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ABSTRACT. This pa per presents a formula ti on of a continuum mod el for so-ca ll ed 
(stress or d eforma ti on ) induced aniso tropy in natura l ice whi ch, unlike computer­
based T ay lor-type mod els, can be incorpora ted in numerical simula tions of la rge ice 
masses to account for the effec ts of this process on the now of th ese bodies in a ph ysical 
fashion. T o d o thi s, we trea t na tura l ice as a ri gid- elas tic, non-linear inelas ti c ma teri a l 
which can d cvelop tra nsve rse iso tro pi c behaviour (acco unting for the sim ples t kind of 
indu ced a ni so tropy in na tura l ice masses), where the d egree of such ani so tropy a t each 
point is controll ed by the distribution of crys ta l glide-pl ane o ri enta ti ons there. This 
di stribution is d escribed by a so-called ori enta ti on-di stribution fun ction , for which a n 
evolution rela tion can be d eri ved . The centra l constituti ve ass umpti on of this 
formula ti on rela tes this distribution to th e "s tructure" tensor representing the 
tra nsverse iso trop y of th e ma teri a l. On th e basis of this rela ti on, the model predi cts in 
pa rti cul a r iso tropic (e.g . classical Glen 's fl ow-la w type) behav iour a t a given point 
wh en the distributi on of crystal glide-pl ane orien ta tions is uniform there. 

1. INTRODUCTION 

During various kind s of loading hi stori es, many poly­
crys ta lline ma terials such as ice d evelop wha t is generally 
refe rred to as a stress- or deform a tion-indu ced "aniso­
trop y" . G enerall y speaking, the emerge nce and evolution 
of such induced a nisotropy is primaril y dri ve n by the 
misma tch betwee n the geometry of th e stress or deforma­
tion fi eld and th e ori entations of crystals (glide planes ) in 
the polyc rys ta llin e m a teri a l. S uch a n a niso tropy is 
conceptu a ll y different from the sta nd a rd constituti ve 
n otion of anisotrojJic material behaviour or material symmetly 
(although it may lead to such behaviour), d esc ribing 
instead the emergence a nd /or evo lution of an oriented 
structure (i. e. fa bric or tex ture) in the ma teria l due to th e 
evolution o[ corres ponding structural " elements", e.g . 

crys ta ls in the case of a polycrys ta lline materi a l. In the 
case of na tural ice, [or exa mple, one oft en obse rves a 
progressive alignm ent of caxes in th e verti cal direc ti on 
(e.g . H erron and La ngwa y, 1982; Cas tel na u a nd o thers, 
1996). Th e d evelopmen t of such a tex tu re in na tura l ice 
leads in ex treme cases to a mac roscopic aniso tropic 

materi a l behav iour, e.g . obse rved laboratory and in-situ 
strain ra tes in bore hole ice (e.g . Azum a and Higashi , 
1984; Lylc H a nsen and Gund es trup, ] 988) undergoing, 
for exa mpl e, simple sh ear , a re up to a n o rd er-of­
magnitude la rger in ice possessing a single caxis tex ture 
th a n in tex tureless ice und er the same condi tions. 

Dedica ted to Professor Erwin Stein on th e occas ion of 
his 65 th birthd ay. 
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Po lyc rys ta lline m a terials have tradition all y been 
mod elled using a T ay lor-typ e approach (e.g . Asa ro, 
1983 ), whi ch is in principle capa ble o[ describing the 
d evelopm ent of (in this case) crys ta llogra phi c tex tu re. In 
particula r, such mod els [o r the evol u ti on o[ crys ta l­
[ogra phic tex ture in na tura l a nd la bora tory ice have been 
in ves t igated recen tl y by Van der Veen a nd \IVhilla ns 
(1994) . A comm on fea ture of such computer-based 
mod els is th e representa tion of the polyc rys tal as a finite 
coll ec tion of crys ta ls and /or slip sys tems, i. e. "s tructura l 
elemen ts." As such, these mod els are qui te a menable to 
computer simula tions. On th e o ther hand , th e discrete 
na ture of th ese models preclud es their use to fo rmulate 
macrosco pic constituti ve rela ti ons for polyc rys ta ls which 
account for the effec ts of a tex ture or induced a niso tropy. 
In o ther word s, these are no t true continuum (i.e. fi eld ) 
mod els for polyc rys talline ma teri als exhibi ting ind uced 
aniso tropy. Furth ermore, such models cannot rea listi call y 
be incorpora ted into numeri cal simula tions of th e motion 
of la rge ice masses currentl y being used and developed in 
th e na tura l ice community. The purpose of this work is to 
formula te one such mod el appropri a te to such modelling 
o[ la rge na tural ice masses whose la rge-scale mo ti on is 
a ffec ted by induced aniso tropy. 

T o do thi s, we trea t na tural iee as a continuum in 
whi ch each po int conta ins " mi croscopi call y" crys tal 
(glide planes ) of a ll ori enta ti ons whose distribution, a nd 
so inOuence on th e macroscopic ma terial behaviour, is 
d esc ribed by an ori enta tion -distribution fun cti on (e.g . 
Clemen t, 1982; Giessen, 1989 ). Such a model is for­
m ul a ted in th e mac roscopi c con tex t o f na tural ice as a 
ri gid-e lasti c, non-lin ear inelas tic ma teri al whi ch ca n 
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denlo p tra ns,· e rse iso tro pi c be hav io ur (w hi ch ca n 

acco unt fo r rh e simples t kind of induced a ni sotropy in 
na tura l ice masses ), w here th e d egree of a niso trop y a t 
each po int is contro ll ed by th e distribution of crys tal 
g lid e-pl a ne o ri ent a ti o ns th ere. Aft e r introd ucing th e 
kinema ti cs fo r such a ma te ri a l body (sec ti on 2) , 1'"(' 

formula te th e ex tension of Glen 's fl ow rule (sec ti on 3) to 

the case of tra nsl·e rse iso tro pic ma te ri a l beha l·iour in ice 
using a di ssipa ti o n po tenti a l a pproach (e.g. J ohnson, 
1977) . Th e fl ow rul e so obta ined d epends in pa rti cular on 
th e "s truc ture tenso r· ' d esc ribing rh e tra nsve rse isotrop y. 

Tex t, lI'e fo rmul a te th e evolution model fo r th e crys ta l 

g lid e-pl a ne o ri enta ti ons in each point of th e materi a l 

(sec ti on 4 ) , toge th er with th a t fo r th eir di stribution , i.e . 
th e o ri cnt a ti o n-d istributio n [unc ti on f (sec ti on 4) , fo r 
which a n evo lu tio n rel a ti on is o bta ined (sec ti on 4) . After 
examining th e fo rm taken by f in th e case of a two­

dimensiona l ma te ri a l subj ec t to ho mogeneo us simple 

shea r (sec ti on 5 ) , we introduce th e centra l constituti,·e 

ass um p ti on of th e current mod el, whi ch re la tes th e crys ta l 
g lide-pla ne o ri e l1la ti on di stribution in each point o [ th e 
m a te ri a l to th e d egree o f a nisot ro py (i.e. tra nsl"(' rse 
iso tropy) there (sec tio n 6 ) . In pa rti cul a r , it is ShOll"ll 

(sec ti o n 6 ) th a t , on th e bas is o f thi s co nstitutive 

ass um ption , a u niform di stribution of g lid e-pla ne o ri enta­

ti o ns in a gil"(' n point yields iso tro pic m a teri a l beha l·io ur 
th ere, a n intuiti ,"(' ly reaso na ble res ull. Fin a ll y, we di sc uss 
bri efl y (sec ti on 7) ge nera l as pec ts of rh e implemen ta ti o n 
of o ur model in a numeri ca l simul a ti on o f th e motion of 

na tura l ice m asses which a rc currentl y being wo rked o n. 

To ta ke one step a t a tim e, as it were, we do no t 

inco rpo ra te th e \"(~ r )' impo rta nt process of re c rys ta lli za ti on 
in this \I·o rk ; mod els {o r th e inco rpora ti on of such a 
process in th e fra mewo rk used he re a rc a lso be ing 
currentl y in ves tiga ted. 

L as tl y, a word on n o ta ti on. In thi s work , bold face, 

lower-case itali c le tters such as a , n a nd v represent 

e lements o f three-dimensio na l Eu clid ean I'ec to r space V, 
a nd bold face, u p per-case ita li c lett e rs such as D. F a nd 
T Euclidea n tenso rs. 1n addition , a @ b represents th e 
d yadi c o r tensor produc t o f' two , 'ec to rs a , b E V, a· b 
their inn er p roduc t, a nd A· B : = tr(A T B ) th e inn er 

produ ct of t\\'o Euclidean tensors A a nd B , ",here A T 
represe nts the tra nspose o f" A. Las tl y, sym (A ): =~ (A + A T) 

1 T . a nd skw (A ) : = :2 (A - A ) represent th e symmetric a nd 
skew-symme tri c pa rts of a n y Euclid ea n tenso r A . Oth er 
no ta ti ons a nd ma th ema ti ca l concepts will be introduced 

as th ey a ri se in w ha t fo ll ows. 

2. KINEMATICS 

L et x = x (t . X ) represent th e positio n of a ma teri a l point 

of th e bod y in th e current (i .e . tim e t ) confi g urati on 

relative to its pos ition X in the co rresponding refe ren ce 

confi g ura ti on , F (t , X ) : = (oxx ) (t , X ) th e d efo rm a ti o n 
g radi ent, a nd x (t, x ) : = (o/ x )(t . X ) th e spa ti a l 1"Cloc it y. 
The mod el fo rmula ted in thi s wo rk is based on th e 
ass umption th a t ice behaves for quasi-stati c loads ol'e r 

long time-sca les as a rig id- el as ti c, non-linea r creeping 

m a teri a l. By a na logy with finite-d eforma tion a nd crys tal 

e las to p las ticit y (e .g . Asa ro, 198 3 ), th e defo rmati o n 
g radi en t F of such a ma te ri a l ca n be expressed in th e 

consti tu ti IT form 

(2.1) 

where R E represe nts th e e las ti c ro ta tion of th e ice ( i. e. o f 
th e ice-crysta l la tti ces in th e polyc rys ta lline m a te ri a l) a nd 
FI is its in elas ti c d eform a ti on (i.e. in elas ti c d efo rm a ti on in 

th e basal g lide pl a ne of ice crys ta ls) . On th e basis of th e 

('1·0 1 u ti on rela ti ons 

F = LF , 

RE = W ER E, 

FI = L IFt · (2.2) 

th e ma te ri a l tim e d eri va ti ve of Equ a tion (2.1) yield s th e 
fo rm 

(2.3) 

where L = (ox x ) represents th e ,'C locity g radi ent of th e 

m a te ri a l, W E th e (skell"-symmetri c) elas ti c spin o f th e 
crys ta l la tti ce, a nd LI th e in elas ti c veloc it y "gradi ent·' in 
th e g lid e sys tems. Th e symmetri c a nd skew-symmetri c 
pa rts of Equ a ti on (2 .3 ) a re g i,·en by 

(2.4) 

a nd 

respec til ely, where D = sym (L ), Dl = sym (L] ). W = 
skw(L) and W t = skw(Lr). In th e current contex t , th en, 

D is re lated direc tl y via Equ a ti on (2.4 ) to th e inelas tic 

d efo rm a ti o n ra te in th e g lid e sys tems of th e ma teri a l, 
whil e th e spin of th e ma teri a l W is composed of th e 
crys ta l la tti ce spin W E, as v,·ell as a spin R E wlRI due to 
inelas ti c d efo rm a ti on o f' th e g lid e p la nes . 

3. TRANSVERSE ISOTROPIC DISSIPATION 
POTENTIAL AND FLOW RE LA TION 

As di sc ussed in th e introduc tion , wc consid e r th e simpl es t 

type of m od el fo r induced ani so tro py in g lac iers a nd ice 

shee ts in thi s work by ass uming th a t th e onse t a nd 
d e, ·e lopment of a mic roscopic tex ture in th ese bodies ,,·ith 
th e (' ax is o f th e corres po nding cr)'sta ls evo h-i ng towa rds 
th e ax is of max imum compress ive (principa l) stress lead s 
( 0 a macrosco pi c tra ns, ·e rse iso tropi c m a te ri a l beha l·io ur. 

l ndeed , in this case, we need work with but a sing le 

e, 'oh-in g "s tru c ture tenso r" to d esc ribe th e a niso tropy. 

~ [ o re sophisti ca ted m odels fo r induced a ni so trop y (e.g. 
o rth o tropy) can in principle be fo rmulated in th e sa me 
way as d one in thi s wo rk , im·olving in esse nce onl y the 
int roduc ti on o f' additi ona l struc ture tenso rs a na logo us to 
Equ a ti on (3.3 ) below; fo r th e m oment, ho,,·e, ·e r , thi s is 

beyo nd th e sco pe of our work. For furth er inform a ti on o n 

class ica l aspec ts of constitutil'e th eory, including th e 
cl ass ical no ti o ns oC iso tropi c a nd a niso tro pic ma teri a l 
beha l·iour, the read er is referred to Truesd ell a nd Noli 
(1965 ), a nd fo r th e no ti on of stru c t u re tenso rs, to Boeh le r 

( 1987). 
Ass uming that ice is a non-polar m a terial , whi ch 

implies th a t th e C a uch y stress T is sy mm etri c, I. e . 
T T = T , th e mec ha nica l dissipa ti o n-rate d ensit y In Ice 
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ta kes the fo rm 

p= T · L = T · D . (3.1) 

I n this paper. lIT lI ork with the co nst itutilT form 

<l> = <i;(T , A , 0) (3.2) 

for <l> in th e tra nsl'erse iso tropi c case, II"here 

A: = a @a (3 .3) 

represents the perpendicular to th e isotropi c p la ne in th e 

material lI'ith unit no rm a l a a nd e th e tempe ra ture. This 
iso tropic p lane in th e materia l is that plane in whi ch the 
materia l behm'io ur is independ ent of the loadin g direc­

ti on . R equ iring that Equation (3 .2 ) sat isfies materia l 

fra m e indifTerence, i. e. be independent of o bse n T r, 

Equat ion (3.2 ) reduces to 

(3.4) 

wi th I A = 1 a nd A 2 = A , where 

1 .11 = tr(M ) , 
1 2 

II ,1[ = 2" (IJ1/2 - I ,\}) . 

IIIM = dct (M ) , (3.5) 

rep resent th e invaria nts of so m e tensor M . It sh o uld be 

e mphasized th a t it is th e requirem ent th a t m ate ri a l 
be hav io ur be ind epend ent of o bse n T r th a t necessit a tes 
the introd uct io n of th e inva ri a nts. In additio n to the 
usual inl'arian ts o f T , tP as g iven in Equ a ti o n (3 ,4 ) 

depends on th e "ani so tropic" i nvari a n ts ITA = a ' Ta 
and IT2A = a , T 2a , representing th e compon ents of T 

a nd T 2, res pective ly , in th e a direction , i, e. th e 
direct io n pe rpendi cul a r to th e isotropic pl a ne in th e 
m a te ri a l. 

The re leva n ce 0[" work in g w ith th e di ss ipat io n 

potential in th e current contex t is th e fo rm 

(3.6) 

taken b y D in te rms of iP I'ia Equ a ti o ns (3. l b a nd 
(3 .2 ), w he re fJTtP represents th e partial d e ril 'a til'e oftP 

w i th respect to T . On th e bas is of th e obser ver­

ind e pend ent form in Equation (3.4) of <i;, Equation 

(3.6 ) becom es 

where 

- - 1 D = q;l I + q;2T + (fJol r iP)IIJrT 

+ q;3 A + q;.I(TA + AT), 

q;l : = (Of, <i; ) + (OJlT<i;)IT , 

q;2 : = (Of/ , tP) , 

q;3 : = (OIr'tP) , 

q;~ : = (01T24 <i;). 

(3.7) 

(3.8) 

Note th a t OTtP is symmetric sin ce T a nd A a re . Now, 
since T can be zero (i. e. in th e na tura l s tate ), it cannot in 
ge ne ral be il1\·e rtibl e . As suc h , th e o nl y wa y that 

Equation (3 .7) can hold is if <i; does no t d epend on 
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lIlT , i. e . 

(3.9) 

In thi s case, Equ a ti ons (3.4) a nd (3.7 ) reduce to 

(3 .10) 

and 

(3 .11 ) 

rcspcClil 'e1y. 
Ass um ing further as usua l that the nOli' of' ice is 

ind ependelll of prcss ure, i. e. p = -j IT ' th e diss ipa ti on 
potcntia l in Equa ti o n (3.4) red uces to 

(3 .12) 

\I'here we h a \'e re pl aced T by its d el' ia tor ic part 
Tt) = T - j ITI. in this casc, the fl ow relati on (3.7 ) a lso 
simp li fies further to 

D = (OT<i;) 
- D 

= (OT°<l» 

= 'YI T D + 'Y2 A D + 'Y:l(T D A + ATD)D 

w here nolV 

'Yl : = (OI!TD<i;) , 

'Y2 : = (OITO}) , 

'V. . = (D tP) I .~ • I (TU ):.?;\ 

(3,13) 

(3.14) 

h o ld Cor th e coeffi cients a ppea rin g in Equation (3, 13 ) , 

The reduced form of Equation (3, 12) for th e di ssipa ti on 

po tential is that assumed by Van d el' V een a nd Whill a ns 
( 1990, ap pendi x) , whose a pproac h is based o n that of 

J ohnson ( 1977 ). Note that 'Y2 must va ni sh as T goes to 
zero for D to va ni sh as well. In add iti on , note th at 

Equation (3. 13) is consistent w ith the incompress ibility of' 

ice, i,e. ID = 0 holds id enti ca ll y. Furthe rm ore, Equati on 

(3. 13 ) redu ces to a fo rm equi valent to Gl en 's no\\' law 
II"hen , e.g. 'Y2 = 0 and 'Y3 = O. As will be shown in what 
fo ll oll"s, however, th ere is a no th er way that it ca ll reduce 
to a fo rm cquil'alent to G len 's rela tio n w hen A is a ll owed 

to evo h-e, i ,e. w hen induced an iso trop), is being modelled. 

To understa nd th e ph ys ica l m eanin g of th e materi a l 

coeffic ients a ppea ring in Equ a ti on (3 .13 ) , it is use ful to 
exa m i ne thi s co nstitu tive re la ti on re la tive to a n o nho­
normal hasis (el , e2 , e3) , assum ing a t th e sam e tim e, li)r 
example, th a t a is insta nta neo usly parallel to e3. In 

parti c ul a r , th en Equation (3 .1 3) reduces to th e m a tri x 

fo rm 

DJl ='Y-LTfl - [k&+KYIl -'Y-L )]Tr3' 

D22 = 'Y -L T~2 - [k& + ~hll - 'Y -L )]Tr3 , 

D33 = 'Y -L T 33
D + 2 [~& + ~hll - 'Y -L)] Tr3 

fo r th e diagonal co m ponen ts, and 

D 12 = 'Y-L TI2, 

D 23 = 'Y Il Tn . 

Du = I II TI3 

(3 .15) 

(3 .16) 
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{c) r the shear com po ne nts, o r D , \I ' ith 

1'1- : = 1'1 = (UlfTlltP). 

1 : = 1'1 + 1':1 = (UI/T f) tP) + (fh I TI) I~ J») 

1 2 = LlTfl A = IT?:j . 

(3. 17) 

From th ese com po nent {a rms, 11"(' sec that 1'1- re prese nt s 

th e shear flui d it y in pl a nes pa ra ll el ro a , a nd 1 1] th a t in 

the isot ro pi c plane p e rpe ndi c ul a r to a. Fro m th e 

"enh a ncem e nt f ~lcto r" point of \·ie \l· (e .g . J ac ka a nd 

Buclc\, 199 1), no te th a t wc would expect 1 11 to be 3 8 
tim es la rger than 1'1- {'o r ice shcet s. Th e ge ne ra l co nditi o ns 
1 2 = 0 a nd I':j = 0 [ix iso tropy in th e co nt ex t o r Equ a ti o n 
3.1 3 . a nd it s red uc tio n lO G le n 's [l OI\' re la ti o n , beco m e 

in the context of Equa tion (3.1 7) L = 0 a nd I' ll = 1'1- ' 
res pec ti\ -e ly. Aga in , in a polycrystalline m a te ri a l in \I'hi ch 

a ni so tro p y, a nd so A , is C\ 'o h-in g, hOII'(' \ 'C r, th ere is an 

a lterna til 'e red uct io n to G le n \ fl o l\' rel a ti o n in th e case or 
iso tro p y. T o show thi s. \IT {irst req uire a ll a ppro pri a te 
mode l [c) r A . our nex t task. 

4. ORIENTATION STRUCTURE, KINEMATICS 
AND DENSITY 

In a n y physical sys te m co nsist ing of a l'Cry large num lJC r 

01' "s tru c tura l" e le m ents, it is gene ra ll y impossible to 

m od el in detail the eyoluti on o f each element , as well as 

their interac ti ons \I'ith each o th er. As such , trac ta bl e 

l1lodels {or such sys tems a rc inn'itab ly based o n I'arious 
kinds o r id ea li z in g ass umptio ns. In particular, {'o r pn ly­
cr>'sta llin e m a te r ia ls co nsis tin g or perh a ps many th o u­

sa nds. tens o f thousands, o r e\ 'e n millions, of crystals, o nc 

ca n idea li ze th e co rrespondin g fl'oirillg mi c roscop ic crysta l 

text ure macroscopically b \· ass umi ng, a na logo us to super­
posed co nst itue nts in mixture th eo ry, th a t a g ilT n 
(crys ta l) g lid e sl'stem ex is ts in a ll orientations a t each 
material po int of th e co ntinuul11 . 

Let r be th e unit norma l to th ese g lid e syste ms in th e 

rekrence co nfig ura ti o n , a nd n the co rresponding unit 

no rm a l in th e c urre nt co nfi g urat ion , of th e material. I n 

the context or th e l11ulliplicatilT d ecom pos iti o n (Equat io n 
(2. 1 11 or th e deformation g rad ic nt F. th e clastic ro tat io n 
R E de termines the rotation or th e crys ta l s truct urc, a nd so 

th e e\'o luti o n of the g lid e-pla ne orie nt a ti o n , I. e. 

(4 .1) 

Th e tim e deril 'a til'e of thi s las t r e lat io n yields th e 
('\'o lutio n rela ti o n 

( cl .2) 

for n in th e c urrent cont ex t \·ia Equa ti o ns (2.2 h, (2.5 ) 

a nd (4-.4 ), where 

(-1. 3) 

\\ ' ith W determined b y th e spati a l \ 'ariation o rthe spati a l 

\Tlocity fi e ld X, th e sole unknOlI'l1 qu a ntit y in Equa ti o n 

(4-.2 ) is lVt, I\'hi c h , being a n " int e rn a l" quantitl'. Illu st 1)(' 
spec ified co ns tilUtil'<' h ·. Lnlike D = R ED 1Rr, no te that 
lVl is no t co nstrained b y a diss ipa ti o n potent ial t>·pc 
re lat io n in th e c urrent non - po lar case . On th e o ther ha nd , 

lV[ re prese nt s the dilTc re ncc O[t l\'O sp ins. a nd as suc h , ca n 
be co nsidered a Euc li d ea n rralll e-indilj(-rcnt qu a ntit y {e)J' 

II' hich I\T ca n introd uce th e iso trop ic, quasi- lin ea r 

co nstituti\'e form 

(clA) 

(in th e spirit 0 [' th e "p las ti e spin " o r Da {~llias ( 1 98-~ )) , 

with N = n 0 n I\·he re th e eoelTi c ient 

is in ge nera l a n iso trop ic, sca la r-I 'a lued (LlI1 c t ion o fT. N 
and (); in accord a nce \I 'ith th e prel'io us ass umptio n tha t 
th e £lOl\' or ice is inde pend en t or p. h OI \'eIT r. \I 'e halT 

rurth e r ass um ed in writing Equation 4.5 ) that w is 

i nd e pe nd en t o r IT . I n pa rti c u lar, no te t ha t th e co nsti t u­

ti\ 'e fo rm of Equation (4.4) implics th a t the o nl y no n-zero 

co mpo nents or lVJ are th ose in th e iso tropi c pl a ne or th e 
m a te ri a l. I nd ecd, introd ucing o nce aga in th e o rth o nor­
mal basis (et, e2. e3), and assullling th at n tS lI1s tant a­

n eo us ly p a ra ll el to e ;j, Equ a tion (4.4 ) tak es the 

compo nent fo rms 

- ,J 
II t2 = O. 

1I '~ ;j = wTn . 
- . 1 

ff l:j = wTI:l, 

shOl\'ing ind eed that inelas ti c spin th en ta kes pl ace o nl y tn 

pl a nes pe rpe nd ic ul a r to n. 
i'\ 01\'. the m aj o r influc ncc o r th e g lide- plan e o ri enta­

tion s tru c ture o n m ac rosco pic materi a l behal'io ur is 

m a nifest in essence by th e o ri enta ti o n distributioll in th e 

m ateria l. In th e case ora continuum description of such a 

m a te ri a l. suc h a di stributi o n ca n be described b\· a n 
o ri e nt a ti on-di s tributi on runction o r o ri en ta ti o n deIJ.l i{J ' f 
(e.g . Cleme nt , 1982; G iesse n. 1989 ) , anal ogo us {o r 

exa mple to thc cl ass ica l mass d ensit y {! oC th e m a te ri a l. 

Distributi o n fLlncti o ns forma ll y ana logo us to f ca n be 

fo und in kin e ti c gas th eo ry, or th e theory o f'liquid crysta ls 

I\·ith \ 'a ri a ble o ri e nta ti o n (e .g . Blenk and o th ers. 199 1) . 

Like th e mass d cnsit y. f depcnds o n bo th tim c and space; 
unlike {!, howcvcr. f depends in additi o ll o n g lide-p la nc 
orie ntat ion . 

T o f()r mulatc f h e uri s ti ca ll ~ · . co nsider a finit e dis­

tributi o n of N g li d e-pl a ne o ri e llt a ti o ns (e .g . a unit \'('ctor 

n a nd its ncga ti\T - n ) in th e unit sp he re S2 : = 
{n E VI 1n l = l} a t some point x in th e c urr e nt 
co nfi g ura ti o n of th e m a teri a l body. Le t th e el 'o luti o n or 

these N g lid e-pla ne o ri ent a ti o ns be describcd b y th c N 
tim e-depe nd ent cun'('s c;(t . x) ('i = 1. .... N I in S2. The 

distribution o f suc h a di sc re te se t o [ o ri ent a ti o ns a t tim e t 
and positi o n x ca n be re prese nted in th e fa rm 

.\' 

n.d t , x . n ) = L 6( n - c,(t . x)) 
;= 1 

(-1 .7) 

whe re (5 is th e Dira c clelta run c tion. Here , n.\'(t. x. n ) 
represe nts th e number or o ri entati o ns in the dis tributi o n 

al tim e t a nd po int x with unit no rmal n : rurth er. since 
bo th n a nd - n lie 0 11 th e pe rpe ndi c ular no rm a l to th e 

g lide p lan e. 'I1.\'(t, x. n ) = 11,\'(/. x . - n ), i. e. eac h o ri enta -
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tion is described by both Ci(t , x) and - Ci(t, x) . Integra -
tion ofnN over S2 results in the constant function 

(4.8) 

of t and x , where the integral has a valu e 2N since each 
orientation is counted twi ce, i. e. once for Ci (t , x) a nd once 

for -Cj(t, x) in the integration . Note that the integral of 

a ny continuous function 1j; on S2 is given by 

r 1j; dv= 
JS2 

j
7r j 7r/2 

1j;( cos q; cos 19 , sin q; cos 19, sin 19) cos 19 d19 dq; 
-7r -7r/2 

( 4.9) 

with Xl = cosq;coSl),X2 = sin q; cos'!9 a nd X3 = sin'!9 , 
where q;E [-71",71"] and '!9E[-71"/2, 71"/2] are the "longitude" 

and " la ti tude" a ngles on S2, such th a t n = cos q; cos 19 e 1 
+ sin q; cos 19 e 2 + sin 19 e3 in this chart. On th e basis of 

Equation (4.7 ), th e value of the time-dependent fun c tion 

f (t, x , n ) = lim {NI n N( t , x , n)} 
N ->oo 2 

(4.10) 

represents th e number density of glide systems with unit 

normal n at time t a nd point x , a nd f(t , x, n) = 
f (t , x , -n). The d efinition in Equ a tion (4.10) th en yields 
th e constant fun c tion 

r fd v = 1 JS2 

(4. 11) 

oft and x. Analogous to the total mass ofa ma terial bod y, 

the relation (4.11 ) implies th a t th e total orientation of 
each m a terial point is also conserved. As such , th e 
evo l ulion rela tion 

od + (ox!) . x + divn(fn) = 0 (4.12) 

for f fol lows from Equ a tion (4.11 ) via time diffe renti a tion 
a nd continu ity of the integra nd , where divn represents 
the divergence operator on 52. The res ult in Equa ti on 
(4.12 ) for th e evo lution of f is influenced by both thal of 
the material as a whole, as well as th a t of th e glide-plane 

ori entations. 

5. EXAMPLE: TWO-DIMENSIONAL SIMPLE 
SHEAR 

To look into Equation (4. 12) in more d etai l, consid er the 

spec ia l case of a two-dimensiona l polycrystalline material 
subj ec t to a homogeneo us simple shea r (e .g . Giessen , 
1989; Svendsen and H utter, 1995) . Since com pressio n 
dominates in th e upper, a nd shea r in th e lower, regions of 

natural ice masses, this example m ay be in particular 

rele\' ant to th e lower (basa l) regions. In the two­

dimensional case, the o ri enta tion structure e\'oh-es in Si 
(i. e . the circle ) at each x , a nd the evo lution relation (4.2 ) 
si m pi i fi es to 

. E 
a = -W12 (5. 1 ) 

with n = - sin a el + cosae2, where a is th e a ng le of th e 
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Fig. I. T wo-dimensional geomellY qJ gLide plane and ils 
ortenlaLion in SI. 

glide-plane orien ta lion relative to th e verti cal (sce Fig. 1) . 
In th e case of two-dimensiona l simple shear, we have th e 
matrix form 

[F(t) ] = [~ ~~t)] (5.2) 

for th e d eformation gradient of the material relative to 
(e l , e2) (sce Fig. 2), yielding th e form 

. LVi I' a = v 12 - 2~ (5 .3) 

for Equation (5 .1) . To keep this example entirel y kine­
matic, we can , rather than using Equa ti on (4.4), ass ume 

for example that no instantaneous inelastic d eformation of 

th e glide planes takes p lace vertically , i.e. L~l = 0, 
impl ying wi2 = Di2 = ~K cos2a; substituting this into 
Equation (5.3 ) a nd integra ting the result yield s 

a(t) = cot - l [cot a(O) + ~(t) ] (5.4) 

with ~(O) = O. As a n a lte rn a ti ve kin em a ti c constraint, we 
can ass ume that no instan ta neo us inelast ic d eformati on 
takes place jJarallel 10 th e g lid e planes, in which case 
n·Lrs = O (see Fi g . 1) , implying Wi2=~Kcos4a , 

D .. 

Fig. 2. T ime-dependent simjJ/e shear oJ Lite material ill Lhe 
e l direcliol1 b)1 the amollllL ~(t). 
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on 
J 

-­. c • Cl 

C 

.j 
3 
c 

- ~ 
~ 

Cl 

lO 

Fig. 3. Relative orientation densil)l as afullction oJ a. Jar 
two values oJ 1'\,. The smaller and larger solid curves 
rejJ res en I Equalion (5.8) Jar I'\, = 0.5 alld I'\, = 1, 
res/Jective[y. Likewise, the smaller and larger dashed (Url'es 
re/nesmt Equatioll (5.7) Jar I'\, = 1 and I'\, = 2, 
res/Nclive(y . The dOlled straight line rejJresent:, a uniform 
dislributioll. The vertical scale is irrelevant . 

yielding 

a(t) = ~ eot - 1 [cot 20'.(0) + 21'\, (t) 1 , (5.5) 

which appears simila r to Equation (5.4) but in fa c t leads 
to different maxima for f, as wc nex t show . Ass uming 
nex t th a t f is ind ependent ofx in thi s example, Equation 
(4.12 ) red uces to 

oJ + on (fa.) = 0 (5.6) 

wherc now f is a function of t a nd a. In th e contex t of 
Equation (5.4), thi s last res ult can be integra ted to yield 
the rorm 

(5 .7) 

ror f (rep lac ing t by 1'\, ) when no instanta neo us \'e rti ca l 
inelas ti c d efo rmation in th e g lid e pla nes ta kes place, 
where fa is th e initial distributi on or glide-pl a ne orienta­
ti ons . On th e o th er ha nd , integra tion of Equation 5.6) 
using Equation 5.5) leads to the form 

J.(. ) = Jo(O'o) 
~,O'. • 

1 - 2h' sin 4n: + 41'\,2 Sill- 2a 
(5.8) 

for f when no insta nta neo us inelasti c deformation in the 

glid e plan es parallel to th ese ta kes place. 
The results in Eq uatio ns (5.8 ) a nd (5.7 ) ca n be 

compa red qualitati\'el\, \\ 'ith o bse r\'a ti o ns o n th e em er­
gence of a n orient ed tex ture in na tura l ice. Assuming th e 
initi a l distribution fa is uniform , i. e . fo = 1/ 27f on SI, 
the res ult Equation (5.8 ) is di sp la yed in Fi g ure 3 as a 

fun c ti on of ori ention a [o r \'arious valu es of th e amount 
o r shea r K.. As shO\m in thi s fi g ure, Equation (5.8 ) 
impli es a bim od a l di s tributi o n for th e g lide -pl a ne 
o ri e llt a tion s w hi c h te nd towa rds th e \"Crtical and 
horizontal \\'ith in creasing shea r, whi le Equation (5.7 ) 

yield s a single-maximum d ensit y of g lid e-pla ne orienta­
tions tending towards th e vertical with in creasing shea r. 
I n the lalle r case, this tend ency is ce rtain ly due mainl y 
to the constra int L~l = 0 , which al lo\\'s th e glide pla nes 
to d e form instantan eo usly only in th e hori zo nta l 

direction , fo rcing th e co rresponding orientation toward s 
th e vertica l with increas ing shear. On th e othe r hand , in 
the fo rmer case, the constraint n . LIS = 0 allows both 
vertical a nd horizontal insta nta neo us deformatjon oC th e 
g lide p lanes, such th a t both hori zon ta l a nd vertica l 

g lide-plan e orientation di stributions can arise. Qualita­

ti\'ely, at least, the e\ 'o lution of the distr ibut ion of g li d e­
plane orientations to\\"ards the \"Crt ica l is prec isel y that 
mos t often o bser\'ed ror th e evolution of th e diSlributio n 
of caxes in pol YCI-ystalline ice in shea r, as e\'id enced by 
labo ratory wQI-k (e .g . J ac ka a nd Budd , 199 1) as wel l as 
obsen'ations on deep ice cores from the base of large ice 

shee ts (e.g. Thorsteinsson , 1994). I n part icu lar, ex peri­
ments (e.g. Jacka and Budd, 1991 ) show tha t a sing le c­
axis orientation di stribution is ge nel-a ted in simpl e shea r , 
in agreement with th e kinem a tic constraint L~I = 0 and 
the resu lting form in Equa tion (5.7 ) for f. 

6. TEXTURE EVOLUTION AND MATERIAL 
BEHAVIOUR 

I n the current mode l, we assume that the large-sca le 

alignment of the caxes, a nd so basa l slip p lanes, in th e 

hexagonal ice crysta ls leads to a tra ns\'e rse-iso tropic 
ma teri a l beha\ 'iour, with th e tranS\T rSe iso tropi c pla ne 
in the ma terial at a g i\"C n point co rrespo nding to th e 
" mea n" g lid e plane there. As such, we are interested in 
th e orientation of th is mea n g lide p lane, representing 

simul ta neo usly tha t of th e transverse iso tropi c plan e of th e 

ma teri al by constituti\'e ass umption. This " macrosco pi c" 
orientation is gi\'en in fact by th e second mom ent 

A (t , x l= j' f(t,x,n)n ()!) ndv (6.1) 
S2 

of the o rienta ti on-di stri buti on functi o n in tegrat ed over 
S2, a constitutive assumpt ion that is consistent with th e 
cl efiniti o n oC A as g i\'en in Equ a tion (3.3) in the sense 
that 

tr(A) = r fn· nclv = r fdv = 1 (6. 2) is, is; 

follo\\ 's fro m Eq uatio n (4 . I I ) . The const i tu ti\'e re la ti on 
(6. 1) clearly connects th e e\'olution of th e g lide-p la ne 
ori enratio n distribution f as det ermined by Equa ti on 
(4-.12 ) to th e macrosco pi c material beha\'iour as gi\T n by 
Equa ti on (3. 13). 

Th e rele\'a nce of th e constituti\'e ass umption (6. 1) fo r 
A in terms of the e\-olution of th e glid e-plan e ori entati on 
(micro )stru ct ure ca n be a pprec ia ted fo r exa mple in th e 
context of th e spec ial case oC a unifo rm (i. e . ra nd om ) 

di stribution of crys tal g lide-plane o ri enta tions at eac h 
material point , in which case 

1 = j' f dv =.f r d v => .f = ~ (G.3) .'), ./8' .J7f 
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holds with J~" dv = 47r. In this case, A reduces to 

A =~ r n ~ ndv=!I (6.4) 
47r .J 51 

from Equation (6.3 ) . For a uniform j', th en, we obtain 

A D = 0, ITDA ~ FTD = 0, a nd I (TD) A2 = ~ I(Tu)2 = ~ lITJ) , 
implying that P as g i\'en in Equation (3. 12) reduces to a 

('unction 0(' lIT" and e a lone. Consequen tl y, Equation 
(3.13 ) simplifi es to 

(6.5) 

I. e. th e form of Glen's Oow relation , with 

i (IITD ,e): = it(IITD ,O,~lITD ,e) +h3(IIT[),0,~IITD ,e), 

o = i2(IITJ) , 0,~IITD.(}). (6 .6) 

As such , a random distribution of cr\'sta ls in th e m ateria l 

leads to m ac roscopic isotrop ic material beha\'iour in the 

current model, as would be expec ted physically. Note that 

th e result in Equation (6.6 h is co nsistent with th e 
ass um ed form for 'Y2 in Equation (3. 17h abO\·e. 

7. DISCUSSION 

The ultimate goal wc ha \'e in mind for th e induced 
a niso tropy model formulatcd in this work is o f course to 
i nco rpora te it into a nu merieal si m ul a (ion of th e m ot ion 
of large ice masses, somcthin g that is no t feas ible with 

Talyor- Bishop- Hill-t ype m od els for such a nisot ropy (e.g. 

Van d el' Veen a nd Whill a ns, 1994) . Since this represents 

work in progress, ho\l'e \'er, we fini sh up with a brief' 
discussion of some 0(' thc aspens of this implementation 
which are currentl y being \\'QI'ked O Ul. 

As is wcll known , th c hasis of any such numeri ca l 

simulati on o r the evo lution of a g lac ie r o r ice shee t is th e 

usua l balance relations for m ass , momentum a nd energy , 

\I'hi ch in this con tex t take thc particular form s 

ID = divx = O. 

- (Vp) + divTD + (2g = 0 , (7.1) 

(lCe - div [k( Ve )] - T D . D = 0 , 

respecti\'ely, w here p: = -k IT is thc pressure , 9 th e 
gravi tatio na l acceleratio n, c th e spec ifi c hea t a t consta nt 
pressure and f.,; th e thermal conducti v it y, th c last two 

being, toge ther with T D
, co nstitu til 'C quantities. Since TO 

appears direc tl y in bo th the abO\'e momentum a nd 

ene rgy rela ti ons, it would a ppear to be more stra ig htfo r­

ward (in the se nse o r a numerical impl ementa tion or th e 
model formul a ted here ) to o bta in a co nst ituti\'e re la ti o n 
for T D

, instead of for D , as done abm·e. T o do this, o nc 
ca n , instead of Equation (3.2 ) , work \I'ith the co nstitutil ,(, 

form 

if> = cP(D, A , e) (7.2) 

for th e diss ipa tion potential, \\'hose m a te ri a l fram e in 

d i fle lTnt form red uces to 

(7 .3) 
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when \I'e ass ume th a t icc is incompress ible (i.e . ID = 0), 
a nd note th a t D is no t invertible (since it ca n be zero ) . 

requiring (OIIJ/P) = O. Ind eed , in thi s case, Equ a ti ons 

(3. 1) a nd (7.3 ) yield th e co nstituti\,(, relation 

T D = (aDcP )D 

for the dC\'ia to ri c part of' T , where 

771 : = (aIIDcP) , 

772 : = (OJD1cP) , 

773 : = (Or D2 \ cP) 

(7.4) 

(7 .5) 

define th e coe ffi cients in Equation (7.4) . [n parti cu lar, 

when f is unifo rm , A D = ° follo\\' s from Equa tion (6.4 ), 

a nd so IRA = ~ ID = 0, a nd ID"A = ~ ID2 = ~ IID ' impl y­
ing th a t if> as g i\'en in Equation (7.3 ) reduces to a fun Clion 
o f IID a nd e a lo ne. Consequently, Equation (7.4 ) 

simplifi es to 

(7.6) 

with 

~(IID,e): = ih(IID , O.~lID,e) +~~3(lID , 0 ,~lID , e) , 

o = 172(IID,0,~lID,e) , (7.7 ) 

a na logo us to Equation (6.6 ) . Clearly, Equation (7.6 ) ca n 
be rC\lTitt en in the (a rm of Glen 's (J ow rela ti on sincc 
'/7 =1= O. Ind eed , com pa rin g Equations (6.5 ) and (7.6 ) , we 
have 17 = ,,- 1. 

With TD d e termined in ge nera l by Equation (7.4) , the 

onl y rem a ining fi e ld at th e m ac roscop ic le\'('1 to be 
sp ecifi ed is A . The spat io-temporal e\ 'o lution of A as 
determined by Equation (6. 1) is based on th a t of f as 
gil 'en in Equation (4. 12) , which in turn depends on the 

spa tia l velocity x of the body, as well as th e evoluti on of n 

g i ven by Eq u a li on (4.2 ) . This la tt e r e\'o luti on is 

determined by th e body spin W (a nd so th e initi a l 
conditi o ns) as well as th e C'ons titulil,(, relation (4.4 ) for 
","1 . Since this latter re latio n depends itself on N, th e 
mod el is in ge neral hi ghl y non-linea r. As in th e case of th e 

0 011' relation , it m a y be n umericall y more ad va n tageous 

to formulate W1 relati"e to D rat he r th a n T D a done in 

Equation (4.4 ) , i.e. 

(7.8) 

,,,here now 

(7.9) 

analogous to Equation (4.27 ). 
[n conc lusio n, then, Equations (4.2 ) , (4. [2 ) , (6. 1), ( 7. L~ ) 

a nd (7.8 ), toge th e r with th e ba la nce relations (7. 1), 

represent a closed system of eq uati o ns fo r which initi a l 

boundarY-\'a lue problems ca n be fo rmulat ed and so h-cd , 
once functional form s for th e constituti\ 'e quantities c, k, 
171 ' 772' '7:J , a nd //, are es tab lished, th e la tt er four being 
functi o ns o f lID , I DN, ID2S and e. A firs t step in this 

direc ti on currentl y und er il1\'es tigat ion is to assume C a nd 

k are un a ffe c ted b y the induced a ni so tropy, i.e. use the 
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standard co nstituti\'C (arms fo r th ese, a nd co ncen trate on 

th e form s of thl' remaining material propcrtil's, T o thi s 

l' ncl , note for l'xample th at the res ult in Equation (7, 7 ) ~ 

sugges ts that 172 co uld be proportiona l to a POII'{T of! 
I DN , On this bas is, we are currently in\'('s li ga ting po\\'(' r­
la ll' type re lations fQr a ll four of th('se material coefficient s 

a n a logous to th a t in Glen 's Oo\\' rela ti on sa tisfying th e 

asymptoti c relations (7,7 ) in th e case of iso trop y, 
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