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1. Let K be a field of characteristic zero. Let V be an ^-dimensional

vector space over K and let S be the graded ring of polynomial functions on

V. If G is a group of linear transformations of V, then G acts naturally as a

group of automorphisms of S if we define

(rs)(v) =s(γ~ιv) r^G, SGS, υ e V

The elements of S invariant under all γ<=G constitute a homogeneous subring

I(S) of S called the ring of polynomial invariants of G.

A linear transformation of V is a reflection if it has finite order and leaves

fixed an n — 1 dimensional subspace, its reflecting hyperplane. If G has finite

order and is generated by reflections we call it a finite reflection group. For

such groups we know from work of Chevalley [2] and Coxeter [3] that the

ring US) is a polynomial ring generated by n algebraically independent forms

/i, . . . ,/«. In fact, Shephard and Todd [4] have shown that this property of

the ring of polynomial invariants characterizes the finite groups generated by

reflections. It has been known for a long time, at least for the real orthogonal

groups, that the degrees mi + 1, . . . , mn + 1 of the forms A . . . , / « satisfy

the product formula (mι-\-l) - - (mrt + l) = g, where g is the order of G, and

that the sum mi + -f mn is equal to the number of reflections in the group.

More recently, Shephard and Todd [4] discovered and verified the general

formula

(1) (l+»iif) -(1+ *»**)=#> + # * + * * +gntn

where gr is the number of elements of G that fix some n — r dimensional

subspace of V but fix no subspace of higher dimension. If G is a crystallographic

group then the Poincare polynomial of the corresponding Lie group is known

to be (l + ί2mi+1) . ( l + ί2m«+1) so that the formula yields a method for corn-
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puting the Betti numbers of a complex simple Lie group from the structure of

its Weyl group.

In this paper we supply a proof of the formula. The idea in the argument

is close to one that Brauer [1] has used to compute the Betti numbers of the

classical groups. We use knowledge of the polynomial invariants of a group

to deduce the nature of its invariant differential forms, and then a counting

argument yields the result.

2. Let E= *ΣjEp be the Grassmann algebra of V. The homogeneous

component Ep of degree p is for p = 1, . . . , n the /f-space of all ^-linear

alternating functions on V, and we agree that £Ό = K. Then G acts naturally

on Ep if we define

(re) (vu . . * ,vp) = e(r~γvu . . . , r"*1^) r^G, e^Ep, Vi e F

and thus G acts as a group of automorphisms of E. We form the tensor

product S®E over A" and give it the structure of algebra over K by defining

(sι®βχ) (s2®e2) = S1S2(g>£i02.

Let G act on S(g)£ by

r(s®e) = rs®r^

Then G acts as a group of automorphisms of S®E. Let us choose a fixed

coordinate system in V and let Xι, . . . , xn be the coordinate linear functions.

Let d: S®E^S®E be the ϋf-linear map defined by

n ^

The map J commutes with the action oί G on S<g>E. This is easily checked

as follows. First verify that dr(xi®l) = rd(Xi®l) for all r<^G, and then use

the formula d(st®ϊ) = d(s®l) (t®l) + (s®l) rf(ί®l) to conclude by induction

on the degree of 5 that dr(s®l) =γd{s®l) for all homogeneous s and hence

for all S G S . NOW-d(s®e) = d(s®l) (l®e) yields dr(s®e) =rd(s®e) for all

S E S and e^E. If we identify S with S®K, then dxi = d(xi®l) = l®Xi so

that the elements of S®Ep may be written in the form

Σ
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It is clear that S®E is just the Cartan algebra of diffential forms on V and

that d is exterior differentiation.

If L is the quotient field of S, the field of rational functions on Vf we may

extend the action of G to L. We then imbed S®E in the vector space L®E

over L and extend the action of G to L®E.

3. If our group G acts on a vector space W over K we let RW) denote

the subspace of invariant elements of W. Since d commutes with the action

of G on S®E it follows that d carries I(S<g>E) into I(S®E). In particular

the differentials dfu - . , dfn are invariant elements of S®E. The structure

of the ring I(S®E) of invariant differential forms is given by the following

THEOREM: Let G be a finite reflection group and let A . . . , / « be alge-

braically independent polynomial forms which generate the ring I(S) of polynomial

invariants of G. Then every invariant differential pform may be written

uniquely as a sum

Σ cn1...ipdfil- dfiv

with ait...iv<=I(S). Thus the K-algebra I(S®E) of invariant differential forms

is an exterior algebra over the K-algebra I(S) of invariant polynomials. It is

generated over T(S) by the unit element and the differentials dfh . . . , dfn of

the basic invariants /i, . . . ,/«.

For the proof of this theorem we need a

LEMMA: Let G be a finite reflection group and let j be the Jacobian {deter-

minant) of its basic invariants /i, . . . , fn. Then γj = det(γ)j for all γ e G.

If u^S is a form such that γu = det(γ)u for all y^G then u ~fj xυhere f e /(S)

is an invariant.

Proof of the lemma: Since γ{dxχ dxn) =det(r~1)d#i- dxn and since

the action of G commutes with d, we have the string of equalities j dxi dxn

= rf/i 'dfn^d(rfi) ' 'd(γfn)=r(df1) γ(dfn) =r(dfι dfn) =γ(jdx1- -

dxn) =rj det ίr" 1 )^!- dxn. This proves that rj = άet{γ)j. Let Wu . . . , Wk

be the hyperplanes of V which occur as reflecting hyperplanes of elements of

G, and let /i, . . . , h be the linear forms which define them. The subgroup of

G fixing Wi is cyclic and generated by a reflection n say of order r, . It is
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known [4, 5] that

(2) j=cκ-ι rrι

where c e K is a non-zero constant. For the case of Euclidean reflections, each

Π has order two and this says that the Jacobian of the basic invariants is the

product of the linear forms which when equated to zero define the reflecting

hyperplanes. Let us choose a fixed index i and write γ — 77, / = /,*, r = n. Choose

a coordinate system in V so that the map γ becomes

γ: (ti, . . . , tn-u tn) -» Ui, . , tn-u εtn)

where ε-det(r). The condition γu-άet{γ)u is then

u(ti, . . . , tn-h e^tn) = εuiti, . . . , tn-i, tn)

Differentiate this q times partially with respect to tn and set tn = 0. This

yields

e^^-itu . . . , *„-!, 0) = e-g- (tu . . , ίΛ-i, 0)
ί t

Since ε"9^ε for g = 0,1, . . . , r - 2 it follows that — (ί1} . . . , ί»-i, 0) = 0 for

q - 0, 1, . . . , r ~ 2 and hence Γ"1 divides w. If we apply this to each of the

relatively prime forms /1, . . . , h and keep (2) in mind we see that u =fj for

some / e S . Then in the quotient field L we have r / = ~ = ̂ f^T~~ = ^ s o

that / e Z(S) is an invariant. This proves the lemma.

To prove the theorem we let G act on the vector space L®E over L.

J differential p-ίorms dfix- dfip9 1 < iι< <ip< n, are linearly

independent over L. For given any relation 'Σki1...ipdfi1- dfir^0 with

kiι...ip^L, choose a fixed set of indices ilt . . . , ip and let ip+h . . . , in be the

complementary subset of 1, . . . , n. Multiplication by d/ip+ί * dfin shows that

kix...ivdfr -dfn^O. But JΛ# 'dfn~ j dxi JΛΓn where j is the Jacobian of

the forms flt . . . ,/«. Since /1, . . . , / „ are algebraically independent, i # 0 ,

and hence fe 1...ίp = 0. This proves the linear independence. Since L®Ep has

dimension [*[) as vector space over L, the forms ί///x dfiv span L®EP

over L. Thus given any invariant differential p-fovm ω we may write

ω -%ΣiTix...ivdfiι - - dfii, with n1...iP&L. Average this equation over the group
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C. The invariance of ω and the df% implies

gω= Σ ( Σ rrix..Λv) dfiχ dfiP

iκ ' <tp Tee

Since the characteristic is zero we have a formula

where 5ί 1...f 3μ/ίi1..., 2, is an invariant element of L. Again we choose a fixed set

of indices iu . . . , ip and multiply by rf/Vp+1 * d/«. This yields a formula

Ui^.Λpdxi' dxn= -ψn^p j dxi- - - dxn

with Ui^.jp^S. Since Si1...iP/ti1...iμ is an invariant element of L, so is ui^.dylj.

But 77 = det(r)/ and hence ruix...ιp = det(r)w/χ.../p so by the lemma we conclude

that y divides Uiγ...iv in S. Thus tix..jp divides Silm.jp and we have a formula

with ^...ίpG/ίS). This proves the theorem. The argument shows for any

finite linear group G, that the algebra I(L®E) is an exterior algebra over the

field I(L) of invariant rational functions, generated over I(L) by the unit

element and the differentials of any n algebraically independent invariant

polynomial forms.

If M = 'ΣiMq is a graded /Γ-space in which all the Mq are finite dimensional,
0

we let P(M; *) = Σdim (Mq)tQ be the Poincare series of M. We let S= ,
y = 0 y = 0

be graded in the natural way with Sq the space of polynomial forms of degree
00

q. Then I(S) inherits the grading I(S) = ΣKS?) and, as Chevalley [2] has

remarked

(3) PU(S) t) = — - ^ - ^ - - ^ . ^

oo

For each £ = 1, . . . , n, S®EP has the grading S®Ep= *ΣSq®Ep and I{S®Ep)
oo

inherits the grading I(S®EP) = Σ/(S*®£/,). Let ^ U , . . . , tn) be the i>-th
3 = 0

elementary symmetric function of indeterminates tu . , tn. Then from the

preceding theorem we conclude at once by counting that
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(4) Pd(SΘEp) t) = T l _ f f 1 ) . ; . ( i - ^ l F i y

for all ^ = 1, . . . , n.

4. If our group G has a representation in a vector space TF over K, then

dim 7(PF) is the average over G of the character of the representation. Let

τQ be the character of the representation of G in Sq and let op be the character

of the representation of G in Ep. We interpret both r0 and σQ as the principal

character. Then τqop is the character of the representation of G in Sq®Ep

and hence

dim I(SQ®Ep) = — Σ τq(γ)σp{γ)
g Tee

We work now in the algebraic closure of K. Let ωί(r), - > con(r) be the

eigenvalues of the linear transformation γ e G. The formulas

Ji

"(l-ωi(r)ϊ) (l-α>«lr)ί)
^p r (

(1 - ωi(r)f) * (1 - ωn(γ)t) = Σ ( - lYap(γ~ι)tp

were known to Frobenius and may be verified easily by assuming γ in diagonal

form. The first of these yields at once the Poincare series

t)
g S (l-ωi(r)t)'-(l-ωn(r)t)

and the second tells us that ap(γ~ι) = op{ωi(γ)f . . . , ωn{τ)). Thus, in view of

(4) we have

r\ 1 V <rp(ωι(r), • . ,ωn(r)) = ap(tm\ • . • , ^ m ")

> τ l σ (l-ωi(r)ί) (l-ωΛ(r)ί) (1 - Γ i + 1) (1 - f1^1)

for p - 1, . . . , w and even for /> = 0 if one interprets the numerator on the

right hand side as 1. Thus one can average any function η^^~^-LJLτr^—ζ^τi>
( 1 — ωi(T)t) '(l — ωn{T)t)

over the group G by simply replacing ωi(γ) by ίw* wherever it occurs. This

formula can be put to good use. For each p = 1, . . . , n one has an identity

of the form

- - 4- hpn(t)σn(r)
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w h e r e t h e hpQ(t) a r e p o l y n o m i a l s i n t. F o r e x a m p l e i n c a s e p - 1 t h e i d e n t i t y

i s

v ωj(γ) _ tfi(r) - 2 tσ2(r) + • ± nt^anjγ)

" (i-ωi(r)t)- (i-ωn{r)t)

The important thing in (6) is not the exact nature of the hpg{t), they are in

fact monomials, but the fact that the numerator on the right hand side is a

linear combination of characters <si(γ), . . . , σn(r) with coefficients that are

independent of γ. Thus we may average (6) over the group by replacing

by tmi wherever it occurs and this yields

V V
(,l-ωφ)t)

__ y^
ίi< <*p ( 1 — r "* ) ' ' ' \x — τ -p )

for all p = 1, . . . , w. The rational function on the right hand side of this

formula has a pole of order p at t = 1. Let us expand both sides in a series

of powers of 1 - t and equate the coefficients of (l-t)~p. Let Gr be the set

of elements of G that fix some n — r dimensional subspace of V but fix no

subspace of higher dimension, so that the number of elements in Gr is gr.

An element of G occurs in Gr if and only if the number 1 occurs as an

eigenvalue with multiplicity n — r. Thus an element γ^Gr can contribute to

the coefficient of (l — t)~p on the left hand side of (7) if and only if n-r>p

and in fact for γ^Gr

1

ύ - < v α - ^ r ) ί ) - ϊl-ωip(r)ti \ P > U-ί)*

Thus

But ^ = ( m i + l) (wΛ4-l). As Shephard and Todd have remarked, this

follows at once from (5) for the case p = 0. Thus

gr= Σ («!!,+D - ( W ^ + I )

Let Git) =go + git + +gntn. By direct computation we verify the formulas
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dp .W
t

dt*

Thus

which amounts to

This completes the proof.

= Σ pibn^ + D
t'i< <ί«-p
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