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ON HOMOGENEOUS EXPANSIONS
OF MIXED NORM SPACE FUNCTIONS IN THE BALL

E. G. KWON

ABSTRACT.  For f analytic in the complex ball having the homogeneous expan-
sion f(z) = 332, Fi(2), conditions for f to be of Hardy space H” or of weighted
Bergman spaces are expressed in terms of £P properties of the sequence {||Fi||,}.

1. Introduction. Let B = B, be the open unit ball of C" and let o be the rotation
invariant probability measure on the boundary S of B. In case n = 1, U and T will stand
for B and S respectively. For 0 < p < 00, 0 < ¢ < 00, and 3 > —1, the spaces H? and
AP48 are defined to consist of those f holomorphic in B respectively for which

Iflly = sup My(p.f) < oo
0<p<1

and
Wllpas = [ (1 = 0P Myo.f¥ dp < oo,
where
Mo = [roodo] "', g < oo
and

Moo(p.f) = sup [f(2)|.
z€pS

Our concern in this note is in the growth rates of Taylor coefficients of H? or A»%8
functions defined on B. There are three types of results in general on the growth of
the Taylor coefficients of HP functions defined on U: Coefficients results of Hardy-
Littlewood is the first, Hausdorff- Young theorem is the next, and Paley type results on
gap series is the last (see [7], [8], [9], and [13]).

Concerning our results, Section 2 deals with Hardy-Littlewood type extensions to B,
Section 3 deals with Hausdorff- Young types, and Section 4 deals with Paley types.
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2. Extension of Hardy-Littlewood theorem. If o = (aj,a,...,®,), 2 >0,1 <
J < n,is the multi-index then we denote || = aj+az+- - -+azand a! = a1l ao! - - - .
If f is holomorphic in B then f can be representable by

Q=3 R,
k=0

where F; are homogeneous polynomials of degree k. Let I,, denote the set {k : 2"~ <
k < 2™} of integers if m > 0 and Iy = 0. D. Kwak [10] deduced the following, which
generalizes a classical one variable result of Hardy-Littlewood [7. Theorem 6.2].

THEOREM A [10. THEOREM 2.1]. Let0 < p <2, q > 0. Let f(2) = Y aq.z* €
APPA~L Then

a!

T(n+|a|+q)

p/? )
) el < CUFIE

@D  Ydal+ 1)“*‘1/2’“’—2)(

Here and throughout, A?”~! = HP and C will denote a positive constant independent
of particular function f. Note that ¢ = 0 is the only interesting case of this result, since
the case g > 0 easily obtained by integrating the estimates for ¢ = 0. We improve this
theorem in this section. We abuse obvious notations such as é =0ifg = oo etc.

THEOREM 1. Let0<p <00, 1<¢g<2,8>—1,andé; = f%,r(n_ 1)(‘_;_%),
Let f(z) = Y aqz® € AP9P(B). Then

3 al lag?  \!/*P ,
2.2 . .
=Y 2 [lalze:lm(r(” +|af) (o] + 1)?52) ] < ClIfllp 45

m=0

with the obvious understanding of (2.2) when q = 1.

To see that Theorem 1 is an improvement of Theorem A, we need the followingimbed-
ding theorem.

THEOREM B [6]. Let0 <p <r <oo,p <s <00, andq > 0. Iff € APP971, then

(2.3) fllsrs6-1 < Cllfllppg-1s

where § = =1 — 2.

We now prove that Theorem 1 implies Theorem A: Suppose Theorem 1. Let 0 < p <
2,9 >0, and let f(z) = Y aqz* € APP9~1 Then by (2.2),

2.4 3 al ool 7 _ clirlty
&9 mzzjo(ngm T(n+|al) (o] + 1)252) 1520

where 8, = ﬂpi Set 8 = p(*2 — %) — 1, so that by (2.3),

(2.5) Fllp28 < Cllfllppg-1-
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Now since

T(n+|al) q
Ta+lal+g = 1D

by the Stirling’s formula, we have

(n+a/D(p-2) o P2
|a%m(|a|+ D (F(n+|a|+q)) |l
2.6)

<C Y (laf+ 1y

|| €l

/2
(F—(m)p laq|”,

which is, by the Holder’s inequality, dominated by

ol lag|? p/2 1 -p/2
@7 C(j‘;l’(nﬂal)(lal*’l)wz) (;W) '

Since

2.8 < C< oo,
(2.8) %,m Jaf+1y =~ =%

summation over m after combining (2.6), (2.7), and (2.8), we obtain

| 2
(o + e (g

T'(n+|o|+q)
2.9) "
a) |aa|2 )I’
<C
mzo(m%m T(n+|a)) (|af + )%

From (2.4), (2.5), and (2.9), we obtain (2.1).
Theorem 1 is an easy consequence of the following

THEOREM 2. Let0 < p < 00,1 € g <2, g<r<oofg>—-1andd =
g;;—l +(n— 1)(5 - 1r). Let f(2) = Y32 Fi(z) be the homogeneous polynomial expansion
of an f in AP95(B). Then

2.10) S (S s vtme)”" < el

m=0 “k€l,,
with the obvious understanding of the left side when g = 1.

PROOF OF THEOREM 1 USING THEOREM 2. Suppose

f() = Z Fi(2) =) aqsz”.

Noting that

= 2 lae?[2°13 = T 3 Jadl?

o=k o=k L(n+|af)

IR = | 3 aaz”
|a|=k
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[14. Proposition 1.4.9], and taking r = 2 in (2.10), we obtain (2.2).

PROOF OF THEOREM 2. Letf € AP4#(B), 1 < g < 2. Let fe) = f(QN), ¢ € S,
A € U. We first prove the case ¢ = r. We confine ourselves to the case g > 1 but the
idea for the case ¢ = 1 is identical except for notations.

It follows from the Hausdorff-Young theorem (see [7. Theorem 6.1], for example)
that

S ’ l/q, 2m P d9 l/q

. q < ifylq =7
@.11) (% 170l ) ™ < ([ Irwelr5,) 7 ces
(note that the dominating constant is 1). Integrating the g-power of (2.11) with respect to
do((), and then applying the Minkowski’s inequality to the resulting left hand side, we
obtain

e n1/q
[ M. Fo? | < Myt f).
k=0
Therefore we have

1 1 1> ,
| =0 Mo f7 dp > [ (1= |3 My(p.Fe)*
k=0

]p/ q dp.

Now, the last quantity is at least

1*27(”'“)

o0 , r/d
— )8 q' kgt
2 = (2 IR ) do

which is, in turn, at least a positive constant times

(3 ks e ).

m=0 “k€l,,

This completes the proof of Theorem 2 when g = r. The case ¢ < r is an easy combina-
tion of the following lemma with what we have just proven.

LEMMA. Let0 < p < r < 00. Let ™ be a homogeneous polynomial of degree k.
Then there is a constant C depending only on p and n such that

2.12) |7l < Clh+ 1Y=DAP=1D) |

PROOF. See [2] and [5. pp. 8-9] for ideas similar to the following proof. Note first
that it suffices to prove (2.12) for r = oo. In fact, if we suppose (2.12) for r = oo then
for r < 0o

Il = [ [ ol o]

< [ JR) da(o]l/ "

S “Tf'“g/’[C(k+ 1)("—1)/[1”7[_“p]1_p/r
= C(k+ 1)("-”(1/,)*]/’)”7(”1).
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Now we prove (2.12) for r = 0o. We may assume ||7||o, = |7(1,0,...,0)|. If we denote
by v, the normalized Lebesgue measure on B, then by subharmonicity (see [14. 1.5.4])

d\
J 1= do(©) = / dvoi @) [T 1CP ¢ |2A)|”| |
Z Jps |7(¢", 0)” dvp1(().
If we set " = (&,...,(:,—1) then by subharmonicity again
! 1" 2\n--2
Jorpar o TGO dva 2 2 (=[G 0,.... O,

so that the last integral of (2.13) is at least

(2.13)

1
S = 1G4, 0, 00 dia(@) = [l [ 20— 2yt ar
> C(k+ 1)~ V|2,
The case n = 1, p > 1 of Theorem 2 already appeared at [11]. We now turn our
attention to H” case.

THEOREM 3. Let0<p<2p<q1<q<r<oobé=n(;— 1N~ (; —1) and
let 6, = n(’% — %)—(% — %). Then there is a C such that

00 / /
2. 14) S (T Ia+nRge)" < clrp,
m=0 “k€l,
and
00 a! |aa|2 )q//zr/q/ ,
(2.15) EO[%;(F(H ¥lap (o] + )% < ClIf|IE,

Sforall f(z) = 2, Fi(z) = £ a%z" € HP, with the obvious understanding of (2.14) and
(2.15) when g = 1.

PROOF. By an application of Holder’s inequality (fixing p and r) to the quantity on
the left hand side of (2.14), we can see we may assume that ¢ < 2 in proving (2.14). By

Theorem B with 3 = n(- — —), we have

(2.16) Hf”p,qpﬁ—l < C“f“p'

By Theorem 2,

@17 S (5 b i) < UL
m=0 “k€l,, pap

where § = %ﬂn—l)(g—%) = n(%—l;)—(é—lr). Combining (2.16) and (2.17) we obtain
(2.14). (2.15) is an easy consequence of (2.14) with r = 2 and [14. Proposition 1.4.9].

Theorem 3 breaks down when p = ¢. We shall see this in the last section. n = 1 case
of (2.14) appeared at [11].
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3. More on H? coefficients. We will consider the limiting case, that is, ¢ — p, of
Theorem 3.

THEOREM 4. Let1 <p <2, p<r<o0,andf = (n— 1)(}, — 1. Then there is a

C such that
o 2/pt
(3.1) S (S e+ rge) " < clflp
m=0 k€l

forallf = 32, Fi € HP(B), with the obvious understanding of the left hand side norm
whenp = 1.

PROOE.  For notational convenience, we prove only when 1 < p < 2. Let Rf(2)
denote the radial derivative of holomorphicf: Rf(z) = f(2) + % z; %(z), z € B. Then, for
‘A
a fixed ¢ € §, it follows from the Hausdorff- Young theorem applied to

RFOQ) = Lk + DFON, M e,
k

that
|d)| y P/
plAl - P
(3.2 JIRFOOPSE 2 [+ 1P 1F 0l
where |A| = p. Now integrate (3.2) with respect to do({) and apply the Minkowski’s
inequality to get
&, p/p
(3.3) S IRF @0 dot€) = [+ 7Ry
0
On the other hand, the g-function
([ 2,0\
3.4 8O = ([ 4= pIRFROIPdp)", Ces.
satisfies the inequality [1. Theorem 3.1]
(3.5) Clifly > [ 8y docc).
Therefore combining (3.3), (3.4), and (3.5), we have
1 2/pt
(3.6) clrlp> [fa = oS+ 17 agg] " do

By the same way as in the proof of Theorem 2, the right hand side of (3.6) is at least a

constant times
o

> % IR

m=0"k€el,

JZ/pI

and, by Lemma, this last quantity is at least a constant multiple of the left side of (3.1).
This completes the proof.
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When n = 1, (3.1) is known as C. N. Kellog’s version of the classical Hausdorff-
Young inequality [9]. By considering H” as the dual of H”', 1 /p+1/p’ = 1 (see [4. 1.4]
for example), we can easily deduce (by the standard duality argument as in [4. 5.9]) dual
results of Theorem 3 and Theorem 4 when 2 < p < 00. Also, Theorem 2 (so that Theo-
rem 1 also) has its dual when 2 < g < 00. To prove this, first use the Hausdorff-Young
theorem to reverse the inequality in (2.11). Then integrate both sides with respect to do
and use the Minkowski’s inequality to dominate M,(p,f). Finally, use [12. Theorem 1]
to dominate AP norm of f by the left side of (2.10) (with r < g < 00).

4. On Paley sets. By definition, a set E of nonnegative integers is called a Paley set
if the cardinality of the set Ey = F ﬂ{k : N < k < 2N} remains bounded as N — co.
P. Ahern and W. Rudin ([3], [4]) fixed a certain type of homogeneous polynomials 7 and
derived Paley type gap theorems of HP functions on B that cannot happen on U:

THEOREM C [4. THEOREM 3.1 AND THEOREM 4.1]. Let 1 < p < 2. Then the
following are equivalent.

(a) E is a Paley set.

(b) Tmek [fmllp < 00 for every f € HP(B), where f,, is the projection of f into the
one-dimensional space spanned by ™", that is,

S = ([ do) o, 2B

13

We shall see below that this result is no longer true for general setting. Also in con-
nection with this, one may ask if the exponent 2 in Theorem 4 can be improved. Our
example shows that (3.1) breaks down when we replace the exponent 2 by a smaller one.

EXAMPLE. There is a sequence {P; } of homogeneous polynomials with deg Py = k
such that ||Py||c = 1 and || Pyl > 27"y/x for all k (see [16] or [15. p. 72]), so that if we
take f(z) = Sk Fi(2) = S amPan(2), 7 € B, with {a,} € £2 —J,«, €', then we have, by
[16. Proposition 1.6],

Wl < (S lanf?)” < o0,

but
2 |Fonll, =2 €Y lam| = 00
forall t < 2.

The following result characterizies Paley sets in the same vein.

THEOREM 5. Let 0 < p < 00,0 < g < 1, and B > —1. Then the following are
equivalent.
(a) Eis a Paley set.
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(b) There is a C such that

@.1 > llk+ 1y~ BVrE|R < Cllf|l?
keE o

forallf = Y F, € AP15,
(¢) There is a C such that

2 IEIT < CIIFIIT

forallf = Y2 Fy € H'(B).
(d) There is a C such that
2l D'TVaE < cllflg

Sforallf =2, F, € HY(B).

PROOF (a) = (b). Suppose E is a Paley set. Then the cardinal number of E N I,
|EN 1|, remains bounded as m — oo. Since

> ltke+ D~ FDREGR =57 3 flk+ VPR

keE m k€EN,
< sup [ENTy| 3 sup ||k + 1)~ * VPRI,
m m kel,
follows (b) from Theorem 2.
(b) = (a). Letus fix p: 0 < p < 1 and let
f@=0=-pm), 7= ﬁ—;z +n, zEB.

Then by [14. Proposition 1.4.10]
/S [F(r0) do(Q) = 01 — pry~*2/e,
so that

“.2) IFII7 1 5= 0 =Py~

On the other hand,
Tk
Q=Y F@=3 —atD

S TG+ 1"
so that, by the Stirling’s formula,
4.3) [+ 1= E|y ~ k211 |

Since || 24|} ~ (k+1)~"~D (see, for example [4]), the last quantity of (4.3) is of O(k' /7 p¥).
Now fix a large enough N and set p = 1 — ,%, then it follows from (4.2), (4.3) and the
hypothesis (4.1) that

N|Ey| = O(N).

Therefore E is a Paley set.
The proofthat (a) <= (c) and (a) <= (d) is almost same to what we have just proven
by the aid of Theorem 4 and (2.14) respectively. We omit rather obvious imitations.
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