverse image in 8 and set ©i = 0i(©). Then 9î/Qtf(©i) 
is cyclic of order r. In turn, 9?©! is represented onf) = S)/D (3)). Furthermore, 
©i is not represented trivially on £), for otherwise ©i C C(3)), whence 
©i Ç= C(S). But then @x C C(^3) by (4, Lemma 8.2), contrary to hypothesis. 
Hence there exists a subgroup (S of 2) on which 9t©i is represented irreducibly 
and on which ©i is represented non-trivially. I t follows therefore from Clif
ford's Theorem that |g | = p\ where a > r. But then a > (2OT(@) - l)/d. 
Since d = (2W(@) — 1, ra(©)), we conclude at once from this inequality that 
a > ra(©) + 1. But _p|m(©), and consequently a > >̂ + 1 whence 

l$l > |i| > p>+\ 
and the lemma is proved. 

LEMMA 5.4. Assume Qi(©) ^0es wo/ centralize ^5. 77zew i/ X is an element of 
prime order in § which is strongly real\ in @, we have C*(X) Ç 9ft. 

Pnw/. Let X have order q. If g = 2, X M G © for some M in 9ft, and it 
follows from Lemma 5.1(h) that C*(X) = C(X) C 9ft. If q = p, then Cm(X) 
contains a subgroup of type (p, p, p) by the preceding lemma. But then 
C%i(XM) contains an element of ja^OP) for some M in 9ft. Since 

p G 7T,(c* (**) ) , 

it follows at once that C*(XM) C 9ft and hence also that C*(X) C 9ft. We 
may therefore assume that q is odd and that q 9^ p. 

Since § = C(r)Op(9ft) and C^(9ft) <3 § , it follows that Y = Xe G C ( r ) 
for some C in § . Furthermore, since X is strongly real in @, so also is F, and 
consequently 6* = C*(F) contains an involution not in © = C(F ) . Since 
r Ç Ë, it follows that an SVsubgroup ©* of fë* containing T is non-cyclic. 
Now ©* C C ( r ) C 9ft and hence Ne*(©*) C 9ft by Lemma 5.1 (iii). Further
more, since © is a normal subgroup of index 2 in ©*, ©* is not an ^4i-group 
by Lemma 2.6(iii). Thus ©* is solvable and consequently 6* = 0(©*)Nc*(©*) 
by Lemma 2.4(i). It therefore suffices to show that 0(S*) C 9ft. But 

0(6*) = <c0(c*)(r*)|r* G ©*#>. 

Since ©*M C © for some M in 9ft, C(r*) C 9ft for each T* in ©*# by Lemma 
5.1 (ii), and it follows that 0(S*) C 9ft. The lemma is proved. 

LEMMA 5.5. Assume S2i(©) sfoes wo/ centralize ty. 77&ew eac& cose/ 0/ § which 
does not lie in 9ft contains at most one involution. 

Proof. Let § F be a coset of § in ® with F G ® — 9ft, and suppose § F 
contains two distinct involutions 7\, T2. Then 7\ T2 = X0 G §^ and 7\ in
verts X0. Let X be a power of X0 having prime order. Then X G §# and 7\ 

fAn element of a group © is called strongly real if it is inverted by some involution of ®. 
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inverts X. Bu t then C*(X) Ç 99? by the preceding lemma, whence Ti G 99? 
and consequently F f l , a contradiction. 

L E M M A 5.6. Qi(@) centralizes 0,(3)?). 

Proof. Assume by way of contradiction t h a t fti(@) does not centralize 
Op(99?). Then certainly 12i(©) does not centralize $ , and hence we can apply 
the preceding lemma. First of all, since N ( © ) Q 99? and N ( © ) has only one 
class of involutions, it follows t ha t Op(2R) £ C(T). T h u s C(T) C £ . Fur ther 
more, 99? and ® each have only class of involutions. 

Now set c = | C ( r ) | , ch = | | ) | , c/wra = |99?|, and cAmgo = |®| . Since 
C ( T ) C § , we have h > 3. Now the number of involutions in 3D? is hm. 
Hence, by the preceding lemma, the number of involutions in ® is a t most 
hm + {mgo — m). On the other hand, the number of involutions in ® is hrngo. 
T h u s we have 

hrngo < hm + mgo — m, 

which yields 

(h-D(go-i) < o . 

Since h > 3, this forces g0 = 1 and 99? = @, a contradiction. 

We are now in a position to prove par t (i) of the proposition. Suppose, by 
way of contradiction, t h a t © does not centralize 0,(90?). Since £2i(©) centralizes 
O,(90?), © is not elementary. As N ( © ) possesses only one class of involutions, 
i t follows t h a t © is homocyclic of type (2a, 2a , . . . , 2a) with a > 1. Since an 
52-subgroup of an ^ - s u b g r o u p is elementary, we conclude in part icular t h a t 
99? is solvable. 

T o obtain a contradiction, we shall now argue t ha t the normalizer of every 
non-ident i ty subgroup of @ is solvable, contrary to Proposition 2(v) . Suppose 
this is false, and let $ 0 be a non-trivial solvable subgroup of ® such t h a t 
$ = N($o) is non-solvable. If Q 0 is an 5 e-subgroup of $ 0 for any q in 7r($0), 
then $ = S o N ^ ( Q o ) by Sylow's Theorem, and consequently N ( O o ) is non-
solvable. Hence if Q is a g-group of maximal order such t h a t § = N ( Q ) is 
non-solvable, we have Q 9e 1. If X is an 52-subgroup of § , we can assume 
wi thout loss t h a t Ï Ç ® . Now § , being non-solvable, is an Ai-group, and 
hence § has characteristic 2n, n > 2, by par t (ii) of the proposition, which 
has been established above. Fur thermore , Sylow's Theorem and the maximali ty 
of O imply t h a t O is an 5^-subgroup of O ( § ) . I t follows therefore from Lemma 
2.5(iv), if n > 3, t h a t Q is a maximal element of \A$(X;q). On the other 
hand, if n = 2, the same conclusion clearly holds, since then § / 0 ( § ) is 
isomorphic to the al ternat ing group A$. Since § = N ( Q ) , it follows t h a t Q 
is a maximal element of \A(Z; q). Bu t Q C 99? since Q = ( C 0 ( r ) | T 6 £#> 
and C ( T ) C 99? for each 7" in £#. We conclude therefore t h a t O is a maximal 
element of M ^ ( J ; q)> Now 99? is solvable and has only one class of involutions. 
Bu t then Lemma 2.4 (vi) implies t h a t an ^ - s u b g r o u p £ * of Ng#(Q) is homo-
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cyclic of type (2\ 2a , . . . , 2a). Since X C Wl, we can assume t h a t X C £* . 

B u t then £ = ï * , since X is an 52-subgroup of § = N ( Q ) . Since a > 1, we 

conclude t h a t X is not e lementary, cont rary to the fact t h a t X is an 5Vsubgroup 

of the . 4 r g r o u p § . This completes the proof of the proposition. 

6. T h e s e t of t a m e p r i m e s . In the present section we shall de termine 
for the primes in a the precise conditions under which the modified définitions 
of weakly £- tame, jfr-tame, and r - tame, as discussed in Section 1, are satisfied. 
We first s tudy the concept of weak ^-constraint . Our results are contained in 
the following lemma: 

L E M M A 6.1. If p G a and p > 5, then @ is weakly p-constrained. 7 / 3 Ç <J, 
then either © is weakly 3-constrained or else @ possesses an Ai-subgroup of 

characteristic 3*, t > 3. 

Proof. Let p G a, and suppose @ is no t weakly ^-constrained. Then @ 
possesses a ^-subgroup 3) =̂  1 with the following propert ies: (a) if S = 35C(35) 
and if 35* denotes an S^-subgroup of (V f P((S), then C(35*) is non-solvable; 
and (b) N(35) contains an element of ^ ($ ) for some .S^-subgroup $ of ®. 
Since 3) C 3)*, C(35*) C S, and therefore 6 is an ^ - g r o u p . Let X, ©, Q , 
and 3̂ be respectively an 5Vsubgroup of 6 , an 52-subgroup of ® containing Ï , 
a maximal element of M(©; p), and a maximal element of \A(X, p) containing 
Q . Since N ( ï ) D C ( J ) , we m a y assume in view of Proposition 4 t h a t 35 CI (Ç. 

Suppose first t h a t ty g^ C ( ï ) . Then a ï - i n v a r i a n t ^ - s u b g r o u p ^ * of 
Op ' ,p(C(3))) does not centralize X by Lemma 4.5. Now 35̂ )3* is a ^ - i nva r i an t 
Sp-subgroup of Op>tP(Çi) and hence is conjugate to 35* by an element of C ( £ ) . 
Since :D^3* £ C ( £ ) , it follows t h a t 35* £ C ( £ ) . Since S is an ^ - g r o u p and 
£ is an S2-subgroup of S, this implies t h a t Cg(35*) C O ( S ) and hence t h a t 
Cg(35*) is solvable. Since C(35*) C 6, we conclude t h a t C(35*) is solvable, 
cont rary to assumption. Therefore ty C C ( ï ) . 

Now let 35o be a maximal ï - i n v a r i a n t subgroup of 3̂ containing 35* such 
t h a t 31 = N(35o) is an ^4i-group. Let 35i be a maximal element of lAyi(X, p). 
Applying Proposition 4 once again, we can assume with no loss of generali ty 
t h a t 35i Ç $ . Maximal i ty of 350 implies t h a t 350 is an 5 p-subgroup of 0(31) . 
Let ©i be an SVsubgroup of 31 containing X and suppose first t h a t m(©i ) > 3, 
in which case 31 has characterist ic 2m(@i>. Since m (X) > 2 , and35 i C <$ C C ( î ) , 
Lemma 2.8 implies t h a t C^(35i) is an ^4i-group. Hence 35i = 35o by the 
maximali ty of 35o- T h u s 35o is a maximal element of MN(2)O)(2^ P)I a n d so is a 
maximal element of IA(X; p). W e conclude t h a t 3)o = ty and t h a t C ^ ^ ) is 
an Ai-group. Bu t then as Q Ç ^ also C ( Q ) is an ^li-group. Bu t © çz N ( Q ) , 
and hence © centralizes Q by Lemma 2.6 (v), cont rary to the fact t h a t Q is 
a maximal element of |/1(©; p) and p £ <r. T h u s m(©i ) = 2 and X = ©i is an 
52-subgroup of 51. 

T o t r ea t this case, observe first of all, t h a t C ( O ) is solvable; otherwise 
C ( O ) would be an ^4i-group, and Lemma 2.6(v) would yield the same con-
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tradiction as in the preceding paragraph. Thus the hypotheses of Lemma 4.6 
are satisfied. Suppose first that the conditions of Lemma 4.6(i) hold. Then 
Q contains an ©-invariant subgroup 31 such that [frdyVz (3t) is non-empty 
and such that C(9t*) is an ^4rgroup of characteristic 3' , t > p, where 3î* is a 
suitable maximal subgroup of 3?. We shall show that this case is impossible. 
We first argue that m(@) > 4; so assume the contrary. Then m(@) = 3, and 
hence both ® and N(©) possess only one class of involutions. But then N(G) 
has only one class of involutions by Lemma 4.1 (i). Since $ C C ( Ï ) , Q C C ( ï ) , 
and consequently Q centralizes some involution of ©. Since N(Q) has only 
one class of involutions, it follows that £2i(©) centralizes G and hence central
izes dt*. But then û^®) ÇZ COR*). Since m(fii(©)) = 3 and C(9J*) is an 
^4i-group, Lemma 2.5(i) implies that C(9Î*) has characteristic 23, contrary to 
the fact that C(9Î*) has characteristic 3*. Therefore m(@) > 4, as asserted. 

Thus © possesses a four-subgroup £* disjoint from X. Let 2^*, i = 1, 2, 3, 
be the involutions of £*. To reach a contradiction, it will suffice to show that 
9Î contains a non-cyclic subgroup S3 which is either centralized or inverted by 
one of the involutions Tt*. Indeed, if this is the case, 33 P 3t* = 33* 9e 1, 
and N(33*) contains the 2-group <£, 7\*> of order 8. Hence N(33*) is either 
solvable or is an /li-group of characteristic 2m by Lemma 2.5 (i). But 
C(9t*) C C(33*) Ç N(33*), and consequently N(33*) is an ^ -g roup of charac
teristic 3n by Lemma 2.6 (i), thus yielding the desired contradiction. 

Now let 3Î = 3ti 9?2 9î3 = 9îo 9ti'$R2'9Î3' be the ^-decompositions of 9i. If 
31 i is non-cyclic for any i, then we can take 31 i as 33 since 7\* centralizes 
9Î*. Hence we may suppose that 31 i is cyclic for each i = 1, 2, 3. Since 
y&jVzffi) is non-empty, this implies that 9îo = 1 and that 31/ is cyclic for 
each i. Since Z(9Î) is ï*-invariant, 31/ P Z ( 9 î ) ^ 1 for some i, say i = 1. 
Then Ûi($i') ç Z(9Î) and consequently 33 = <12i(9?i'), Ui(SR2')> is abelian of 
type (£, £>). Furthermore, since TV inverts 3li and 9Î2', 7̂ 3* inverts 33, and 
thus 33 has the required properties. We conclude that the conditions of Lemma 
4.6 (ii) must hold. 

Now 35o is a maximal ï-invariant ^-subgroup of ® such that 31 = N(3)o) 
is an ^li-group and Ĵ3 P 9Î = 351 is a maximal element of M^(£; p). It follows 
therefore from Lemma 4.6(h) that \% Pi $ft | = £2, that \<$ P 0(Sft)| = p, and 
that 5ft has characteristic 3P. In particular, 35 = 35* = 35o, whence 31 = N(35). 
Suppose now that £ > 5. Then by Lemma 2.8(ii), ^ P 31 is an 5^-subgroup of 
31. Now by assumption, $ft contains an element 36 of s/±($) for some ^ -sub
group ^ of ©. Since an 5^-subgroup of 31 has order p2 and since |3£| > p2, it 
follows that ï is an ^-subgroup of 31. In particular, S Ç Ï and N$(35) = %. 
But now it follows at once from the definition of j ^ O P ) , i = 1, 2, 3, 4, that 
ï G ja/iC^P), which is clearly impossible since every element of s$\ ($) possesses 
a subgroup of type (p, p, p). This contradiction shows that © is weakly 
^-constrained for all p > 5. Finally if £ = 3 , our argument shows that either 
@ is weakly 3-constrained or else N(35) is an ^4i-group of characteristic 3 3 ; 
and all parts of the lemma are proved. 
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PROPOSITION 6. If p £ a and p > 5, then @ is p-tame. If 3 Ç cr, /few e^fer 
@ is p-tame or else @ possesses an Ai-subgroup of characteristic 3 ' , £ > 3. 

Prao/. If ® is not weakly ^-constrained for some p in o-, then by the preceding 
lemma, p = 3 and ® possesses an ^U-subgroup of characteristic 3' , t > 3. In 
this case the final alternative of the proposition holds. Hence we need only 
prove the proposition for those primes p in a for which @ is weakly ^-con
strained. 

We first argue that ® is weakly ^>-tame for each p in a. First of all, 
ffc€jVz{fi) is non-empty by Lemma 4.2. Furthermore, every proper subgroup 
of ® is either an ^40-group, an ^4rgroup of characteristic 2n, or else is a D-
group. It follows therefore from Proposition l(i) and from (6, Proposition 6) 
that every proper subgroup of ® is ^-stable, whence ® itself is ^-stable. 
Suppose next that § is a proper subgroup of ® such that p (? ^s(& and such 
that SI Ç § for some element 21 of ^élÀsiP). Clearly this implies that § is 
non-solvable and hence that § is an ylrgroup. Since 2Ï is mapped isomor-
phically into | ) = § / 0 (,£)), § contains a subgroup of type (p, p, p). It follows 
therefore from Lemma 2.2(iv) that | ) , and hence also § , is of odd characteris
tic. Thus § is a non-solvable £>-group. But now the proof of (6, Lemma 7.4) 
implies that every element of M^(2l) lies in 0 ( § ) . We conclude from the 
definition that ® is weakly ^-tame. 

To complete the proof of the proposition, we must show, in addition, that 
if ^ is an ^-subgroup of ® and if Q is a non-trivial element of M (̂ 3 ; q) for 
any prime q, then $ P \S (N(Q) ) ^ 1. We shall follow the argument of (6, 
Proposition 10). We let 21 £ ^ X ^ ( $ ) and set 23 = V(ccl@(2l); $ ) . We 
assume the desired conclusion is false, and choose Q of maximum order in 
M(f ; q) so that % H S ( f î ( Q ) ) = 1. Then certainly 5Ï = N ( O ) is non-solvable 
and, in particular, S(51) = 0(51). But now the argument in the first part of 
the proof of (6, Proposition 10) applies without change to show that Q is, 
in fact, a maximal element of V\{%, q). Furthermore, since $ Pi 0(51) = 1, 
yi = 91/0(51) contains a subgroup of type (p, p, p) and we conclude once 
again from Lemma 2.2 (iv) that 51 is a non-solvable D-group. But now the 
proof of (6, Proposition 10) applies to yield that 51 has characteristic pm for 
some m, that 21 is the unique element of j/^K/J^^P), and that 21 is charac
teristic in every subgroup of Ç containing 2Ï. In particular, 33 = 21 and 
5îi = N(Z(JB)) = N(2t). 

To derive a contradiction from these conditions, it will suffice to show that 
there exists a subgroup 5̂ of 3̂ containing 21 with the property that an 52-sub-
group X of NOP) is non-cyclic. For assume this to be the case. Since 21 char $, 
NOP) Q N(2Ï) and consequently £ C N(2I) = 5h. On the other hand, since 
@ is weakly ^-tame and Q is a maximal element of MOP; <?), it follows from 
(5, Lemma 4.2) that 5îi = 0^(5li)(5ti H 51). Thus Zx = V G 5li H 51 for 
some X in 0 / (5 î i ) . Since 5li = N(2l), X centralizes 2(, and consequently X' 
normalizes 21. But then the image 2/ of 2/ normalizes the image 2Ï of 21 in 
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31 = 31/0(31). B u t $t is isomorphic to a subgroup of P T L ( 2 , pm) containing 
PSL(2 , pm) and 21 contains a subgroup of type (p, p, p). Since $ G Vm(V] p), 
this contradicts (6, Lemma 3.1 (vii)). 

Let then © be an SVsubgroup of @ and let $ * be a maximal element of 
M (© ; £ ) . By Lemma 4.1 (iii), ©/C© ($*) is non-cyclic and hence an S2-subgroup 
of N ( $ * ) / C ( $ * ) is non-cyclic. Let $ be a ^-subgroup of @ of maximal order 
containing ^ * such t h a t NOÇ)/COP) has a non-cyclic S2-subgroup. By replacing 
^ by a suitable conjugate, we can assume without loss t ha t $ P\ 9to is an 
Sp-subgroup of 9to, where 910 = NOP). Let ^ i be an 5^-subgroup of Op'mP(3lo) 
and set S i = C*00Pi) and 911 = N* 0 0Pi) . Since 9l0 = O^(9t0)9li by Sylow's 
Theorem, O^(9 l 0 )S i O 9li and 9toAV(9lo)Si is isomorphic to 9 i i / 6 i . On the 
other hand, S i C COP), since $ C ^ Since Op'(9lo) clearly centralizes $ , i t 
follows t h a t 0^'(91 o) S i ^ COP). Bu t now our conditions imply t h a t an S2-
subgroup of 9lo/Op'(9lo)Si is non-cyclic and consequently t h a t an 52-subgroup 
of 9 t i / £ i is non-cyclic. Bu t then certainly an S2-subgroup of N 0 P i ) / C ( $ i ) is 
non-cyclic. Hence ^ i = ^ by our maximal choice of $ , and so $ is an ^ - s u b 
group of 03 , ' t P(N(^J)). Fur thermore , since ^5* C ty, Lemma 4.2 implies t h a t 
ty G stfzffi). Since @ is weakly £-tame, we can therefore apply (5, Lemma 3.4) 
to conclude t h a t 3̂ contains every element of Sf^jV^ffi). T h u s 31 C ty (Z ty. 
Since N(^3) possesses a non-cyclic 5Vsubgroup, $ has the required properties. 
This completes the proof of the proposition. 

In view of the al ternatives of Proposition 6, we now define for convenience 
a subset a* of a as follows. We set a* = a if either 3 (? a or if 3 G <r and ® 
does not possess an yli-subgroup of characteristic 3 ' , / > 3, and we set 
cr* = a — {3} in the contrary case. Thus , by the proposition, @ is ^-tarne for 
each p in a*. 

PROPOSITION 7. © is a*-tame. 

Proof. We have jus t remarked t h a t @ is p-ta.me for each p in a*. Hence to 
show t h a t @ is cr*-tame, we need only prove t h a t p ^ q for any two primes p 
and q in a*. Let © be an 52-subgroup of @, let $ be a maximal element of 
M(©; p), and let O be a maximal element of M(@; q). For definiteness, assume 
t h a t p > q. We apply Lemma 4.3 (ii) and conclude t h a t © possesses a four-
subgroup X such t ha t C $ ( r ) contains a subgroup of type (p, p, p) for each T 
in £# . Let 7 \ , T2, T% be the involutions of X, and suppose t h a t for some 
i = 1, 2, 3, Q j = Gd(Ti) contains a subgroup of type (g, g, q). Then C(T^) 
contains a subgroup of both type (p, p, p) and (g, g, g). Since C ( 7 \ ) is solvable, 
it follows a t once t h a t p ~ q. We may therefore assume t h a t y ^ # 3 ( Q i ) is 
emp ty for each i = 1, 2, 3. In particular, this implies t h a t X does not centralize 
a t least one Q*; for otherwise X centralizes O = ( Q i , O2, O3), whence 
Q = O i = O2 = O3 , contrary to the fact t h a t ^ ^ / ^ ( Q ) is non-empty by 
Lemma 4.2. 
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Assume for definiteness that X does not centralize Oi , and set 6 = C(7\) . 
Now Q i and $1 = C%(Ti) are each ©-invariant and © Ç g . It follows 
therefore from Lemma 2.4(iv) that ^ i and O i each lie in O(Ê). Let $ be an 
©-invariant 5^-subgroup of 0 ( 6 ) containing ^ i , and set $ = $p $qi where 
&p and $q are respectively ©-invariant Sp- and ^-subgroups of $ . Since 
^élAzi^p) is non-empty, we may assume that £/Y£j\fz(J£q) is empty, But 
then as p > g, it follows from (4, Lemma 8.5) that ®p <3 $ . Furthermore, 
since O i is contained in an ©-invariant 5fl-subgroup of 0(J?) and since any 
two such are conjugate by an element of C0((S)(©)> we see that X does not 
centralize $q. We have thus proved the existence of an ©-invariant {p, q}-
subgroup $ = ®p ®q with the following properties: (a) ffc(oA\(Mv) is non
empty, (b) $p<3 $, and (c) © does not centralize ®q. 

Among all such {p, q}-subgroups of ®, choose $* = $p*$q* of maximal 
order. In virtue of Proposition 4, we may assume without loss that ^p* C ty. 
Suppose $p* C^P; and set 5K* = N ( « / ) . Then $ H 5K* D $P* and 
^ H ?t* Ç 0(5JI*) by Lemma 2.4(iv). Furthermore, by the same lemma, 
$q* Q 0(91*). Arguing therefore as in the preceding paragraph, we conclude 
that either p ~ q or that an ©-invariant ©^-subgroup $ ' = $ / $ / satisfies 
conditions (a), (b), and (c). But in the latter case, | $ ' | > |$* | , since 
| ^ / | > | ^ n O ( 9 l * ) | > |Sîp*|and |S/1 > \®q*\, contrary to our maximal choice 
of $*. Hence either p ~ q or ®p* = $ . 

So finally consider the possibility $/* = $ and set 9Î = N($) . Then, as 
above, ®q* C 0(5Jt). Hence if Q* is a maximal element of |/ |^(©; g) containing 
$p*, © does not centralize O*. But © C [51, $ft] by Lemma 4.1 (ii) and conse
quently ,y^yf/3(0*) is non-empty by Lemma 2.4(iv). Thus p ~ q, and the 
proposition is proved. 

7. Elimination of the tame primes. We are now in a position to apply 
the main results of (5) (as modified in Section 1). We begin with an analysis 
of the set a* H 7r4. (AS in (4, 5, and 6), TT3 = 7r3(@) and TT4 = TT4(©) denote 
the set of primes p such that £fréi/fa(p) is non-empty and M($) is respectively 
non-trivial or trivial, ty an 5^-subgroup of @.) 

LEMMA 7.1. If p G o-* Pi 7r4 and © does not satisfy the uniqueness condition 
for p, then © possesses a subgroup 36 which satisfies the following conditions: 

(i) Op'(ï) = 1, Op(36) 9^ 1, and 36 contains a subgroup of type (p, p, p). 
(ii) Op (36) is aw Sp-subgroup of 0(36). 

(hi) ylw Sp-subgroup of N(Op(36)) is an Sp-subgroup of 36. 
(iv) Either 36 Aas characteristic pn with n > 1 or p = 3 and 36/0 (36) is isomor

phic to PTL(2, 8). 
(v) 7/ X is a four-subgroup of 36, then a maximal element of Mx(ï; p) is a 

maximal element of | / | ( ï ; p). 
(vi) If 36 has characteristic 8, then so does any subgroup %) of ® containing 36 

such that p G TTS(§)). 
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Proof. Since ® does not satisfy the uniqueness condition for p, it follows 
from (5, Theorems D and E) that @ is not strongly ^-tame. But @ is ^-tame 
by Proposition 6 and the definition of a* ; thus either @ is not ^-restricted or 
not ^-reductive. We conclude therefore from the definition of these concepts 
that there exists a subgroup § of ® satisfying the following conditions : 

(a) ( V ( § ) = 1, Op(&) 9^ 1, and § contains a subgroup of type (p, p, p). 
(b) An .Sp-subgroup of § is an ^-subgroup of N(02 , (§)). 
(c) § is either not ^-restricted or not ^-reductive. 
Now by Proposition l(ii), a subgroup § of @ satisfying condition (a) is 

^-restricted and ^-reductive if either § is an yl0-group, § is an ^li-group of 
characteristic 2n, n > 3, or § is an ^4i-group of characteristic 8 and either 
^ 3 or § / 0 ( § ) is not isomorphic to PTL(2, 8). Furthermore, by (6, 
Propositions 7 and 8), § will also be ^-restricted and ^-reductive if § is an 
^li-group of odd characteristic q and q ^ pn with n > 1. Thus one of the 
following holds: 

(di) § is an ^4i-group of characteristic pn with n > 1. 
(d2) P = 3 and i> /0 (§ ) is isomorphic to P rL(2 , 8). 
Furthermore, since ® is p-tame and ® does not satisfy the uniqueness 

condition for p, it follows that ® satisfies Hypotheses E of (5, Section 11). 
Hence by (5, Lemma 11.4), if f$ is an 5^-subgroup of ®, then °Ui^) contains 
an element 33 which is weakly embedded in @—that is, an element 33 such 
that 72C(5)932 = 1 for each B in B#. 

We first treat the case that § satisfies conditions (a), (b), and (di). Among 
all subgroups § of @ satisfying these conditions, choose § so that if X is an 
.SVsubgroup of § , then a maximal element of \A&{%', p) has maximal order. 
Let ^ be a maximal element of M ( ï ; p) such that ^ Pi § is a maximal element 
of M<p(£; p). We shall argue that $ C § . 

Since ® is ^-tarne and § contains a subgroup of type (p, p} p), (5, Lemma 
3.4) implies that OP(!Q) contains every element of J5^y^3($), where ty is an 
5^-subgroup of ® such that ^ P § is an ^-subgroup of § . Hence if Sft = 
N(0„ (@) , we have (V(5K) = 1 by (5, Corollary 4.3) since p G TT4. But 
§ Ç 3 l , whence 31 is an ^4i-group of characteristic pm with w > wby Lemma 
2.6(i). Thus Jt also satisfies conditions (a), (b), and (di), so that by our 
maximal choice of § , we have that ^ P § is a maximal element of M^( ï ; p). 
Since O p(§) Ç ? n § , it also follows that Z ( $ ) Ç $ n § . Furthermore, 
C§(02?(§)) is solvable since @ is weakly ^-constrained, and consequently 
C$ ((),(§)) Ç Op(§) by (9, Lemma 1.2.3). In particular, Z($) C O p (£) . 

We may assume that $ is chosen to contain ^ P i ^ . Let 33 be an element of 
^OP) which is weakly embedded in ®. Then 33 is contained in some element 
of Sf^J/iiffî) by (4, Lemma 8.9), and hence 33 C Op($) since Op(§) contains 
every element of Sf<£JÛ($). Thus 25 = V(ccl©(33); Ç H © ^ 1. We now 
apply (6, Lemma 8.3). The argument of the preceding paragraph shows that 
the hypotheses of that Lemma are satisfied with § , X, ty P § , Z(^)3), and 33 
respectively in the roles of $, ïz-, $, 3» a n d 35; we conclude therefore that 
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£ = 8N<p(93), where 8 is the largest normal subgroup of § which centralizes 

Suppose first that 8 ^ O (§ ) . Then 8 is an A rgroup of the same characteristic 
pn as $ . Since 8 Ç g = C(Z(^)) , Lemma 2.6(i) implies once again that S 
is an A rgroup of characteristic pr with r > n. For the same reason § x = 
N(Op(S)) is an ^4rgroup of characteristic pl with t > r. Furthermore, 
^ Ç g Ç ^ a n d ï Ç g Ç ^ . Since $ contains every element of ^^J/M), 
0 P ' ( § i ) = 1 by (5, Corollary 4.3), and it follows that § i satisfies conditions 
(a), (b), and (di). Since X is an SVsubgroup of £>i and ty is a maximal element 
of \A(X] p) contained in § i , the maximality of § implies that $ Ç § . 

On the other hand, if 2 C 0 ( $ ) , then S3 Ç 0 ( $ ) and N<p($) is an ,4 rgroup 
of the same characteristic pn as § , and N^(33) contains Ï . Reasoning now as 
in the preceding paragraph we conclude that § 0 = N(Op(N(33))) satisfies 
conditions (a), (b), and (di). But then if $ g £ , we have Ç H N(85) D $ H § , 
whence $ Pi §o D $ ^ § and § 0 is greater in our ordering than § . This 
contradiction shows that ^ C § in this case as well. 

Finally we set H = N(^3 C\ O(£))). Then 2 CI 36 and, as above, 36 contains 
every element of J^^K/f̂  Cp), ( V (36) = 1, and 36 is an ^4i-group of characteristic 
ps with s > 1. Furthermore, since ^ is a maximal element of V\{X\p), 
^ n O ( 3 Q is an ^-subgroup of 0(36). But since § = O(<£>)(£> P 36) by 
Sylow's Theorem, ^ Pi 0(36) £ 0 ( $ ) , and consequently 

spnoa) = <pno($) coP(3E). 
Thus 0^(36) is an ^-subgroup of O(X), and we conclude that 36 satisfies all the 
conditions of the lemma. 

Thus in the balance of the proof we may assume that ® does not possess a 
subgroup satisfying conditions (a), (b), and (di). Hence every subgroup of ® 
satisfying conditions (a) and (b) is either ^-restricted and ^-reductive, or else 
satisfies condition (d2). Consider first the case that ® possesses a unique 
subgroup 9JÏ which is maximal subject to containing ^ and such that p £ irs(W). 
Setj#x*($) = ! ^ o | ^ o Ç f a n d » M Ç $ o for some 21 in ^ X ^ s ( $ ) and suitable 
M'mWl}. Then clearly j/i(sT3) C j# i*($) . Since ® does not satisfy the unique
ness condition for £, it follows therefore from (5, Lemma 11.1) that there 
exists a subgroup § of ® with § $£ SO? such that ^o ^ § for some element 
$o of j / i * ( $ ) and £ G TTS(§). Among all such subgroups, choose § so that 
\tyo\ is maximal. Then as in the proof of (5, Lemma 11.1), ^o is an S^-subgroup 
of § . Furthermore, since p £ 7r4 and ^30 contains an element of Sfc^/Vz(p), 
it follows from (5, Corollary 4.3) that 0 ^ ( § ) = 1. Since § Ç N ( O p ( @ ) 
and § $£ 5DÎ, we have N(O p (§)) $£ 9K. We conclude at once from our maximal 
choice of § that ^ 0 is an 5^-subgroup of N(Oj,(§)). But then by (5, Lemma 
3.4), O p (§) contains every element of yc£jVz(3) and, in particular, contains 
Z($) . Finally ^ 0 C $ since £ g m. 

Now set $ = 0 ( $ ) $ o and X = NOP), where ^ = $ 0 n O ( @ . Then 
( V ( $ ) = 1 and Z($) CO p ( f i ) . Since « is ^-restricted, we can therefore 
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apply (5, Lemma 10.3) to conclude t h a t $ = 8N«(9S0), where £ is the largest 
normal subgroup of ft which centralizes Z ( $ ) and 330 = V(ccl©(33) ; $ 0 ) . 
Now 8 C C(Z($)) Ç 2K. Furthermore, Ç H N(330) D <Po and also 

<pnN(SB0) e J / I * ( $ ) . 

Bu t then N(330) £ 2K by our maximal choice of § . T h u s $ Ç 2ft, and conse
quent ly £ $£ 2ft. Again by the maximali ty of § , we obtain t h a t ^o is an 
Sp-subgroup of £. Since $ 0 r\ 0(36) C 0 ( § ) , this implies t h a t 

<p = $0no(© = ïono(ï) 
is an 5p-subgroup of O (36). Fur thermore , we have O ^ (36) = 1 and Z ($) Ç O ,̂ (36). 
Hence if 36 were ^-restricted, we could apply (5, Lemma 10.3) to $ as we did 
above to $ to conclude t h a t 36 C SO?, which is not the case. T h u s 36 is no t 
^-restricted. Bu t by assumption, 36 is not of characteristic pn with n > 1; 
and hence p = 3 and 36/0(36) is isomorphic to P r L ( 2 , 8). Next let X be a 
four-subgroup of £. By Lemma 2.5(iii) a maximal element of \A$(X; p) is 
contained in 0 ( § ) , and consequently $ is a maximal element of M^( ï ;^>) . 
Since 36 = NCÇ), i t follows a t once t h a t $ is, in fact, a maximal element of 
V\{X; p). T h u s 36 satisfies conditions ( i )-(v) of the lemma. We shall show t h a t 
36 also satisfies (vi). 

Let ©i be an 52-subgroup of 36, which wi thout loss we may assume contains 
X. Since $ is a maximal element of \A(X] p), certainly $ is also a maximal 
element of | / | (@i ;£ ) . Now let 36 Q g) C ® with £ Ç ?rs(g)) and suppose ©i 
is not an 52-subgroup of g). Then g) has characteristic 2d, d > 3, by Lemma 
2.5 (i), and so g) is ^-restricted by Proposition l ( i i ) . Bu t Op>($)) = 1 since 
p G 7T4, 3̂o £ g), and ^ 0 contains every element of Sf^JV-èOP). Fur thermore , 
by our maximal choice of § , ^o is an 5^-subgroup of N(Op(§))) , whence 
Z ( $ ) £ Z(^5) C Op(g)). Bu t now, if 8 denotes the largest normal subgroup 
of g) which centralizes Z ( $ ) , we can apply (5, Lemma 10.3) once again to 
conclude t h a t g) = 8Ng)(25o). As above, this yields ï C g) C 9K. T h u s @i is an 
52-subgroup of g) and (vi) also holds. 

We may therefore assume finally t h a t @ does not possess a unique subgroup 
99? which is maximal subject to containing ^ and p £ 7rs(2ft). Let § be a 
subgroup of ® containing % such t ha t £ £ T T S ( § ) . Then $ = % C\ 0 ( £ ) ^ 1. 
Set 96 = NOP), and let g) be any subgroup of ® containing 36 such t h a t 
£ £ 7Ts(g))- We first consider the case t h a t for each such subgroup § , there 
exists such a subgroup g) containing 36 which is both ^-restricted and ^-reductive. 

Set $ = 0 ( § ) $ . Then § = «(g) H $)^ by Sylow's Theorem. I t follows 
t h a t for a t least one such choice of § , ZOP) is not normal in both « and g); 
otherwise Z(f$) <3 § for each § and 2ft = N(Z(^J3)) would be the unique 
subgroup of @ which is maximal subject to % Ç 2ft and £ G 7rs(2ft). Bu t $ , 
being of odd order, is ^-restricted and ^-reductive by (5, Propositions 6 and 7) , 
and the same is t rue of g) by assumption. Suppose Z ( $ ) is not normal in $ . 
Let 8 be the largest normal subgroup of $ which centralizes Z ( $ ) and set 
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3 = C ( 2 ) n Z ( 0 , ( « ) . Then £ < ! «, Z($) Ç 3 , and we have g = Cst(g) 
and 0„(«/8) = 1. If $ ç g, then $ = 8N*($) by Sylow's Theorem, whence 
fiÇN(Z($)) and Z ( $ ) < ] $ , a contradiction. Thus the hypotheses of 
(5, Lemma 10.1) are satisfied, and it follows from (5, Lemmas 10.1 and 10.2) 
that © possesses an elementary subgroup (5 of order pz which is weakly 
embedded in @. On the other hand, if Z($) < $, then Z($) is not normal in g), 
and we reach the same conclusion by the same argument applied to §) in place 
o f$ . 

As in (5, Section 10), we now set 28 = V(ccl@(g); f ) and denote by 2B* 
the subgroup of $ generated by its subgroups $ which are of index p in 6 G 

for suitable G in @. Since $ and g) are each ^-restricted and ^-reductive, 
we can apply (5, Lemma 10.4) to each of them to conclude that 

« = (flnN(ffii))(«nN(9t2)) 
and 

where 3tlt SR2 are any one of the three pairs (Z($), SB), (Z($), SB*), 
(Z(2B*), SB). Since £ = 0($)(S) H £ ) and 0 ( § ) C f, it follows that 

§ = (§nN(%)) (§nN(s 2 ) ) 
for each of the three pairs (9îi, 9î2) and for each subgroup § of © containing 
ty for which p G TTS(§). But now the proof of (5, Theorem D) applies to show 
that 9JÎ = N(Z($))N(2B) is a group and that it is the unique subgroup of © 
which is maximal subject to containing ty and p G 7rs($R), contrary to our 
present assumption. 

There must therefore exist a subgroup § such that if any subgroup g) 
contains 36 = N(^) and satisfies p G 7r,s(§)), then §) is either not ^-restricted 
or not ^-reductive. Hence under our present assumptions, we conclude that 
p = 3 and that g)/0(g)) is isomorphic to PrL(2 , 8) for each choice of g). In 
particular, 36/0(36) is isomorphic to PrL(2 , 8). Since 1Q and 36 contain the 
^-subgroup $ of @, 

<p = $no(£) = f n o ( ï ) , 
and hence ^ is an 5^-subgroup of 0(36). Furthermore, Op'(36) = 1 since p G 7r4; 
and if Ï is any four-subgroup of 36, we conclude, as in the preceding case, that 
$ is a maximal element of \A(X; p). Thus all parts of the lemma hold in this 
case as well. 

PROPOSITION 8. © satisfies the uniqueness condition for all p in a* P 7r4. 

Proof. Let X be a subgroup of © satisfying the conditions of the preceding 
lemma. Let X be a four-subgroup of 36, let X* be an 52-subgroup of 36 containing 
X, and let ^ be a maximal element of MxC^; p). Then we know that ty is a 
maximal element of M(£;£) , that Op(I) = ^ P 0(36), and that either 36 is 
of characteristic pn, n > 1, or p = 3 and # is of characteristic 8. If 36 has 
characteristic pn, then X = X* and hence X* normalizes ty. On the other hand, 
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if X has characteristic 8, then ^ Ç 0(36) by Lemma 2.5 (iii), whence $ = Op(ï), 
and so Ï * normalizes ty in this case as well. Furthermore, as in Lemma 7.1, 
we let 33 be an element of ^ ( $ ) which is weakly embedded in ®, where $ 
is an ^-subgroup of @ such that $ H ï is an ^-subgroup of £. Since ï con
tains an 5^-subgroup of N(0P(X)), 0P(X) contains every element of S/^élA'sity) 
by (5, Lemma 3.4). Since 33 is contained in such an element, 33 C Op(%), and 
hence « = V(ccl@(33) ; Ç) ^ 1. 

For the sake of clarity, we divide the proof into several statements. 
(a) If X is of characteristic pn, n > 1, then both N(Z($)) and N(33) are 

^-groups . Setft = y>r\0(X),k = | $ / $ | , and r = n/k. Then by Lemma 2.8, 
r is an integer and either r = 1 and £ = 3 or else N^C^) is an -4i-group of 
characteristic pr. However, since n > 1, it follows in the first case that 
n = k = 3\ / > 1, so that 9£ is an ^4i-group of characteristic 3W, w > 3. But 
then by définition of a*, 3 is not in o-*, contrary to the fact that p = 3 is in a*. 
We conclude that N(<iJ5) is an ^4i-group. But as Z(<i)3) and 33 are each normal 
in $, (a) follows at once. 

(b) 3̂ is permutable with an SVsubgroup of ® containing J*. Let © be an 
52-subgroup of © containing Ï*, and let Q be a maximal element of M(©; £). 
If Ï = Ï*, then N ( ï ) D C ( ï ) , and we can assume, in virtue of Proposition 
4(i), that G Q $ . On the other hand, if \X*\ = 8, then clearly ^ is a maximal 
element of M(ï*; p)- In this case, we can assume that Q Cj ty by Proposition 
4(ii). Now let Tu T2, T3 be the involutions of Z and let $ = % W W W 
and Q = G o Q / C V Q s ' be the ^-decompositions of ^ and O respectively. 
Then by Lemma 4.4(ii), we have $ / = O / , i = 1,2, 3. Since © is abelian, 
this implies that © normalizes 

r = (%', $2', Ça') = <Qi', G2 ' , O / ) . 

On the other hand, Ço normalizes each $ / , and hence also normalizes $*. 
Since Ç = Ço^*, we conclude that NOP*) contains both © and $. If NOP*) 
is an ^4i-group, it follows from Lemma 2.5(iii), since |©| > 4, that Ç is per
mutable with an ^-subgroup ©* of N(^P*) containing Ï ; and the same con
clusion follows from Lemma 2.4 (iii) if N(^3*) is solvable. But ©* is an 52-
subgroup of ®, thus proving (b). 

Without loss we may assume that ©* = @. Set § = ©Ç. Since Op(X) 
contains every element of J?^I/(4($) and 0^(36) Q Ç and since p £ 7r4, it 
follows from (5, Corollary 4.3) that ( V ( § ) = 1 and Z($) C O p (§) . Since 
§ is ^-restricted by Proposition l(ii), we can therefore apply (5, Lemma 10.3) 
to conclude that § = 8o N<p(33), where 80 is the largest normal subgroup of § 
which centralizes Z(^3). We next prove 

(c) ? 0 n ® C J*. Assume by way of contradiction that 8o H © $£ £*. 
Since 80 £* £ 51 = N(ZOP)), this implies that |© H 9t| > |2*|. However, if 
£ is of characteristic 8, £* is an 52-subgroup of 9Ï by Lemma 7.1 (vi) since 
% Ç $ft and £ G 7rs(9î). Thus X has characteristic pn, n > 1, and X = 2*. 
Since an ^-subgroup of 91 has order at least 8, we also have that 9Ï is of 
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characteristic 2d by Lemma 2.5 (i). Furthermore, since Z(5)3) centralizes 
g0 r\ © ^ 1, S = C(Z(5)3)) £ 0(5ft). Since g <3 5ft and 5ft contains no normal 
subgroup of index 2 by Lemma 2.6 (iii), S contains an SVsubgroup of 5ft and 
consequently J C g , But by Lemma 2.6 (vi), 5)3 = 9tQp(£), where 
$ = î p n O ( ï ) . It follows therefore from Lemma 2.9 that X Ç C(Z(9t)). 
Thus Si = Cx(Z(9î)) 2£ O( ï ) . Since Si <3 36, we conclude that Si is an 
^4rgroup of the same characteristic pn as 36. But since Z(5)3) C Z(9î), 
Si S C(Z(^)) Ç 5ft, and consequently 5ft is an ^4 rgroup of characteristic pT, 
r > n, by Lemma 2.6 (i), contrary to the fact that 5)1 is of characteristic 2d. 

Using these results, we shall now complete the proof of the proposition. 
We have £> = ?0N^(3S), whence § 0 = £o33 <d § . Now $ H £>0 is an 5„-
subgroup of §o. Furthermore, since 2o P\ © Ç Ï*, 2* P §o is an S2-subgroup 
of §o, and therefore 5J5 C\ § 0 is normalized by an S2-subgroup of § 0 . But 
§ = ^o § i by Sylow's Theorem, where § i = N^(5)3 P\ §o). Thus 

ISI = l§o||§i|/l€)on§i!. 

Since £>0 H | h contains an S2-subgroup of § 0 , it follows that ^pi contains an 
S2-subgroup of § , and consequently "Ç H § 0 is normalized by an SVsubgroup 
of § , which without loss we may assume to be © itself. Since 33 Q 5$ H §0> 
we conclude that © C 5ft* = N(33). 

Suppose first that 36 is of characteristic 8. Since ï Ç Jt* and £ Ç 7rs(5ft*), 
Lemma 7.1 (vi) implies that 5ft* is also of characteristic 8. But © Ç 5ft*, and 
hence © is elementary of order 8. Furthermore, S = 3£/0 (3Ê) is isomorphic to 
PrL(2, 8) by Lemma 7.1 (iv), whence | N | ( © ) / Q ( © ) | = 21, where © is the 
image of © is 36. We conclude that |N(©)/C(©)| = 21, which contradicts 
Proposition 2(ii). 

Thus 36 has characteristic pn, n > 1. Since 5ft* is an ^4i-group by (a), 5ft* is 
of characteristic 2m^ by Lemma 2.5 (i). But now if 93 C $R, then X Ç 5ft*, 
and this is impossible by Lemma 2.6 (i). Thus 33 ^ 9x and hence 35 $£ 0(36). 
But X satisfies the hypotheses of (6, Lemma 8.3), and consequently 
36 = 8N$(33), where 2 is the largest normal subgroup of 36 which centralizes 
Z(5J5). Since 33 ^ 0(36), this forces 2 $£ 0(36), whence 2 is an .4i-group of 
characteristic pn and X centralizes Z($). Thus 2 Q N(Z(^)) = 5ft, and there
fore 5ft is an -4i-group of characteristic pm, m > n, by Lemma 2.6 (i). 

Finally set SR* = 5£ C\ 0(5ft*) and 5fti = N^*(9t*). Then by Sylow's Theorem 
5fti is an A i-group of the same characteristic 2m(@) as 5ft*. Furthermore, X Ç 5fti. 
Also $ = $R*Qp(£) by Lemma 2.5(iii). Since X centralizes Z($) , Lemma 2.9 
implies that X centralizes Z(9î*). But then S* = Cs^1(Z(9î*)), being normal 
in 5fti, is an ^i-group of characteristic 2m^\ Since Z($) C (Z(9t*)), S* C 5ft, 
and hence 5ft is of characteristic 2d for some d, contrary to the fact that 5)1 
has characteristic pm. The proposition is proved. 

PROPOSITION 9. a* Pi 7r4 is empty. 

Proof. Suppose by way of contradiction that there exists a prime p in 
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a* H 7T4. Then by the preceding proposition, © satisfies the uniqueness con
dition for p. Let © be an S2-subgroup of @, let $ be a maximal element of 
M(©; p), let $ be an S^-subgroup of © containing $, and let 9ft be the unique 
subgroup of © containing $ which is maximal subject to the conditions that 
5D? contains an element of sÂ(% and that p Ç TS(W). Then © centralizes 
0„(a») by Proposition 5. Furthermore, © C 9ft and % C O (9ft) by Lemma 5.1. 
Set 6 = C B K O J O » ) ) . Then 6 <3 9ft and © C 6. It follows therefore that 
7 © ^ Ç ^ H (S. On the other hand, since p G TT4, (V(0(9ft)) = 1. But now 
as ^ C 0(9ft), (9, Lemma 1.2.3) implies that C*(Op(m)) ç 0,(2»). Thus 
C H E C O ^ S I K ) and consequently 7 © ^ C Op(9ft). Since © centralizes 
Op(9ft), © stabilizes the chain 1 C 0P(W) C ^ , and we conclude that © 
centralizes $ . But since £ G a-, © does not centralize 3̂ by Proposition 4 and 
the definition of <r, and the proposition is proved. 

By the preceding proposition, a* C 7r3. We shall now show that a-* is empty. 
Our argument follows rather closely that of (6, Section 9). Assume then that 
a* is non-empty. Since © is o-*-tame by Proposition 7, it follows therefore 
from (5, Theorem A) that © satisfies ££*-subgroup and hence that © contains 
an S£*-subgroup. We shall use this result to derive the following lemma. 

LEMMA 7.2. © possesses a subgroup § with the following properties: 
(i) § contains an Sp-subgroup of © for each p in a*. 

(ii) An S<T*-subgroup of 0 ( § ) is normal in § . 
(iii) § possesses a 2-subgroup X such that X C [N$(20, N ^ ( ï ) ] . 
(iv) X does not centralize OP(!Q) for some p in 0-*. 

Proof. Let 8 be an S£*-subgroup of @, and let $ be an S^-subgroup of 
S (8). Then by definition of an S£*-subgroup, $ <d 8,7r(S) = 0-*, and 8 contains 
an ^-subgroup of © for each p in a*. In particular, $ C 0(8) . Choose p in 
7r(F($)). Let © be an SV-subgroup of ©, let g be a maximal element of 
M(@; P), and set 2W = N(g) . Then by Lemma 4.1, we have © £ C(g), and 
© £ [Ng#(@), N^(@)]. Let 5̂ be a ^-subgroup of © of maximal order contain
ing % with the property that 9ft 1 = N(^3) possesses a non-trivial 2-subgroup X 
such that £ £ C ( $ ) and Ï Ç [ N ^ ^ . N f ^ ï ) ] ; and assume that X is 
chosen to be of minimal order satisfying these conditions. Finally let ^ be an 
Sp-subgroup of © such that $ H 9fti is an S^-subgroup of 9fti. Replacing 8 
by a suitable conjugate, if necessary, we can assume without loss that Ç Ç ?. 

Let « £ ¥C€JVZ&), let 23 = V(ccl®(8); %), and set 9?x = N(Z(SB)) and 
£> = % n (V,p (5ft 1). Then 25 C £> by (5, Lemma 5.5). Furthermore, if ^* 
is a ï-invariant S^-subgroup of 0(9fti), then certainly £ ^ C OP*), and by 
Sylow's Theorem, X ç [N^*(£), N^*(£)], where 9ft* = N^-OP*). Hence 

£ ^ [NN (^)(3:) ,NN (^)(Î)] , 

and it follows from our maximal choice of $ that ^3* = $. Thus ty is an 
Sp-subgroup of 0(2)? 1) = 0 (N($ ) ) . Since $ contains a subgroup of type 
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(Pi PiP)* a n d @ is weakly £-tame, we conclude from (5, Lemma 3.4) that 
21 Ç $. But then Tli Q 91i by (5, Lemma 5.4). In particular, it follows from 
the maximality of ty that © Q % Furthermore, Z($) C % since 31 C %, and 
hence Z (̂ 3) C $ C ®. 

Since £ C [Ng^St), Ng^SE)] and £ £ COP), Nm(X) contains a cyclic 
subgroup 91 of odd order which does not centralize X/X /°\ C ^ ) . It follows that 
X possesses an 91-invariant subgroup Xi such that Xi S£ C(s$) and such that 
91 acts irreducibly on £ i / D ( £ i ) . But then 

Sti c [StiSR, £i3ï] c [N^CEi), N ^ S t x ) ] . 

Thus Xi = X by our minimal choice of X, and hence 9i acts irreducibly on 
X/D(X). 

Now let O be a ^-invariant ^-subgroup of ( V ( $ ) and set 3? = CZ(T))(Q) 
and 3 * = f^qSai taken over all primes q in 7r(0P '($)). Since $ normalizes 
O and Z (X)), SQ <• $ for each g and hence 3 * <! $• Furthermore, 3 * centralizes 
( V ( $ ) . On the other hand, since $ H F($) ^ 1 by our choice of p, So = 
Z ( f ) H F ( « ^ l . B u t Q Ç C ( 3 o ) a n d 3 o Ç Z ( $ ) C Z(®), whence £0 C 3 , 
for each q. Thus 3 * ^ 1-

By (5, Lemma 8.1), 0 P ' (S) contains a maximal element of M(s13;#). Then 
by (5, Lemma 4.2), we have 91i = (V(91i) (91i P\ 91), where 91 = N ( Q ) . 
Since 3) C 911 H 91 and 3) is an 5^-subgroup of (V tP(9?i), it follows that © 
is an Sp-subgroup of (V,p(91i P\ 91). Hence 91i = (V(91i)91o, where 91o = 
N^rmCD). But then Xx C 910 for some X in (V(91i). Clearly X £ C(Z(93)). 
Since SI ÇZ $ C J) and 21 is an ^-subgroup of C(3I), we have Z ( £ ) C Z(3S), 
whence X £ C(Z(S))). Now O and 3) are each invariant under Xx, and 
hence so is 3<z- But X centralizes 3<z £ Z(35), and we conclude that 3<z is 
^-invariant. Furthermore, since 91 Ç 9Jli Ç 91i, we have 9ix C N ^ ( 3 l x ) . 
But since 91i = O^(91i)91o and Xx ÇZ 910, 

Nmi(X
x) Ç O , ( 3 Î » 0 ( P ) , 

Thus if 9i = <i?),wehavei?xF G N^0 (X
x) for some Fin O^ (911). In particular, 

i ^ x F G 91o- But now the same argument as above shows that £q is ^-invariant. 
Since 91 = (R) is defined independently of q, we conclude that 3 * is invariant 
under both X and 91. 

Set 931* = N(3*). Since 3 * ^ 1, 9K* C ®. Furthermore, 

< 0 ^ ( « ) , $ , î , 9 î ) C 2 ) î * . 

Since $ normalizes ( V ( $ ) and ® is £-tame, Op>($î) ÇI (V(9J1*) by (5, Lemma 
4.1). But Op'(I?) contains a maximal element of M ^ ; q) for each g in cr* — p, 
and hence CV($) is necessarily an 5-subgroup of (V(SD1*). It follows that 
($, Ï , 91) = ^ J 9 t normalizes some conjugate of 0 P ' ( $ ) , which without loss 
we may take to be 0 P ' ($ ) itself. Moreover, since 91 Ç 9JJ*? 

î ^ [Na»*(î),NaR*(ï)]. 
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As ( V ( « ) is an S-subgroup of <V(2R*), we also have 3K* = O^(aW*)5K0, 
where 9K0 = N«ro*((V($)). Finally since £ C 9W0, it also follows that 
£ Ç [ N ^ 0 ( £ ) , N ^ 0 ( £ ) ] . 

First consider the case ( V ( $ ) ^ 1, and set §* = N( (V($) ) . Since 2 £ £>*, 
^* contains an ,SV-subgroup of ® for each r in o-* ; and in particular, ,£>* contains 
$ . Furthermore, since 9ft0 Q §*, we also have £ Ç [N<p*(3l), N$*(£)]. Now 
let ® be a J9Î invariant .SW-subgroup of 0 ( § * ) containing $ Pi 0 ( § * ) and 
set § = N$*((S). Then it follows immediately that § satisfies conditions 
(i), (ii), and (iii) of the lemma. We shall show that condition (iv) also holds. 
If § is solvable or if £> is an ^4i-group of characteristic 2n, then 

y = »no(©)c»(î) 
by Lemmas 2.4(iii) and 2.5(iii). On the other hand, if § is an ^4i-group of odd 
characteristic, the same conclusion follows from Lemma 2.6 (vi) since 
X3Î C N$($) . But Ç g C ( î ) , and consequently ^ n O ( § ) g C ( î ) . Thus X 
does not centralize a ï - in variant ^-subgroup ©p of Ê. Suppose ï CI C(F ((§)). 
Then 

yX®p ç Cc(F((g)) n g , = F((g) P g,, 

and X stabilizes the chain 1 Ç F(S) Pi ©̂  Ç 6^. Thus Ï centralizes @p, a 
contradiction. Hence SE $£ G(F(@)) and we conclude that X does not centralize 
Or(©) for some prime r in a*, proving (iv). 

Finally consider the case Op> ($) = 1. In this case, 33 Ç Op($) by (5, Lemma 
5.5). Hence 2 Q 311 by (5, Lemma 5.4) and consequently 311 contains an 
5r-subgroup of @ for each r in a*. Since 3Jli Q 3li, we also have 

XQ[N^(X),N^(X)] 

and 3t Q 3li. But now if we let S be a ï-invariant 5ff*-subgroup of 0(9ti) 
containing $ P O(-fti) and set § = Ng^S) , we conclude as in the preceding 
paragraph that § satisfies the requirements of the lemma. This completes the 
proof. 

We now let § be a subgroup of ® satisfying the conditions of the previous 
lemma and let (g be an 5ff*-subgroup of O ( ^ ) . Then 6 < § . Furthermore, 
§ contains a 2-subgroup X such that X ÇI [N#(20, N # ( ï ) ] and such that X 
does not centralize ty = Op(d) for some prime p. We set $* = ytyX. Finally 
let 3̂ be an 5^-subgroup of § (and hence also of ®) such that ^ P 6 is X-
invariant, let 31 £ 9*gJfz($), and set 33 = V(ccl®(»);$) and 5Rx = N(Z(33)). 
Then we have 

LEMMA 7.3. $* centralizes every element of M($; <z) /flf a// primes q, with the 
possible exception q = 3. If ty* does not centralize every element of M($; 3), then 
3 G o- - (7*. 

Proof. We first argue that <i)3* centralizes every element of V\ ($ ; g) for g in 
T = o-* - £. Since 3̂ <a $ , 3 = ^ H Z($) ^ 1. Set « = N(3) . Since 
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$ Ç = F ( g ) , ( V ( g ) C $ . Furthermore, since 0^(@) is ^-invariant and 
$ Ç $, (5, Lemma 4.1) implies that ( V ( g ) C ( V ( $ ) . Hence by (5, Lemma 
8.1), 0P' (6) is an 5r-subgroup of Op>($). Since ty* centralizes ( V ( S ) and since 
any two ^- invar iant ST-subgroups of Op>($) are conjugate by an element of 
C$(^$*), we conclude from Da* in CV($)^P* that ty* centralizes every r-sub-
group of Op> ($) which it normalizes. 

Now let Q be a maximal element of kl($;<z) with q in r. Then Op>((&) 
contains a maximal element Q* of MOP; <?); and by (5, Theorem 1), we have 
O* = £lx for some X in C(8Q. Now C(3Q = 31 X 3), where 3) is a p'-group 
by (4, (3.10)). Since O is §I-invariant, we may assume that X £ 33. But 
3 Ç 21, whence 33 Ç $ = N(3) , and consequently 33 C ( V ( $ ) by (5, Lemma 
4.1). Since X £ 33 and O* C ( V ( $ ) , it follows that Q C CV($). But then 
)̂3* centralizes Q by the preceding paragraph. We conclude at once that ^* 

centralizes every element of |/| ($ ; g) for q in r. 
Before treating the case q $ r, we make a preliminary remark. We have 

S3 C $ r\ g by (5, Lemma 5.5), and hence § t = N$($ H g) C 51 ! by (5, 
Lemma 5.4). Since X Ç § b we conclude that X Ç 5li. 

Now let O be a maximal element of I/IOP; ç), 3 ^ £, and set 51 = N ( G ) . 
Then SHi = ( V ( 9 W ( ^ i ^ 91) by (5, Lemma 4.2). Let 2 = N * ^ * ) . Then by 
Sylow's Theorem, we have 

<V(5Ri)8 =0^(5Ri)(8H5R). 

Since Ï Ç 8 , it follows that £* = £ r ÇZ £ H 51 for some F in (V(5h) . 
Furthermore, ^* = T Ï ^ * by (4, Lemma 8.11), since Ĵ3* = 73:^ by definition. 
But then $* = yX$*, where £, Ç* denote the images of £ and ^* in 
5l = yii/0P'(yti). Since J* and £ have the same images in 5h, we conclude 
at once that yX*y$* = <$*. 

Now X* Q 8 P\ 5Ï and hence Ï * normalizes Q . If Ï * centralizes Q , then 
yX*$* Ç C(Q) . Since yX*$* = $*, ^3* centralizes O in this case. Suppose 
that X* does not centralize Q . Since X Q [N$(X),Nç>(X)], X is certainly 
non-cyclic, and hence also X* is non-cyclic. But then Q = {C&(T)\T £ £*#). 
Since each C o ( ^ ) is invariant under £*, there must therefore exist an element 
1 ^ 1 in Ï * such that X* does not centralize d o = C&(T). Set 6 = C(T). 
Then S is solvable and hence Q i = 7G0 Ï * £ 0(E) by Lemma 2.4 (iii). Let 
0 2 be a £*-invariant 5^-subgroup of O(E) containing Oi , and let © be an 
52-subgroup of S containing £* and normalizing Q 2 . Now X* does not 
centralize O i ; otherwise X* would centralize Oo by (4, Lemma 8.11). Since 
X* C © and Q i Ç Q 2 , © does not centralize Q 2 . But © is an 52-subgroup 
of ©, and 0 2 G M(©;g). 

We conclude therefore from the definition that q £ o\ But either <r = a-* or 
a = a-* W {3}. Since ^* centralizes every element of MOP; <?) for g in r by 
the first part of the proof, the lemma follows. 

Let p be defined as in Lemma 7.3. Then we have 
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PROPOSITION 10. ® satisfies the uniqueness condition for p. 

Proof. We preserve the notation of Lemma 7.3. We have 

£C|N«(S0fNc(S0L 

$* = yXty, and $ g C ( î ) . Furthermore, since $ < & N$(£) normalizes 
$*. Suppose $* were cyclic. Then [N$(X), N$( Ï ) ] would centralize $*, 
whence T £ $ * = 1. But then $ C C(X) by (4, Lemma 8.11), a contradiction. 
Thus )̂3* is non-cyclic, and therefore the normal closure 23* of $* in $ is non-
cyclic. But then S3* contains a subgroup 33 of type (p, p) which is normal in $ . 

Now let Q be an element of M ($;<?). Then by the preceding lemma, either 
ty* centralizes O or else g = 3. However, in the first case, )̂3* Ç 0 P ( 0 $ ) , by 
(9, Lemma 1.2.3), whence 33* = 23^ C O p (Q$) . But this implies that 23* 
centralizes O . We conclude that 23 centralizes every element of M (^ ; q) for 
all but at most the prime q = 3. But now the hypotheses of (5, Theorems C 
and E) are satisfied, and therefore ® satisfies the uniqueness condition for p. 

This leads to the following result. 

PROPOSITION 11. @ does not contain an Ax-subgroup of characteristic 3 ' , 
t > 1. In particular, a = a*. 

Proof. By Proposition 6 and the definition of a*, either a = cr* or 
a = a* W {3} and ® possesses an ^i-subgroup of characteristic 3\ t > 3. 
Thus the second assertion of the proposition will follow at once from the first. 

Suppose first that <r* is non-empty. Then @ satisfies the uniqueness condition 
for some prime p in <x* Pi 7r3 by the preceding proposition. But in this case 
Proposition 5 (ii) implies that every A i-subgroup of @ has characteristic 2n for 
some n. But then by Lemma 2.6 (i) no ^-subgroup of © is of characteristic 
3 ' , / > 1. 

Suppose next that a* is empty. Since a is non-empty and either a = a* or 
a = a* {J {3}, this implies that <r = {3}. Assume by way of contradiction 
that ® possesses an yli-subgroup § of characteristic 3*, / > 1. Let X be an 
•SVsubgroup of § . Then by Lemma 2.6 (vii) there exists a prime q ^ 3 such 
that if O is a maximal element of kl$C£; q), then X does not centralize Q . 
Arguing now as at the end of the proof of Lemma 7.3, we see that there exists 
an element T in Xfi such that X normalizes, but does not centralize, 
Qo = Co(T). Setting S = C(T), we have Q i = 7O0 Ï Ç O ( g ) by Lemma 
2.4(iii), and also Q i ^ 1. Then if Q 2 is a ^-invariant ^-subgroup of O(S) 
containing O i and if @ is an S2-subgroup of Ê containing £ and normalizing 
O2, we have Q 2 G M(@; g) and Q 2 $£ C(@). But then g G o-, contrary to the 
fact that o- = {3} and g ^ 3 . 

Combining our results, we prove finally 

PROPOSITION 12. a is empty. 

Proof. First of all, a = a* by the preceding proposition; and secondly 
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a* Pi 7T4 is empty by Proposition 9. Thus a C 7r3. Suppose by way of contra
diction that a is non-empty. Since a = a* C 7T3, we can choose a prime p in 
o- so that the conditions of Lemma 7.3 hold for ty*, where $ , £ , Ï , s}3, and s$* 
are defined as in that lemma. Then @ satisfies the uniqueness condition for p 
by Proposition 10. Let tyfl be the corresponding subgroup of ® which is unique 
subject to containing an element of s/±(3) and p £ 7rs ($)?). Then § Ç 9Jf 
since $ C $ and $ = Op(§) ^ 1. Thus X C [NSK($), NbOP)]. If SO? is an 
^4rgroup of odd characteristic, then X is an 5Vsubgroup of SDÎ, and it follows 
from Lemma 2.6(vi) that $ = ($ H 0(2R))Cç(£). Since ^3* = 7 ^ , this 
implies that ^3* CI 0(3)?). On the other hand, if SO? is an ^40-group or an Ay 
group of characteristic 2n, the same conclusion follows from Lemma 2.4 (iii) 
and 2.5 (iii). But $ normalizes an S^-subgroup O of (V(F(5DÎ)) for each a 9^ p 
in 7r(F(5D?)). Since a = o-*, P̂* centralizes Q by Lemma 7.3, and consequently 
$* centralizes 0 ^ ( F ($)?)). This implies that X g 6 = C^(Op(9)?)) ; for other
wise, ^3* = yXT C ®, whence ^3* centralizes F(9J?). But then ^* C Op(2W). 
Since J does not centralize $*, we conclude that X does not centralize Op(WH). 
But now if © is an ^-subgroup of SD? containing Ï , © does not centralize 
Op(9ft). However, © centralizes Op(SD?) by Proposition 5. This contradiction 
completes the proof of the proposition. 

Since a is non-empty by Proposition 3, Proposition 12 shows that no simple 
group exists satisfying the assumptions of Theorem 3. Thus Theorem 3, and 
consequently also Theorem 1, is proved. 
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