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Semi-hyperbolic mappings in Banach spaces

A.A. AL-NAYEF

The definition of semi-hyperbolic dynamical systems generated by Lipschitz con-
tinuous and not necessarily invertible mappings in Banach spaces is presented. Like
hyperbolic mappings, they involve a splitting into stable and unstable spaces, but a
slight leakage from the strict invariance of the spaces is possible and the unstable sub-
spaces are assumed to be finite dimensional.

Bi-shadowing is a combination of the concepts of shadowing and inverse shadow-
ing and is usually used to compare pseudo-trajectories calculated by a computer with
the true trajectories. The concept of bi-shadowing in a Banach space is defined and
proved for semi-hyperbolic dynamical systems generated by Lipschitz mappings. As
an application to the concept of bi-shadowing, linear delay differential equations are
shown to be bi-shadowing with respect to pseudo-trajectories generated by nonlinear
small perturbations of the linear delay equation. This shows robustness of solutions of
the linear delay equation with respect to small nonlinear perturbations.

Complicated dynamical behaviour is often a consequence of the expansivity of a
dynamical system. Semi-hyperbolic dynamical systems generated by Lipschitz map-
pings on a Banach space are shown to be exponentially expansive, and explicit rates of
expansion are determined. The result is applied to a nonsmooth noninvertible system
generated by delay differential equation.

It is shown that semi-hyperbolic mappings are locally ^-contracting, where ip is
the Hausdorff measure of noncompactness, and that a linear operator is semi-hyperbolic
if and only if it is ^-contracting and has no spectral values on the unit circle. The
definition of V'-bi-shadowing is given and it is shown that semi-hyperbolic mappings
in Banach spaces are V-bi-shadowing with respect to locally condensing continuous
comparison mappings. The result is applied to linear delay differential equations of
neutral type with nonsmooth perturbations.
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Finally, it is shown that a small delay perturbation of an ordinary differential
equation with a homoclinic trajectory is 'chaotic' and exhibits a complicated behaviour.
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