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§ 1. Introduction

Let / = (/o>/i> * * -,fn) (n^tϊ) be a transcendental system in \z\ < oo.

That is, /0,/i, - - -,fn are entire functions without common zeros and the

characteristic function of/ defined by H. Cartan ([1]):

2π Jo

where

U(z) = max\og \fjiz)],

satisfies the condition

log r

Let X be a set of linear combinations (^0) of f09 fly -,fn with coefficients

in C in general position; that is, for any n + 1 elements

«o/o + aijfi + + anJfn (j = 1, , n + 1)

in X, n + 1 vectors (aQj, aίj9 , αnj) are linearly independent, and

λ = dim{(c0, clf , cn) e Cw + 1; co/o + cjx + + cn/n = 0} .

It is clear that 0 ̂  λ <I n — 1. We note that, for any ft + 1 elements

Fo> Fiy ''' 9 Fn i n X,

dim {(Co, cl9 , cn) e Cn+1; c0F0 + c.F, + + cnFn = 0}

is also equal to λ. We say that the system / is degenerate when λ > 0.

About fifty years ago, H. Cartan ([1]) proved
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38 NOBUSHIGE TODA

THEOREM A. When λ = 0, for any q combinations Fu , Fq in X,

(q-n- l)T(rJ) ^ ± Nn(r, 0, Fs) + S(r) ,
.7 = 1

where Nn(r, 0, Fj) = Nn(r, Fj) in [1] and

S(r) = Oαogr)+ 0 (log Γ(r,/))

as r -> co except for a set of finite linear measure.

He also gave the following conjecture for λ >̂ 1 (originally in the
case of algebroid functions).

CONJECTURE OF CARTAN. For any q combinations Fίy , Fq in X,

(g. _ n - λ - ϊ)T(r9 f)^± Nn_λ(r, 0, F>) + S(r) .

It is uncertain that this conjecture is true or not in general, except
when λ = n — 1 ([1], p. 18). However, it is known that this holds in some
special cases. For example,

THEOREM B. For any n + λ + 2 combinations Fu - , Fn+λ+2 in X,

T(r, f) < U+Σ Nn-λ(r, 0, F,) + S(r)
1 = 1

([5]).
This theorem shows that Cartan's conjecture holds when q = n + λ + 2.
The purpose of this paper is to prove that the conjecture is true

when λ — 1. Besides, we shall give an improvement of a result of B.
Shiffman ([3]).

We use the standard notation of the Nevanlinna theory (See [2]).

§ 2. Lemmas

Let /, X and λ be as in Section 1. In this section, we shall give some
lemmas which will be used in Section 3.

LEMMA 1. For Hu-- ,Hk in X (2 <; k £ n + 1 - X),

m(r,\\Hι, . ,Hk\\IHί Hk) = S(r),

where \\Hl9 , Hk\\ means the Wronskίan of Hly , Hk (See [1]).

LEMMA 2. For Fίy , Fq in X (q ^ n + 1), let
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ENTIRE FUNCTIONS 39

v(z) = max log \Fβl(z) Fβq_Λ(z)\ ,

where βl9 « , βq_n are mutually disjoint q — n numbers from {1, 2, , q).

Then,

(q - ή)T(r,f) < J- Γυ(reiθ)dθ + 0(1)

2π Jo

(See [4], Lemma 3).

LEMMA 3. For any Gίf , Gq in X (q ^ n + 1), put

u(z) - min log | Gh(z) . . Gjn+X_λ(z) \ ,
ji<" <jn + l-X

where GH, , Gjn+1_λ are linearly independent and in {Gj}. Then,

-S(r)^— Γ u(reiθ)dθ .
2π Jo

Proof. We suppose without loss of generality that /0,/i, -,fn-x are

linearly independent. For an arbitrarily fixed z = reίθ, we may suppose

that

for brevity. Then, there are GJl9 , Gjn+1_λ (1 ^ jx < < Λ + I - J ^ τι + 1)

which are linearly independent and satisfy

As

\\Gh, •••, Gjn+1_x\\ = c\\f0, • • - . / . . J (c ψ 0, constant) ,

we have

so that

log|||Λ, , / . - ; | | | ^ « ( β ) + Σ + 0(1) ,

where 0(1) is a constant dependent only on Gu , Gq. This inequality

holds for any z. Integrating with respect to θ from 0 to 2π and dividing

by 2τr, we obtain
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40 NOBUSHIGE TOD A

N(r, 0, H/Ό, , fn.λ\\) ^ -A- Pu(re«)dθ + S(r) ,
2π Jo

which includes the desired inequality.

According to B. Shiftman ([3]), we let £p denote the ring of entire

functions of the form

where the Pk are polynomials of degree at most p and the φk are mero-

morphic functions in \z\ < oo such that

Moreover, according to Definition 1 ([3]), we say that a system / =

(/o> '' ->fn) is of special exponential type of order p (0 < p < oo) if

c{rp < T(r, f) < c2r
p as r -> oo,

where Cj and c2 are positive constants, and if /0, , fn belong to ip%

LEMMA 4. Let h = (Λj, , hN) be of special exponential type of order

p such that hj ^ 0 for l£j ^ N. Then,

^ -f- Πog Σ \h,(re«)\ dθ + o(r>)
27r J o .7=1

as r -> oo ([3], Lemma 2).

§ 3. Theorems

Let /, X and Λ be as in Section 1.

THEOREM 1. When λ = 1, for any q (q ;> ra + 2) combinations Fu — -,Fq

in X,

(q-n- 2)5P(r, /) ^ Σ ^. . .(r , 0, F, ) + S(r) .
7 = 1

Proof We may suppose that /i, , fn are linearly independent without

loss of generality since λ = 1. Now, there exists an integer k such that

any k elements in Xo = {F3)
q

j^1 are linearly independent, but some k + 1

elements in Xo are linearly dependent. It is clear that 1 <^ k <^n. For

an arbitrarily fixed z = reiθ (r > 0), let Kl9 , Kn+1 be n + 1 elements of

Xo such that [K^z)], -,\Kn+1(z)\ are the smallest n + 1 elements of
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1, , \Fq(z)\}. As λ = 1, we suppose without loss of generality that

Ku - - , Kn are linearly independent and

Kn + 1 = axK, + + amKm (m^k, a, am φ 0) .

Put

w0 = \\κu .., κn\\ π il^, -,*, . ! , JΓ I + 1, ifi+1, , i f j ,
.7 = 1

then, Wo ^ 0 and in Wo, if1? • , Kk and ifTO + 1 appear ^ times and Kk + U .

i ί w appear £ + 1 times. Since

11^, . . . , ^ 1 1 = ^11/,,.-.,AH,

where cx is a constant (^0), we have the equality

K K 0 C H / l > * * > / n | |

so that we obtain the following inequality as usual (cf. [1], [4]):

()| Σk(q-n- ΐ)U(z) ^ 77> 771

+ (n - k)U(z) - (h + l ) log HIΛ, -./.III + 0(1) ,

where 0(1) is a constant depending only on Xo. This inequality holds

for every z, so that, integrating with respect to θ from 0 to 2π and divid-

ing by 2τr, we obtain

k(q - n - ΐ)T(r, f)£k ± N(r, 0, F,) + (n - k)T(r, f)

-{k + 1)^,0,11/,, . . . , A | | ) + S(r)

by Lemma 1; that is,

/ 9 Λ ^ΣN(r, 0, Fj) - (1 + l/£)iV(r, 0, \\fl9 , Al

We have the last inequality by calculating the multiplicity of zero at z

of the righthand side of (1) as in the case of the fundamental theorem of

Cartan ([1], p. 14).

I. Therefore, when (n — K)\k ̂  1, that is, M/2 <g k, we have the theorem.
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42 NOBUSHIGE TODA

II. Next, we prove this theorem when 1 <L k < n/2. To begin with, we

note that there exists an element G in Xo such that any n — k elements

in XQ — {G} are linearly independent. Indeed, let G, Hl9 , Hk be k + 1

elements in Xo which are linearly dependent, then G may be represented

b y Hl9 ,Hk:

G = d1H1 + • + dfctffc (d, dk Φ 0)

because of the definition of the number k. If there exist Iu ,/ n_ t in

Xo — {G} which are linearly dependent, there are at least two distinct

linear relations among G, Hu , J?fc, 7j, , Jn_fc. This is a contradiction

to the hypothesis of λ — 1. Let

For a fixed z = reίθ (^0), we may suppose for brevity that

, ( * ) | ^ \Gn+1(z)) ^ " £ \GqM)\ (j = 1, , n ) .

We consider the following two cases,

(i) The case when Gu , Gn are linearly dependent.

Let, for example, without loss of generality

Gn = β,Gx + + βvGv (βi - β , Φ 0)

then v I> n — k and Gu - ,Gn_^G are linearly independent. Consider

the following product

n—Ίc

Then, W1 ̂ = 0 and in Wu Gu , Gn_fc appear n — k times and Gn+1_fc, ,

Gn_u G appear π + 1 — k times. As in (1), we obtain

( 3 ) * ι w = \\ϊ" ΓιiLi-fc ^Cl φ 0 ) c o n s t a n t )

so that we have the following inequality:

(n - k)vx(z) £ (n - k) | ] l o g IGjfc)! + (n - k) log \G(z)\ + kU(z)

\\FH9...9FU\Q

Σ
jl, ",jn
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where v^z) is equal to υ(z) given in Lemma 2 for Gl9 , Gq_1 and 0(1)

is dependent only on XQ.

As

log\G(z)\£U(z) + O(l)

and n — k > k, we have

(n - k) log\G(z)\ + kU(z) ^ A;log \G(z)\ + (n - k)U(z) + 0(1).

Therefore,

(n - kMz) ^(n~k) glog \G,(z)\ + A log |G(«)| + (n - k)U(z)
J = l

( 4 ) - ( n + 1 - * ) log HI/,, •••,/.!

+ Σ log + 0(1) .

(ii) The case when Gl9 , Gn are linearly independent.

In this case G can be represented by Gu - , Gn; that is, without loss

of generality we may write

G = T& + + rμGμ (μ ^ k, rx - - rμ Φ o).

Consider the following product

W2 = \\Gl9 , Gn\rι'2k Π 11^, . , G,_1? G, G, + 1, , G n | | .

Then, W2 ^ 0 and in VF2, Gu , Gk appear n — k times, Gk+U - ,Gn appear

n + 1 — k times and G appears k times. As in (3), it holds the following

equality:

( 5 ) ^ 1 * ' — ^ = - 1 ' '— g ~rc (c2 Φ 0, constant)

from which we obtain the following inequality:

(n - kMz) ^(n-k) Σ log |G/z)| + klog\G(z)\ + (n - k)U(z)

( 6 ) -(τz + 1 - ^ l o g H l Λ , . . . , / J | |
Q

^ FiΛ

In both cases (i) and (ii), we obtain the same inequality (4) or (6) which

holds for any z (Φθ). Integrating the inequality with respect to θ from
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0 to 2π, dividing by 2π and applying Lemmas 1 and 2, we have

(n - k)(q -n- ΐ)T(r, f)<(n- k) g N(r, 0, G3) + kN(r, 0, G)
. 7 = 1

+ (n-k)T(r,f)
- (n + 1 - A)iV(r, 0, ||Λ, ,/,|D + S(r),

that is,

(q-n- 2)T(r, f) ^ ΣN(r, 0, G,) + kN(r, 0, G)l(n - A)
i=i

( 7 ) - (1 + l/(» - k))N(r, 0, ||/„ , /, |D

+ S(r)^ΣiV n . I (r ) 0,^) + S(r).

We can easily prove the last inequality using the following inequality
(8). Let nij be the multiplicity of zero of Gj at z (j = 1, , q — 1) and
m that of G at 2, then we obtain

n-kQk

||7z + l - ί ;

(G G )n~the multiplicity of zero of v * * * q~lj

( 8 ) HΛ'
q-1

<L (n — k) 2 min (m;, ̂  — 1) + k min (m, w — 1)

applying the method used in the proof of the fundamental theorem of
Cartan ([1]) to

{Ui Uq.ί) " O r _ (CJI C J ^ - J " <JΓ / . _ - 9 x

Thus the proof of our theorem is complete.

COROLLARY 1. Under the same assumption as in Theorem 1,

(9) Σ
Fex

If the equality holds in (9) and if n is odd, there are at least two F in X
for which δ(F) = 1. Here, δ(F) = 1 - lim sup r_ N(r, 0, F)/T(r9 /).

Proof. We can prove easily (9) as usual. Now, suppose that n is

odd and

2 δ(F) = n + 2.
Fex

In the sequel in this proof, we use the same notation as in the proof of
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Theorem 1. Let e be any positive number smaller than 1/n. Then, there

are Fly- , Fq in X for which δ(F5) > 0 (j = 1, , q) and such that

(10) n + 2 - e < Σ 8(FS) .

Then for Zo = {Fl9 , F J , A < τι/2. Because, if k ^ rc/2, then A ̂  (τι + l)/2

since τι is odd and from (2) we have

λi + 1 + (n - Λ)/Λ ^n + 2- 2/(n + 2),

which contradicts (10).

There are G, Hlf , Hk in Xo such that

G = ^fl; + + dfc#fc (dχ.- dkΦ 0)

as in II. Suppose

ί - min {a(G), ̂ fl,), , δ(Hk)} < 1

and let ε' be any positive number smaller than (1 — S)jn. Let Xt be a

finite subset of X which contains Xo such that

(11) n + 2 - ε' <

Then any k + 1 elements in XΊ which are not in coincidence with

{G, Hl9 - -, Hk} are linearly independent as k <ΞJ (n — l)/2 and λ = 1. Indeed,

if there are ^ + 1 elements iΊ, , /fc+1 in Xj which are linearly dependent

and don't coincide with {G, flΊ, , fffc}, then 2(/J + 1) <: n + 1 and there

are at least two linearly independent linear relations among G, Hu , Hk,

Iί9 - - , Ik + 1. That is, ^ ^ 2, which is a contradiction

Now, as is easily seen, we can use any one of {H3}
k

j=ι instead of G

in II so that from the first inequality in (7), we have

δ(F) £ n + 1 + (n - 2fc)(l - δ)/(n - h) ,

which contradicts (11). This shows that δ must be equal to 1 and so

δ(G) = δ(Hd = . . . = δ(Hk) = 1 .

This completes the proof.

THEOREM 2. Suppose that f is of special exponential type of order p.

Then for any Fu , Fq in X,
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(q-n-λ- l)T(r, f)^Σ N(r, 0, F,) + <*T(r, f)) + S(r) .

Proof. We have only to prove this theorem when q ^ n + λ + 2.
Let Λ1 = FtF2 -Fx, h2 = F, .. F ^ F ^ , . , hN = F9 + 1_, Fq (N = (?)).
Then, Λj ^ 0 and h = (hu , Λ̂ ) is a system of special exponential type
of order p. Now, for an arbitrarily fixed z = reiθ (Φθ), we suppose without
loss of generality that

Then

u{z) + {q-n- l)U(z) ^ ± ι°8 l^(«)l + log Σ |1/Λ/«)| + 0(1) ,
1 i 1. 7 = 1

where 0(1) is dependent only on {F,}?=1, so that we have by Lemmas 3
and 4

S(r).
2π Jo

Here we use the following inequalities

\h (z)\ < a exp λU(z) (j = 1, , N) ,

where a5 are constants. These are true because

\Fv(z)\ £ bvmaxl/ ^ ) | (v = 1, , ?)

and

| ^ ( z ) | ^ α, ( m a x \fά(zψ = a, e x p λU(z) (j = l, . . 9 N ) .

That is, we obtain

(q-n-λ- ί)T(r, f) £ ±N(r, 0, F5) + o(r>) + S(r) ,

which is the desired inequality.

COROLLARY 2. Under the same assumption of Theorem 2,

^ n + λ + 1 .
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