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Introduction. Let G be a finite abelian group, and Y be a closed surface. The
problems of classifying and enumerating the free and effective G-actions on Y modulo
selfhomeomorphisms of Y and X = Y/G can be transferred into ones of classifying regular
G-coverings on X. P. A. Smith [7], proved that for any prime number p there are p"*~"/2
equivalence classes of free (Z,)" actions on Y provided that r =genus of X. This paper is
devoted to the classification and the enumeration of regular G-covering surfaces, when G
is any finite abelian group. Recently, A. Edmonds [2] classified the G-actions on closed
surfaces by their G-bordism classes in the set ®F° (G) of free oriented G-cobordism
classes of free oriented G-surfaces.

Section 1 is introductory. In Section 2 the classification problems for a finite abelian
group G are reduced to the corresponding, reasonably easier, problems for its primary
components. In Section 3 Smith’s result is generalized for arbitrary p-groups. The last
section is aimed at the enumeration of weak equivalence classes of regular finite abelian
surface coverings. Throughout all coverings are regular, all surfaces are oriented and all
surface maps are assumed to be orientation preserving. H,(—) stands for homology with
integral coefficients.

1. Let G be a group, X be a closed surface of genus g, and q: Y — X be a
G-covering. Then G acts freely on Y, and if G is finite then Y is also a closed surface of
genus g' =|Gl(g — 1)+ 1. On the other hand, if G acts freely on a space Y then the natural
projection Y — Y/G is a G-covering. Hence there is a bijection between the class
Cov(X, G) of G-coverings of X and the set of free G-actions on closed surfaces of genus
g’'. Moreover, for any x in X the fibre q~'(x) is a (X, x)-set and there exists an onto
map from Cov(X, G) to the class of all short exact sequences of the form

MS57(X,x)>G  (m(q)),

where M=7,(Y,y), i=q, and y is in the fibre q”'(x). If G is abelian then the
isomorphism classes of G-coverings q:Y — X are in bijection with the set of short exact
sequences of abelian groups of the form

A H(Y)SH,X)5 G (H(g).

Two G-coverings ¢;: Y; — X, for i =1, 2, are said to be weak equivalent (or simply
w-equivalent) if there exist homeomorphisms F:Y; — Y, and f: X — X such that g,F =
fq,. If in addition F is a G-map then g, and g, are said to be equivalent.

T The results here are presented in the author’s Ph.D. thesis written at the University College of Swansea
under the supervision of Dr. Alan Thomas to whom the author is most indebted for his constant help and
insights.
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1.1 ProposiTION. Two G-coverings q, and g, over X are w-equivalent (respectively
equivalent) iff the sequences m,(q;), i =1, 2, enter in a commutative diagram of the form

.(a,)
m (Y, y)——m(X qi(y)) = G

J l‘"’l(f) le
. (a,)

7-"1()‘/25 Yz)—‘—> ™ (Xy Ch()’z)) d G

where f is a homeomorphism of X and 6 is an automorphism (resp. an inner automorphism)
of G.

The proof in the case of w-equivalence follows from the fact that g, and g, are
w-equivalent iff fq, and q, are isomorphic for some homeomorphism f of X. For the
equivalence case see [7].

1.2 CoroLLARY. If G is abelian then two G-coverings q, and g, over X are w-
equivalent (resp. equivalent) iff there exists a commutative diagram of the form

q«(H\(Y)) - H(X)—> G

l )
4a(H\(Y2)) > Hy(X) > G

such that ¢ is induced by a homeomorphism of X and 0 is an automorphism (resp. the
identity map) of G.

In certain cases homology with coefficients other than integers may be used. For
details see [7] and [4]. The integral first homology group H,(X) is isomorphic to Z?® and
the intersection product defines a symplectic form (, ) on H,(X). Throughout a symplectic
basis {a;, ..., ag by, ..., b} for Hi(X) is fixed, i.e.

(a, b)=—(b,q;)=1 for i=1,...,g
and if i#j then
<a19 bj) = (an ax>= <bp b]) = 0
It is well known (see [6]) that the group H*(X) of all automorphisms of H,(X) which are
induced by orientation preserving homeomorphisms of X is the group of symplectic
automorphisms of H,(X). That is, H*(X) is isomorphic to Sp,,(Z). Therefore in 1.2 the

statement “‘¢ is induced by a homeomorphism of X can be replaced by “¢ is a
symplectic automorphism of H,(X)”.

2. For any natural number g and any group G, let WE(g, G) and E(g, G) be the

sets of w-equivalence and equivalence classes, respectively, of G-coverings of the closed
k

surface X of genus g. In this section, we obtain, for a direct decomposition G = @ G, a

i=1
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relation between the cardinality of WE(g, G) (resp. E(g, G)) and those of the WE(g, G;)’s
(resp. E(g, G;)’s).

Throughout this section H = H,(X), G, and G, are finite abelian groups of relatively
prime orders, n; : G; — G, @ G, is the natural injection, for i =1, 2, and for any group G,
|H, G|stands for the set of epimorphisms from H onto G. Two elements in |H, G| are said tobe
w-equivalent (resp. equivalent) if they correspond to w-equivalent (resp. equivalent)
G-coverings of X. Let ¥ be the isomorphism

Hom(H, G,) xHom(H, G,) —» Hom(H, G, ® G,):(a, o) = nya; D n,yas.

The proof of the following lemma is straightforward. However, it is not necessarily true if
G, and G, are not of relatively prime orders.

2.1 LemMA. The restriction of ¥ to |H, G,|X|H, G,| defines a bijection
dle : IH, Gl| X IH’ GZI ’_)lH’ G1®G2‘
For the special fixed basis {a;, ..., a by, ..., b} of H, define:

_{ai if 1=si=g,
b, if g<is=2g

An automorphism ¢ of H is said to be quasi-elementary if for each i=1,...,2g,
¢(x;) # x; implies that there exists a j# i such that ¢(x;)=x Fx; and ¢(x;) =x;.
Consider the integral 2g X 2g matrices:

LY.
ai=(og Z’), Bi=ai for i=1,...,g
I 0 L | T;

AT ST S
i —l]i,H_l Ig a; 0 Ig or 1 g
I 0 R
Yii = (__ Lg]“ I ), Vi = Vi for 1=sisj=g,

Z 0
8i'=( - ), and 8l=8: for 1=sisj= 5
1] 0 (Z;J-l)x n J J ]g

where: Y; is the g X g matrix whose only nonzero entry is y; = 1,
Uj; is the g X g matrix whose only nonzero entries are u; = u; =1,
Z; is the g X g matrix obtained from I, by adding the i-th row to the j-th row,
T, is the gXg matrix whose only nonzero entries are t; =t,,; ;,;=—1 and
Liv1 =l =1
Birman [1] has shown that Sp,,(Z) is generated by the set

{a, Bo;|i=1,...,gandj=1,...,g—1}

The relation
—_ -1 p-1 -1 -1 _—1pg .—-1,~1 -1
0 = i1 Bl i B Al o By o Bii@i
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shows that {a;, B, A;|i=1,...,gand j=1,..., g—1} also generates Sp,,(Z). The last set
consists of only quasi-elementary automorphisms of H.

2.2 ProposrTion, For i=1,2 let h; and k; be in |H,G;|. Then  .(h;, hy) is w-
equivalent (resp. equivalent) to Y, (ky, k;) iff h; is w-equivalent (resp. equivalent) to k;.

We will only prove the proposition in the case of w-equivalence. The other case is
similar.

Proof. The necessity is obvious.

To prove the sufficiency, let 8, be an automorphism of G, and ¢ be in Sp,,(Z) such
that 6,h, = k,¢. By induction on the number of quasi-elementary factors of ¢ we will
prove that . (h,, h,) is w-equivalent to ¢, (k;, hy).

If ¢ is quasi-elementary, then choose positive integers r, and r, such that r,|G,|+
r,|G,| =1, and let n = r|G,| and m = r))G,|. Consider the symplectic automorphism ¢™ of
H and the automorphism 6 = 6, ® I, of G, ® G,. For each i, if ¢(x;)=x, then

‘l’e(kl’ h2)¢m(xz) = lpe(kb h2)(x|) = kl(xx) @ h2(x1)
=ki(¢(x))D hy(x;)=(6,h, B IGth)(xi>
= 04’6 (hl, hZ)(xl)-
But if ¢(x;)# x; then there exists a j such that ¢(x)=x Fx; and ¢(x;)=x;. In this case
¢™(x;)=x; Fmx; and
Yo (ky, ho)d™ (%) = ky(x; F mxj)®h2(xi + mx,-)
= (k1(x; F x;) = nk (%)) D (hy(x;) F mhy(x;))
= k10 (x) B ha(x;) = (6:h, D Ig,h2)(x;) = Y. (hy, hy)(x).
Consequently s, (h,, h,) is w-equivalent to . (k,, h,).

If ¢ =d¢1¢,...¢, for some quasi-elementary automorphisms ¢4, ..., d, of H, then
kid, is w-equivalent to k,. By the first case ¢, (k 4, h,) is w-equivalent to s, (ky, h,). By
the induction hypothesis, . (k ¢4, h,) is w-equivalent to ¢, (h,, h,). By transitivity, then,
W, (kq, hy) is w-equivalent to ¢, (k,, h,).

Similarly, ¢,(k,, h,) is w-equivalent to ¢,(k;, k,), and the proposition follows by
transitivity.

2.3 CorOLLARY. The function ¢, induces bijections

E(g’ Gl) X E(g7 G2) - E(g> Gl @ G2)
and
WE(& Gl) X WE(g, G2) - WE(g’ Gl @ G2)

By induction on the number of p-primary subgroups of an abelian group G, the
above corollary yields the following main object of the present paper.

2.4 ProrosITION. Let G be a finite abelian group with the p-primary decomposition
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G=6 G,, where py, ..., p, are the distinct prime divisors of G. Then

i=1

Card(E(g, G))= lL[ Card(E(g, G))),

and

Card(WE(g, G)) = lj Card(WE(g, G;)).

3. Let p be a prime which we will fix throughout the rest of this paper. Let

m,, ..., m, be positive integral powers of p, ordered increasingly, and let G= & Z,,. Let
i=1

{g1,..., &} be the basis for G formed by the 2g-tuples g = (g, . . ., &2,), Where g; = §;
k

the kronecker delta. In what follows the product [[ T; of matrices stands for
i=1

T,.T,... T, and Z,, is represented additively by {0,1,...,m—1}.

For any G-covering q: Y — X, let B(q) be the rX2g integral matrix that represents
the epimorphism $ in the short exact sequence H(q), given in Section 1, with respect to
the fixed bases for G and H;(X). Note that, here H(q) has the form

ker(B) > 7* % G

where ker(8) =272 If M(g, G) is the set of all rX2g integral matrices of row rank r and
whose ith row, i=1,...,r, consists of integers in Z,,, then B( ) defines a surjection
Cov(g, G) — M(g, G).

Two matrices A, B in M(g, G) are said to be equivalent if there exists R in Sp,,(Z)
such that A = BR. In this case we write A ~ B. By Corollary 1.2 the function 8( ) induces
a bijection

E(g, G)—> M(g, G)/~,

which is independent of the choice of the special basis for H. If a different basis is chosen
for G then the corresponding set of matrices is in bijection with M(g, G).

3.1 DerinmTion. Let A be a matrix in M(g, G). For any two integers i and j with
1=i=j=r, define

<A>ij ={(r, rj) mod m;,

where (r, r;) is the symplectic product of the ith and jth rows of A. It is easy to prove that
if A and B are two equivalent matrices then for each i and j, (A); =(B);.

3.2 ProrosiTioN. If 1=r=g then any matrix A in M(g, G) is equivalent to one of the
form (H, | U), where

(1) H, is the rx g matrix with 1 on its main diagonal and zero elsewhere, and

(2) U is an upper triangular r X g matrix with zero main diagonal and such that u; =0
for j>r.
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This is a generalisation of Proposition (6.1) of Smith’s paper [7], and so the proof is
omitted.

3.3 CoROLLARY. If r=g then the cardinality of E(g, G) is p¥, where

r—1
K=Y (r—-1k and m;=p~.
i=1
This follows from the fact that if A is a matrix in M(g, G) of the form described in
Proposition 3.2, then for each i and j with 1=i=j=r, (A); = w;

4. In this section the classification of abelian primary coverings of closed surfaces
modulo weak equivalence is studied. If G is a finite abelian group then for any
G-covering q: Y — X, the short exact sequence H{q) has the form

8
ker(B) > 7* > G
with respect to the special basis for H,(X)=2Z2% Since ker(8)=2Z2*%, then for any such
covering a basis {e, ..., e5} can be chosen with respect to which H(q) has the form

[+ 3
7% 2, 7% 8, G,

Let a(q) be the 2g X 2g integral matrix that represents the monomorphism with respect to
the given bases. If

N(g, G)={A | A is a 2g X 2g integral matrix and Coker A = G}

then
a( ):Cov(g, G)— N(g, G):q — a(q)

is a surjection.

Two matrices A and B in N(g, G) are said to be w-equivalent, in symbols A = B, if
B =LAR for some L in Sp,,(Z) and R in GL,,(Z). By 1.2, the function a( ) induces a
bijection

WE (g, G) — N(g, G)/ =,

which is independent of the different choices of the bases.

4.1 DerNITION. For any matrix A in N(g, G) and any vector v in Z*® we define
J,(A) to be the principal ideal in Z generated by the set of inner products {c,, v),...,
(cag, V), Where ¢; is the ith column of A.

If (A) is the subgroup of Z*# generated by the columns of A, then J,(A) is generated
by |Imin{(a, v}| a in A}|. Therefore if M is any matrix in GL,,(Z) then J,(A)=J,(AM).
Moreover, if A=~B then there exists S in Sp,,(Z) such that for any v in 7%, J,(A)=
Jso(B).

The following lemma provides a simple, but frequently needed, characterization of
the matrices in Sp,,(Z). For any 2gx2g matrix A and any set iy, i, j;, j, of natural
numbers less than 2g, let A(i,, iy, jy, jo) be the determinant of the 2X2 submatrix of A
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obtained by deleting all rows and columns but the i;th and i th rows and the j,th and j,th
columns.

4.2 LemMA. Let S be a 2g X 2g integral matrix. The following are equivalent.
(1) S is symplectic,

(2) for each i, and i, with 1=i,=i,=2g

{1 lf i2 = il + 8,

0

£
Sy, ixj,j+g)= i
Z (iy, i35, +8) otherwise, and

i=1
(3) for each j, and j, with 1=j,=j,=2g
{1 if =htg

4
SU,i+g;j, /)= .
Z ( g Jus o) 0 otherwise

i=1

Let p be a fixed prime number, k,,...,k, be non-decreasingly ordered natural

numbers, and G =€ Z,, a; =p". Obviously an integral matrix A is in N(g, G) iff the
i=1

elementary divisors of A are those of G (i.e. A is similar to the diagonal matrix
diag(1,...,1,p", ..., p*). For simplicity we introduce the following notations.

4.3 Norarions. For any integer a# 0, define:
p(a)=max{r | p" divides a},
[a]l=p"*®, and
(a)=alla].
And let p(0)=o and (0)=0.

The elementary column operation of adding the jth column to the ith one will be
denoted by C;;.
For natural numbers r,s,t, w, i, and j with rs+tw=1and 1=i=j=2g,

¢

stands for the 2g X 2g matrix obtained from I,, by replacing the iith, ijth, jith, and jjth
entries by r,—w, t, and s respectively. If j =i+ g then this matrix is symplectic in which
case it will be written as
)
t N .'.

The sympletic matrix that interchanges the ith row with the jth row and the (i + g)th
row with the (j + g)th row will be denoted by R;;.
Finally, by Z, we mean the trivial group.

4.4 ProrosITION. Let A be a 2g X 2g integral matrix whose determinant is p" for some
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natural number n. Then A is w-equivalent to a matrix of the form

(o)

where D =diag(d,,, ..., d,), U is an upper triangular g X g matrix and V is an upper
triangular matrix with zero diagonal such that:

(1) dul gl -l and 3 () +p(w)) =,

(2) (dii)z(uii)=1y i=1,...,g,

(3) for each i<j if uy#0 then p(uy) = p(uy) <p(us),

(4) for each i<j if v;#0 then p(d;) = p(vy) <p(uy).
Matrices in this form are said to be in canonical form.

Proof. The proof is by induction on g.

If ¢=1 then the proof follows from the fact that Sp,(Z)=SL,(Z) and a slight
modification of the matrix equivalent of the structure theorem of finitely generated
abelian groups; see [3, Thm. 7.10].

For g>1, row operations of premultiplication by powers of «;, B;, vy, and vy;; as
necessary followed by column operations ensure that, up to equivalence, a,, =d,,; is the
only non-zero entry in the first row and the first column, and a,; divides all the other
entries of A. Since all elementary row operations on the rows other than the first and the
(g+ Dth rows can be carried out by means of symplectic matrices which do not affect the
first row, then by the matrix equivalent of the structure theorem one can assume that the
first g rows of A are of the form (D |0), where D =diag(d,,, ..., d,) and dy,|...|dg,.
Moreover, column operations on the last g columns can be used to reduce the lower right
hand corner into an upper triangular g X g matrix whose first entry divides all the entries
in the (g+1)th row of A. Now, by the induction hypothesis A is w-equivalent to one
which satisfies all the required conditions except possibily that for some j>1, u;# 0 and
p(u;)> p(uy;). But in this case, repeating the above process on the matrix 87 AC}; with
x =dj/d,, yields a matrix with p(u;) reduced. Repeating the process as much as necessary
together with induction completes the proof.

Different matrices in canonical form (i.e. satisfying the conditions of 4.4) may still be
w-equivalent. So further reductions of the canonical forms are essential. The rest of the
paper is devoted to studying those cases where such reductions are possible. The first such
case is the one of homocyclic p-groups.

4.5 ProPOSITION. Let g=2 be an integer, k and r be natural numbers such that
1<r<2g-1, and G=(Z,)". Any matrix A in N(g, G) in canonical form is w-equivalent
to one in which U is a diagonal matrix and the only possibly non-zero entry of V is
Vp—1n=p™ with 1=m <k and

B {r if r<g,
" 2g—r otherwise.

Any such matrix is said to be of the form K(m).
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Proof. The proof is by induction on g.

If g =2 then r =2 and one need only prove that v,, = p™ for some m, with 1=m <k.
Suppose that v, = wp™ for some w# 0, 1 such that (w, p) =1. Choose integers s, s,, 1,
and t, such that s,w+s,p* ™™ =1 and s,t,+p™t,=1. Then

6, ot —pkm ko o om0 1
( lm 2) 021A (81 P ) CC51 " Ci G50 Caf ( )
-p $1/2 Sy w /23 -1 0/a4

has the desired form.

Suppose that g=>2. If r>g then conditions (3) and (4) of 4.4 ensure that U is
diagonal and the gth column of V is a zero column. Now the induction hypothesis applied
to the 2(g—1)x2(g—1) submatrix of A formed by deleting the gth and 2gth rows and
columns yields the required form. If r<g then in the matrix

the gth column of V is a zero column and u,, =1 is the only non-zero entry in its column,
where S is a product of powers of vy;’s needed to restore the canonical form. Again the
induction hypothesis gives the required result.

If r= g, then the induction hypothesis implies that U = diag(p*, ..., p*) and the only
possibly non-zero entries of V are the v,;’sfor j=2,...,gand v,_, ,=p™ with0=m =
k. If v,; =0 for all j then there is nothing to prove. Otherwise, let h be the first integer
such that p(v,,) =min{p(v,;)}. Replacing A by the matrix

I

-1 -1 —v -1 -1
5h—1,25h—1,hah—"1“"‘ACh—1,hCh+g,h+g—1cz.h—1Cg+h—1.g+2

if necessary shows that h =2. Now similar operations to those used in the case g =2 can
be used to make v,,=p" for some n. If x; =v,;/v,, then in

£
[T @EhAacs
i=3

the v;’s are replaced by O for j>2. By now only v, = p" and v,_, ,=p™ are non-zero
entries of V. If g=3 and h=m then

88 YR ACE T CE
is of the form K(m). But if g=3 and h<m, then
Y‘l);_hR13stR12AR12stR136“17'2"-"C475pm_h

is of the form K(m). If g=4, then similar operations to those used in the case g=3
applied on the matrix R,3AR,; yield the required form. For g>4, the induction
hypothesis applied to the 2(g—1)x2(g—1) submatrix of

0 1>
R
Rle(l 0/2 2
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obtained by deleting the 1st and the (g+ 1)th rows and columns yields a matrix of the
form K(m) and this completes the proof.

Note that if r=1, 2g—1, or 2g then any matrix in N(g, Z,.) is w-equivalent to the
only one in canonical form: diag(1, ..., 1, p*), diag(1, p*, ..., p*), or diag(p*, p*, . .., p*).
Therefore by proving that for m# h, K(m) is not w-equivalent to K(h), the classification
of homocyclic surface coverings is complete. Assume, for a contradiction that K{(m) is
w-equivalent to K(h). There are two cases.

Case 1: g=r=2g-1. If K(m)=SK(m)R for S in Sp,,(Z) and R in GL,.(Z), then
the symplectic products of the {(n—1)th and the nth columns of K(m) and K(h)R are
equal. This yields the equation

£
Pk (ri,n—lri+g.n_ ri+g‘nrin) + sz Z (ri,n—l Fivgn™ ri+g,n—1rin)

1 i=n-+l

o

h — am
+p (rn—l,n-lrnn—rn—l.nrn.n—l)_p >

which has no integral solution. Therefore K(m) is not w-equivalent to K(h).

k)

Case 2: 1<r<g. In this case let q, and g, be the G-coverings that correspond to
K(m) and K(h) respectively. Let 3, and B, be the integral matrices that represent the
epimorphisms in the short exact sequences H(g,) and H(g,) respectively. Then B8,=
(W|H,) and B,=(X|H,), where H, is the rxg matrix (I,|0) and the only non-zero
entries of W and X are w,_,, =p*“™™ and x,_,, = p* ™" respectively. If 8, =SB, T for some
S in Sp,,(Z) and T in GL,(Z,+), then the symplectic product of the (r—1)th and rth rows
of B, must be equal modulo p* to the product of those of 8,T. But this implies that

k—n —
p "= (tr—l.rtr.H-g - tr,rtr—l,r+g)p

k—m

mod p¥,

which cannot hold for any T unless m = n.

The above arguments, together with the fact that if r >2g, then there is no epimorph-
ism H,(X,)— (Z,)" and hence Cov(g, G)=J, complete the proof of the following
proposition.

4.6 ProrosiTiON. Let g =2, k and r be positive integers. If G =(Z )" then
0 if r>2g,
Card WE(g, G)=41 if r=1,2g, or 2g-1,
k+1 if 1<r<2g-1.
In the rest of the paper we concentrate on the case when the genus g of the surface is

4
2. Let G=6 Z, with ,=p" and 0=k, =k,=k;=k,. For simplicity, let Y(n) be the
i=1
4 x4 matrix whose diagonal is (p*, p*z, p*, p*s) and the only other non-zero entry of
which is ys,=p"; let Z(m,n;w) be the 4x4 matrix whose diagonal is also
(p*, p*s, p*+, p*2) but the other non-zero entries of which are z;, =p™ and z5,= wp"; and
let X(m)=Z(m, n;0). Here (w, p)= 1. By Proposition 4.4 any matrix in N(2, G) which is
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in a canonical form is equal to a Z(m, n; w) for some m, n and w. In fact it is not difficult
to see that:

4.7 ProrosITION. Every matrix in N(2, G) is w-equivalent to one in one of the
following forms:
(1) X(m) with k,=m= mm{k4, ks+ k,—ki},
(2) Y(n) with ks=n=min{k,, ks +k,—k,}, or
(3) Z(m, n; w) such that
(i) ks=n=min{k,, k;+k,—k,},

(ii) n—ky+ky<m<n,

(iii) 0<w<p min{ky, ks+m—k,, ks+k,—k,}—n, and

(iv) if n=k; then w=1.

Note that if m =min{k,, k;+k,—k,} then X(m) is w-equivalent to the diagonal
matrix diag(p“, p*z, p, p*).

4.8 PROPOSITION.

(1) X(m)=X(my) iff my=m

(2) Y(n)=Y(ny) iff ny=n,.

(3) For each m and n, X(m)# Y(n).

@) If Z(m,, ny; w)=Z(m,, ny; wy) then my=m, and n,=n,.
(5) For each m,, my, n and w, X(m,)# Z(m,, n; w).

(6) For each m, n,, n, and w, Y(n,)# Z(m, ny; w).

Proof. (1): If X{(m;)=SX(my)R for some S in Sp,(Z) and R in GL,(Z), then a
comparison of the symplectic products of the first two columns of X(m,) and X(m,)R
yields the equation:

(riarp—riary)p™+ (rir — 13 r12)p "‘*‘(r21r42_f22’41)l)k ke k‘_Pm‘,

which has no integral solution unless m, = m,.

The proof of (2) is similar to that of (1).

(3): Suppose to the contrary that X(m)=SY(n)R for some S in Sp,(Z) and R in
GL,(Z). The relations J,(X(m))=Js,(Y(n)) for v in the set {(1 0,0, p™*), (0, 1,0, 0),
(0,0, 0, 1)} imply that either p|det(S) or

Z SG,i+2;1,2)#0,
i=1
which contradicts the fact that S is symplectic (see Lemma 4.2).

(4), (5), and (6): Similar arguments to those used in the proof of (1) imply that in
these three cases one can assume that my, =m,=m, my=my,=m,and n,=m respectlvely
Moreover, if S in Sp,(Z) and R in GL,(Z) exist to make the relevant matrices w-
equivalent, then the J,( )-invariants for v in the sets

{(1, pm—kz, 03 —'anl_kz), (Os 1a 0’ 0)> (0, 09 03 1)}’
{(1’ 0, 0, pm—k’), (0: 1; 0’ 0)3 (0’ 0: Oa 1)},
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and
{(1, —-pm_kS, 07 0), (0’ 1, 0, 0)’ (O’ 0’ 0’ 1)}

respectively imply that either p|det(S) or Z S(2,3;j,j+2)#0 in contradiction to the
properties of the symplectic matrix S. =

Unfortunately, we are unable to prove or disprove that Z(m, n; w,)=Z(m, n; w,) iff
w;, = w,. However the previous two propositions can be used to enumerate the classes in
WE(2, G) for reasonably large class of groups and bounds can be given for the unsettled
cases.

4.9 COROLLARY. Let K= min{k4, k3+ kz_ kl}

(1) If ky=k5 or ks=k, then Card (WE(2, G))=K—k,+1.

2) If ky=k,+1, ka=ky,+1 or ky=ks+ 1 then Card (WE(2, G)) =2(K — k).

3) If k1> ki +1, fori=1,2,3, then

1+(K—ky)+ (ks— k) (K—k3)=Card (WEQ2, G))=2(K—k;)+ L,

where
L=Y ¥ p'“P-1-(p-1)(fG j)- D},
i=1j=1
r=K_k3_1, s=k3_k2—1,
and
f(i9 ]) = min{k4_ k3_ i, k2_ kl - is ]}'
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