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ON THE FUNDAMENTAL INEQUALITY FOR DEGENERATE
SYSTEMS OF ENTIRE FUNCTIONS
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§1. Introduction

Let f=(fo,f, ---,f.) (n = 1) be a transcendental system in |z| < oo.
That is, f,, fi, - - -, f. are entire functions without common zeros and the
characteristic function of f defined by H. Cartan ([1]):

T(r, f) = 217 [ vtrenao - v,

where
U(z) = maxlog|fy(2)] ,
Sjsn
satisfies the condition

lim L0 o
r-  logr

Let X be a set of linear combinations (0) of f,, f, - - -, f, with coefficients
in C in general position; that is, for any n 4 1 elements

aojf;)"i_aljfl"{""’—i"anjfn (]Zl"3n+]—)
in X, n 4 1 vectors (a,;, @y, - - -, @,;) are linearly independent, and
A = dim {(Co’ ey C)eC™ s oofy Fofi + - F e f. = 0} .

It 1s clear that 0 <1< n —1. We note that, for any n 4+ 1 elements
F(),Fu ,Fn in X

dim{(cmcly "'9cn)eC"+l; coFo + chl + .- +CnFn = O}

is also equal to 1. We say that the system f is degenerate when 1> 0.
About fifty years ago, H. Cartan ([1]) proved
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TaeorEM A. When 2 = 0, for any g combinations F,, ---, F, in X,
q
(@—n-—-DT0,f) = Zan(r, 0, F) + S(r),
=

where N,(r,0, F,) = N,(r, F,) in [1] and
S(r) = O(ogr) + O(og T(r, f))
as r — oo except for a set of finite linear measure.

He also gave the following conjecture for 2> 1 (originally in the
case of algebroid functions).

CoNJECTURE OF CARTAN. For any q combinations Fy, ---, F, in X,
(¢ —n—2=DI0, ) < 3 Noor, 0, F) + S0 .
=

It is uncertain that this conjecture is true or not in general, except
when 2 =n — 1 ([1], p. 18). However, it is known that this holds in some
special cases. For example,

THEOREM B. For any n 4 A 4+ 2 combinations F,, - -+, F,.;., in X,
n+i+2
T(r’f) é Z Nn—l(r, 09FJ) + S(r)
=

([5D).

This theorem shows that Cartan’s conjecture holds when g =n + 1 + 2.

The purpose of this paper is to prove that the conjecture is true
when 2= 1. Besides, we shall give an improvement of a result of B.
Shiffman ([3]).

We use the standard notation of the Nevanlinna theory (See [2]).

§2. Lemmas

Let £, X and 2 be as in Section 1. In this section, we shall give some
lemmas which will be used in Section 3.

LEmma 1. For H,--- H, in X(2<k<n4+1-—2),
m(r, [H,, - -+, H|[/H, - - - H) = S(r) ,
where |H,, - - -, H,|| means the Wronskian of H,, -- -, H, (See [1]).
LemMA 2. For F,,---,F,in X (@q=n+1), let
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uz) = max log|F,(2) - F,,_ (2],
s )

1y***yPg—mn

where By, -+, B,-n are mutually disjoint q — n numbers from {1,2,---,q}.
Then,

(@ = WTC,N = - [“ore)do + 0
2r Jo

(See [4], Lemma 3).
Lemma 8. For any G, ---,G,in X (g =n + 1), put
u(Z) = mln lOg lGh(Z) Tt Gjn+l—x(z)l )

J1<lee<jn+1-2

where G;, ---, G

J1»

are linearly independent and in {G;}. Then,

Jn+1-2

1 2 .
— < - 11
Sr) < o L u(ret®)de .

Proof. We suppose without loss of generality that f,,f, ---,f._. are
linearly independent. For an arbitrarily fixed z = re'’, we may suppose
that

G| = [G2)| < - - < [Gy(2)]

for brevity. Then, there are G,,,---,G;,,, , 17 < - <jyua=n+1)
which are linearly independent and satisfy

u(z) = log|G(2) - - - Gy,,,_(2)] -

As
”Gjl’ R} Gjn+1~1” - chO’ t '7fn—1” (C # Oa ConStant) ’
we have
Gfl U Gjn+1—~1 — Gjl e Gjn+1~1 ,
”Gh’ ] Gin+1—1” c “ﬁ), . '7fn—1”
so that

log [Ify, -+ -, fucill] £ w(@) + ) f‘_‘ log* || ”Cgl’ o Gl + 0Q1)

e nt1—2=1 70 Ui

where O(1) is a constant dependent only on G, ---, G,. This inequality
holds for any z. Integrating with respect to 6 from 0 to 2z and dividing
by 2z, we obtain
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NGO Ify s foual) £ o [ ulre)do + S
27 Jo

which includes the desired inequality.
According to B. Shiffman ([3]), we let &, denote the ring of entire
functions of the form

£ = 3142 exp P(2)

where the P, are polynomials of degree at most p and the ¢, are mero-
morphic functions in |z] < <o such that

T(r, ¢.) = o(r?) (r— o).

Moreover, according to Definition 1 ([3]), we say that a system f =
(fo, -+ > f») 1s of special exponential type of order p (0 < p < o) if

ert <T@, f) <cre as r — oo,
where ¢, and ¢, are positive constants, and if f,, - - -, f, belong to &,.
LemmA 4. Let h = (h, - -, hy) be of special exponential type of order
o such that h; =0 for 1 £ j < N. Then,
1 27 N 1 27 N
o [ T10g 2 Uk re)d0 < - [ log 33 re)] 0 + o)
2 Jo i= 2 Jo i=1

as r — oo ([3], Lemma 2).

§3. Theorems
Let f, X and 2 be as in Section 1.

THEOREM 1. When 2 = 1, for any q (@ = n + 2) combinations Fy, - - -, F,
in X,

(@ —n = DT(f) < 3 Noir, 0, F) + S(r) .

Proof. We may suppose that fi, - - -, f, are linearly independent without
loss of generality since 2 = 1. Now, there exists an integer % such that
any k elements in X, = {F;}¢_, are linearly independent, but some % + 1
elements in X are linearly dependent. It is clear that 1 <k < n. For
an arbitrarily fixed z =re*® (r > 0), let K, ---, K,,, be n 4 1 elements of
X, such that [K(2)|,---,|K,..(2)] are the smallest n + 1 elements of
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{IFi(@)], -+, |F(2)}. As 2 =1, we suppose without loss of generality that
K, --.,K, are linearly independent and
Kn+1=a1Kl+"‘+ame (mgk’al"'am#:o)'
Put

k
I/VO = “Kh Tty Kn” I_IIHKU Ty Kj—la Kn+1a Kjﬂ, ey Kn” y
j=

then, Wy £ 0 and in W, K,, .-, K, and K,., appear k times and K., - - -
K, appear k 4+ 1 times. Since

”Kly Y Kn“ = cl“fb . '3fn“ )
where ¢, is a constant (5:0), we have the equality

(1) (F1-~~Fq)": (Fl...F'q)'jc .
WO c“flr’fn” *

so that we obtain the following inequality as usual (cf. [1], [4]):

(C =ity .- alc)

kg —n — DUE) < k> log|F S loge | Hs o Full
(@q—n—DUR Sk log|F )|+ > log
j=1 j1 1 F, ---F,,

+ (- RUER) — (k+ Dlog|lf, - fll] + 0Q),
where O(1) is a constant depending only on X,. This inequality holds

for every z, so that, integrating with respect to § from 0 to 2z and divid-
ing by 2z, we obtain

s in=

Mg —n- DTG/ <k 5 NC0,F) + (0 = BTG )
— (b + DN, O, [,y -+, ful) + S(r)
by Lemma 1; that is,
@—n—1-@—RHRTEA
(2) < 3INGL 0, F) — (L+ UBNG, O, [,y -, )

+ 80) £ 3 Nur, 0, F) + S(r) -

We have the last inequality by calculating the multiplicity of zero at z
of the righthand side of (1) as in the case of the fundamental theorem of
Cartan ([1], p. 14).

I. Therefore, when (n — k)/k < 1, that is, n/2 < k, we have the theorem.
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II. Next, we prove this theorem when 1 < k2 < n/2. To begin with, we
note that there exists an element G in X, such that any n — k& elements
in X, — {G} are linearly independent. Indeed, let G, H,, ---, H, be k 4+ 1
elements in X, which are linearly dependent, then G may be represented
by H, ---, Hy:

G=d1H1+"'+dka (dldkio)

because of the definition of the number k. If there exist I,,--., I, , in
X, — {G} which are linearly dependent, there are at least two distinct
linear relations among G, H,, ---,H,, I, ---,I,_,. This is a contradiction
to the hypothesis of 2 = 1. Let

Xo - {G} = {Gu Gz, Tty Gq—l} .
For a fixed z = re* (#0), we may suppose for brevity that
G =G, = - =|G® (=1,---,n).

We consider the following two cases.
(i) The case when G,, ---, G, are linearly dependent.
Let, for example, without loss of generality

Gn:‘81G1+"'+,BuGu (‘Bl‘Bv:#O)
then v>n —% and G, ---,G,_,, G are linearly independent. Consider
the following product

n—k
Wl = ”Gh tt Yy Gn—b G”]U] “Gl’ ) Gj—l, Gm Gj-t—l, ) Gn—l? G” .

Then, W, 0 and in W,,G,,---,G,_, appear n — k times and G,,,_, - -,
G,_,, G appear n + 1 — k times. As in (1), we obtain

G - G)F (G- G "
(3) ( q — q .
Wl cl“fl""yfnlln“—k

so that we have the following inequality:

(¢, # 0, constant)

(n — Bu(2) < (n — k) :Z:log |Gy(2)] + (n — k) log |G(2)| + kU(2)
S | NE gy o5 Byl
* jl»"'Z;jn=110g F, .. Fji
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where v,(2) is equal to v(z) given in Lemma 2 for G, ---,G,.;, and O(1)
is dependent only on X.
As

log |G(2)| = U(2) + 0O(Q1)
and n — k> k, we have
(n — k) log|G(2)| + kU(2) < klog|G(2)| + (n — R)U(2) + O(1) .

Therefore,

(n — o) < (n — k) ;’;;Ilog 1G,(2)| + klog|G(2)| + (n — HUR)

+ i: 10g+ ”Fjw "’sFJn” + 0(1).
Juengn=t Fy, --- F;,

(ii) The case when G,, ---, G, are linearly independent.
In this case G can be represented by G,, .- ., G,; that is, without loss
of generality we may write

G:TIG1+"‘+T“,G‘" (/.lzk,rl"'T##O).

Consider the following product
Wz = HGU ] Gnll"“""" jl;IIHGl’ T Gj—l’ G7 Gf+l’ T Gn” .

Then, W, =20 and in W,, G,, - - -, G, appear n — k times, G,.,, - - -, G, appear
n+1— k times and G appears k times. As in (3), it holds the following
equality:

(5) (G --- G )" = @G, - Gy )" (c, # 0, constant)

VVZ Cz”fl, "'9fn”n“_k

from which we obtain the following inequality:

(n — Ru(z) < (n — k) ;‘;Iilog |Gi(@)| + klog|G(2)| + (n — B)U(2)

(6) —(+1=Rlog|lf, - full
2
o | 1P Full| 1 o) |
+j1,"'Zv.;n=1 Og Fjl"'Fj" + ()

In both cases (i) and (ii), we obtain the same inequality (4) or (6) which
holds for any z (#0). Integrating the inequality with respect to 4 from
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0 to 2, dividing by 27 and applying Lemmas 1 and 2, we have

(n — B(@ —n — DTG, ) < (0 — B 5. NG, 0, Gy) + kNG, 0, G)

+ (n — BT, f)
—(n+1— KRN0, f, -, fl) + Sr),
that is,

(¢ —n— 9T, ) = 5 NG, 0, G) + kNG, 0, G)f(n — )
Jj=1
(7) — @+ Y — RN, 0, |If, -+, ful)
q
+ S(r) é;Nn—l(ryo’Fj) + S(r) .
We can easily prove the last inequality using the following inequality

(8). Let m, be the multiplicity of zero of G, at z (j=1,---,9 — 1) and
m that of G at z, then we obtain

the multiplicity of zero of G, - Gq_x)n_lk (k}k
(8) Ifir oy Full™*'-

<(n— k)ti‘lmin(mj,n — 1)+ Ekmin(m,n — 1)
i=1

applying the method used in the proof of the fundamental theorem of
Cartan ([1]) to

(G, - - - Gy )" *G* (G, --- Gy )" *G* (j
—~1 = j=1lor 2.
WJ ¢ “fh o ’7fn“n+1_k

Thus the proof of our theorem is complete.

CoroLLARY 1. Under the same assumption as in Theorem 1,

(92) SHF)<n+2.

FeX

If the equality holds in (9) and if n is odd, there are at least two F in X
for which 6(F) = 1. Here, 6(F) = 1 — lim sup,_.. N(r, 0, F)/T(r, f).

Proof. We can prove easily (9) as usual. Now, suppose that n is
odd and

(F)=n42.

FeX

In the sequel in this proof, we use the same notation as in the proof of
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Theorem 1. Let ¢ be any positive number smaller than 1/n. Then, there
are Fy; ..., F, in X for which 6(F,)) >0 (j =1, ---,q) and such that

(10) n+2—e<f:415(Fj).

Then for X, = {F,, - - -, F,}, k < n/2. Because, if k = n/2, then k£ = (n + 1)/2
since n is odd and from (2) we have

SAF)Sn+14(—Bksn+2-2n+2),

which contradicts (10).
There are G, H,, - - -, H, in X, such that

G:d1H1+"‘+dkH1c (dl"‘dkio)
as in II. Suppose
6 = min {6(G), §(H)), - - -, 6(H)} < 1

and let ¢ be any positive number smaller than (1 — 6)/n. Let X, be a
finite subset of X which contains X, such that
(11) n+2—¢< 3 F).

FecXy

Then any k 4+ 1 elements in X, which are not in coincidence with
{G,H, - .-, H} are linearly independent as k < (n — 1)/2 and 2 = 1. Indeed,
if there are k + 1 elements I,, - - -, I,,, in X, which are linearly dependent
and don’t coincide with {G, H,, - - -, H,}, then 2(k + 1) < n + 1 and there
are at least two linearly independent linear relations among G, H,, - - -, H,
L, .-, 1., That is, 2 = 2, which is a contradiction

Now, as is easily seen, we can use any one of {H,}:_, instead of G
in IT so that from the first inequality in (7), we have

L) En+14(n—2k)10—-29)/(n—Fk),

FeX,
which contradicts (11). This shows that 6 must be equal to 1 and so
(G =6H)=---=06H)=1.
This completes the proof.

THEOREM 2. Suppose that f is of special exponential type of order p.
Then for any F,, ---, F, in X,
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@ = n— 2= D¢, S 3N, 0, F) + olT(r, ) + S

Proof. We have only to prove this theorem when ¢g>n + 2+ 2.
Let h: = Fze e Fz’ hz = F, e Fx—1Fz+n ) hzv = Llgs1-2" " Fq (N= (3))
Then, h; 0 and A = (h,, - - -, hy) is a system of special exponential type
of order p. Now, for an arbitrarily fixed z = re‘’ (+0), we suppose without
loss of generality that

IFi@)| S [F()| < --- S |F(2)].
Then
u(z) + (¢ — n — DU() < 3, log| F,(2)] + log i 11/h(2)] + 0(1) ,

where O(1) is dependent only on {F;}¢.,, so that we have by Lemmas 3
and 4

(@—n—DT0, )< Zv:;N(r 0, F))
J" log z | (re)|d6 + o(r?) + S(r) .

Here we use the following inequalities
[hj(z)léajexsz(z) (121,’N)’
where a; are constants. These are true because
|F(2)| £ bmax|fi(2)] (=1,---,q)
0sjsn
and
[hy(2)] < a (gg?;i[fj(z)l)z = a,; exp AU(2) G=1--,N).

That is, we obtain

q
@—n—-2-0DTFf) < szlN(r, 0, Fy) + o(r*) + S(r),
which is the desired inequality.

CoroLLARY 2. Under the same assumption of Theorem 2,

SHF)En+21+1.

Fex
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