Proceedings of the Edinburgh Mathematical Society (2008) 51, 565-579 ©
DOI:10.1017/S001309150600157X Printed in the United Kingdom

GENERALIZED PRUFER ANGLE AND VARIATIONAL METHODS
FOR p-LAPLACIAN EIGENVALUE PROBLEMS ON THE HALF-LINE

PAUL BINDING! AND PATRICK J. BROWNE?

! Department of Mathematics and Statistics, University of Calgary,
Calgary, Alberta T2N 1N/, Canada (binding@ucalgary.ca)
2 Department of Mathematics and Statistics, University of Saskatchewan,
Saskatoon, Saskatchewan STN 5E6, Canada

(Received 9 December 2006)

Abstract  The nonlinear eigenvalue problem

—(|¢/ (@) sgny/(2)) = (p— V(A — q(x))|y(z)|” ' sgny(x)

for 0 < = < oo, fixed p € (1,00), and with y’(0)/y(0) specified, is studied under conditions on g related
to those of Brinck and Mol¢anov. Topics include Sturmian results, connections between problems on
finite intervals and the half-line, and variational principles.
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1. Introduction

We shall study the nonlinear eigenvalue problem

~(ly' ()P~ sgny/(2))" = (p — 1)(A = q(2))ly(x)["~ ' sgny(), (1.1)

0 <z < oo, for fixed p € (1,00), with A a real parameter and with initial condition

<yy/> (0) = cotp(er), «€[0,mp). (1.2)

The differential equation (1.1) is to be understood in the Carathéodory sense. Here
cot, = sin; / sin,, where sin,, is the generalized sine function with first positive zero at .
We remark that the notation sin, has been used in different ways, and we refer the reader
to [2,8,11] for properties of the functions used here. In particular,

|siny, O|F + |sin}, 0|7 = 1. (1.3)
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Our notation cot, is non-standard, but we note that this function maps [0,7,) in a
one-to-one fashion onto the extended reals. In particular, (1.2) is taken as the Dirichlet
condition y(0) =0 if a = 0.

The potential function ¢ is to be real valued and locally integrable, i.e. ¢ € L1(0,b) for
any finite b > 0, and we write

¢=q"—q, ¢ =max(q,0).

We impose two further conditions on ¢, namely,

x+1
there exists a constant C' > 0 such that / g~ <Cforalaz>0 (BO)

x

and

for every € >0, lim g = cc. (M1)

T—r00 T

Condition (M1) (with ¢ in place of ¢™) was used by Mol¢anov for his seminal work [12]
on spectral discreteness in the case p = 2, when (1.1) is a Sturm-Liouville equa-
tion. Molcanov also assumed ¢ to be bounded below. This was subsequently relaxed
by Brinck [5] to (BO) but with ¢ in place of ¢~. Our combined conditions lie between
those of Mol¢anov and Brinck. As an example, one could take

q(z) =

—z ifn<z<nt+nt n=12...,
x  otherwise.

Minor amendments would produce examples violating any prescribed functional lower or
upper bounds.

Two methods of attack that have proved useful for equations of the form (1.1) on
compact intervals use a generalized Priifer angle and a generalized minimax principle,
respectively. A generalized Priifer method (involving the sin, function used here) was
described by Elbert [8], and there have been several subsequent investigations along
these lines (see [2] for a review). On a half-line, modified Priifer methods have been used
in [4,6] and our results generalize theirs as follows. In [4], where p = 2, ¢ is assumed to
be bounded below, while in the relevant part of [6] ¢ has to satisfy certain smoothness
and growth conditions. Although our overall strategy in §§2 and 3 is along the lines of
these references, their methods would need considerable modification to deal with the
assumptions here. Moreover, neither [4] nor [6] address our later topics, which include
variational principles.

Historically, (Lyusternik—Schnirelman) variational methods, based on the Lagrange
multiplier approach, precede those of Priifer type, and we refer the reader to [9,10,13]
for expositions and references. Despite the significant history of work in this area, there
remain well-known open problems, and it is not obvious a priori whether a minimax
principle will hold in our situation. The delicacy of the situation is already apparent on
a compact interval, where all eigenvalues can indeed be characterized variationally as
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above for separated boundary conditions (cf. [2]), but this can fail for periodic boundary
conditions [3].

As we shall see, the Priifer angle method on a half-line leads to eigenfunctions that
decay exponentially, and belong to L, for any r > 1. In order to discuss our varia-
tional principles, however, we shall need to control eigenfunction derivatives as well, and
accordingly we shall give the following definition.

Definition 1.1. An eigenvalue for the problem (1.1), (1.2) is a value of A € R for
which there exists a y € Wz} satisfying the differential equation (1.1) and the initial
condition (1.2).

Here and below L, and W, will refer to the half-line (0, c0).

Different definitions of ‘eigenvalue’ have appeared in the literature. For example, Brown
and Reichel [6] merely require the solution y in Definition 1.1 to belong to L,, while
Drébek and Kufner [7] replace the system (1.1), (1.2) by its weak (variational) version,
requiring solutions y to be in WZ} and, in addition, to satisfy

$hﬁrréo y(z) = 0. (1.4)

They also define a strong solution with extra smoothness conditions guaranteeing (1.1),
(1.2) as well as (1.4). In §4 we shall show that, in our setting, the sets of eigenvalues
coincide for all four of these definitions. Additional remarks are given after Theorem 4.1.

In §2 we introduce the generalized Priifer angle generated by (1.1), (1.2) and the first-
order equation it satisfies. Section 3 contains a discussion of sets forming a partition of
the real line and which are connected with limiting properties of the Priifer angle. This
sets the stage for §4, where the eigenvalues are identified and oscillation and Sturmian
results for the associated eigenfunctions are presented. Section 5 contains results relating
problems on finite intervals to the half-line case, and variational approaches are also
discussed. Our variational principle is established by a limiting argument, and we show
by example that the Lagrange multiplier method cannot in general be used for potentials
satisfying our conditions.

2. Generalized Priifer angles

For a solution y of (1.1), (1.2) we shall introduce the generalized Priifer (Elbert) angle 6
via

y(\, ) = p(A, x) sin, O(\, x), y' (A z) = p(\, z) sing, O(X, z).
This leads to ,
(y) (A, x) = coty, O(\, x),
Y
and then we can use (1.1) and (1.3) to derive
0'(A,x) = [sing, O(X, 2) [P + (A — gq(x))siny, O(X, 2)[”
=1—(g(x) = A+ 1)|sin, 8(\, z)|?,
6(A,0) = a. (2.2)

—
o
—
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Given a, A, it can be seen from [2, § 2] that the solution y of (1.1), (1.2) can be recovered
via the p, 0 system, up to scalar multiples, from the unique solution of (2.1), (2.2).
We shall now consider the first-order equation

W/ (@) = 1 - gla)|sin, u(@)P, (2.3)

where g = ¢ — A+ 1 and g satisfies (B0) and (M1), which we take in the form
Tte
given A >0, >0, IXp.:2> Xy, = / gt > A. (2.4)
T

As for ¢, we write g = g — g~ and we note that g also satisfies (B0), (M1). The constant
C = C(A) from (BO0) is now A-dependent, but we shall continue to write C'.

The results of this section have analogues in [4], but the proofs are modified to allow
the weaker assumption (B0).

Lemma 2.1. Given 0 < v < § < m, and n > 0 there exists X, 5, such that for any
solution of (2.3) the conditions

x> Xysm, uw(x) € (y,0) and u(y) <o forally € [z,z+n) (2.5)
imply that there exists € € (0,7) satisfying
u(z +¢) =7. (2.6)

Proof. Let B = min{|sin, ul’ : u € [y,6]}. Then 0 < B < 1. By virtue of (2.4) we
select X, 5, so that

d—y+n+(n+1C
. .

z+n
> X5, = / gt > (2.7)

Suppose then that x > X, 5, satisfies (2.5) but that no ¢ € (0,n) can be found to
satisfy (2.6). Then u(y) € (v,0] for all y € [,z + n] and we have

z+
aetn) =)+ [ 0= =g s ul)

x+n
<6+n—B/ gt +(m+nc

<7
by (2.7). This is a contradiction. O
Lemma 2.2. Given 0 < v < 6 < 7, such that
0—~v—Cm >0, (2.8)

where m = max{|sin, u|? : v < u < 0}, there exists a Y, 5 such that, for any solution
of (2.3),
z>Y,s ulx)<y = ulz+t)<dforallt>0.
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Proof. Set
_0—7—Cm

1+Cm

and take Y, s = X, 5, from Lemma 2.1. Suppose that = > Y, 5 has u(x) < ~ and that
z > x has u(z) = 0. We can assume that z is the minimum of all points r > z, where
u(r) = z. Select y € [z, 2] so that u(y) = v and u(w) € (v, d] for all w € (y, z]. Now

<z—y+m g~
Y
<z—y+mf[z—y] +1}C

<(z—y)(1+Cm) + Cm,

so z —y > n. Thus, we can apply Lemma 2.1 over the interval (z — 7, z) to obtain a point
w € (2 —n, z), where u(w) = v, giving a contradiction. O

The next result parallels Corollary 2.3 of [4] but extra care must be taken with the
proof in the light of condition (2.8).

Lemma 2.3. Let u be a solution of (2.3). If liminf, . u(z) < mp, then

lim sup u(z) < 0.
Tr—r0o0
Proof. By assumption there exists a small enough ¢ > 0 with 7, —¢ € (7,/2, 7)) and
T, — 0o with u(z,) < m, —2¢ for each n such that (2.8) is satisfied with v = m, —2¢,0 =
Tp — €. Suppose limsup,,_, . u(x) > 0, so there is small n > 0 and y,, — oo satisfying

u(yn) > 27 (2.9)

for each n, such that (2.8) holds with v =7, 6 = 2n. By Lemma 2.2 (with v = m, — 2¢
and 6 = m, — ¢) there exists Ny such that u(z) < mp, — ¢ for all z > =z, with n > Nj.
Furthermore, by Lemma 2.2 with v = n, 6 = m, — ¢ and n = 1, say, there exist Ny
and z, > y, such that u(z,) = n for all n > N,. Now applying Lemma 2.2 again (with
v =mn, 6 = 2n), we can find N3 such that u(z) < 27 for all z > z, and n > N,
contradicting (2.9). O

Lemma 2.4. With q as above, suppose that u,, satisfies uiL =1—(¢g—p+1)|sin, u,|?
on [0, 00) with u,(a) continuous in pu > A for some fixed a > 0 and A € R. If uy(z) — 0

as ¥ — oo, then there exists v > A such that

A<p<v = lim sup u,(z) < m,.

T—r00
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Proof. We first note that ¢ — u + 1 satisfies (B0), with the constant C' being chosen
independently of u, provided that g — A is sufficiently small and, in a similar fashion,
g — p + 1 satisfies (M1) with the quantities X s5,, Y, s also being p-independent for
sufficiently small i — A. The proof now follows that of [4, Lemma 2.4]. |

The following property of 8 is central for much of the next section.

Lemma 2.5. For a given A € R, there exists an integer n = n(\) > 0 such that
nm, < 0(A\, z) < (n+ 1)m, for all x sufficiently large.

Proof. Suppose that (), z) — oo as  — o0. Let 0 < v < § < 7, be such that
d —y—Cm > 0, where m = max{|sin, u|? : v < u < §}. Note that this can be achieved
by taking v = §/2 close enough to 0. Set

T, =min{z: 0(\,z) =nm, +v}, n=1
Since
nmp +v—a=0(\z,) —0()0)
= [0 (a0 = A+ Dlsing 608 )
< @+ ) + Cllea] + 1),

we see that z, — oo. Now use Lemma 2.2 to find Y, 5 and fix IV so that znx > Y, 5.
Note that uw(zx) = 6(\,z) — N, satisfies the differential equation (2.3) and also that
u(zy) = ~y. Lemma 2.2 then shows that u(z) < ¢ for all x > z, giving a contradiction.
Since, from [2, Lemma 2.3],

0 increases through integer multiples of 7p, (2.10)

the result is established. O

3. The sets A,

From now on we shall adopt the following notation for ¢t € R:
(171 = [t~ sgnt = [¢}7~2¢,
so (1.1) will be written in the form
([P =@- DA -y (3.1)
For each integer n > 0 we define

Ap ={ e R:nm, <O(A\ x) < (n+ 1), for all z sufficiently large},
AL ={re A, :0(\z) = (n+ 1)m, as © — oo},
A, ={ e A, : 0\ x) = nmp as x — oo}
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By Lemma 2.5, the sets A,, form a partition of R and, in particular, if A € A, \ 4,7, then
by Lemma 2.3 and (2.10) we have A € A, so

A, = A, UAT

Lemma 3.1. Suppose A\ € A} and that y satisfies (1.1), (1.2). Then y' is bounded on
[0, 00).

Proof. Since (A, z) — (n+1)m, from below, we can assume without loss of generality
that, for x sufficiently large,

y(z) >0 and y'(x) <0

and that
(1’) < _15

@ |

so y(x) < Ae™® < B for constants A, B and = > X; say. Assume that for a sequence
xj — oo we have y/(z;) — —oo. Then, for z > X; and 0 <t < 1,

([P~ =@-D-Vp"" > -Da-N"y",
[ @y z=e-0 [ @0tz —e-nsie+ .

1P @) = P @ = 1) = —(p = DBPTHC + |A]),

whence
ly/ [P~ ) — [y P @ —t) < (p— 1)BP~H(C + |A]).

Now, choosing j large enough to ensure that

|y ()P~ > (p = D(BPHC + D) + (2B)"

we see that
y'[(z; —t) > 2B,
1
/ Y (z; —t)dt < —2B,
0
y(z;) —y(z; —1) < -2B,
whence
y(z;) < —2B +y(z; —1) < -B <0.
This contradiction establishes the result. 0

Lemma 3.2. Suppose that y is a measurable function satisfying
ly(z)| < Ae™"/? (3.2)

for sufficiently large x. Then ¢~ y? € L1(0, c0).
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Proof. We take X, large enough to ensure that (3.2) holds for x > X,. Then, for

k> X,, by (B0) we have
k+1
/ g yl” < Ce™",
k

o k+1 e o]
/ Tyr= Y / Y <CY e <o
[ k 0

Xpl+1 k> [X,]+1

SO

Theorem 3.3. Fach set A} contains at most one point.

Proof. Suppose that A and p both belong to Aﬁ and that A < u, so
O\ z) <O(p,x) < (k+1)m,

for all z. Suppose that y and z are solutions of (1.1), (1.2) corresponding to A and u,
respectively. We define xg by

O(\, x0) = kmp when k > 1,

o =0 when k = 0,
and we take v to be the solution of the initial-value problem consisting of the differential
equation (1.1) on [xg, 00) with 4 in place of A and subject to the initial condition v(zg) = 0
when k > 1 or k = a =0, and (v'/v)(zo) = cotp(a) when k = 0 # a. For k = 0, note
that v = z and, furthermore, y and v are of one sign, which we take to be positive on

(20, 00).
If we define an angle ¢ on [zg, c0) via v'/v = cot,, ¢, then

O\ ) —kmp < ¢ < O(p,x) — kmp
so that ¢ — m, from below as  — oco. As in the proof of Lemma 3.1, we now have
v — 0 exponentially and v’ remains bounded as x — co. (3.3)

For small € > 0 we use

yp
BCEDE

SO

;oo (p— DyPd
w = .

(v+e)p—1 (v+e)r

Thus, by Lemma 3.1 and (3.3), w,w’ — 0 exponentially as £ — oo and, in particular,
w,w’ € L1(0,00). Now [1, Theorem 1.1] shows that

R = R(y,v,¢) := |y/|P — w'|v'|P~2v" > 0 pointwise,
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and hence, for any b > xy,

b b b
o< [ = [ Wy [ wpt
xo xo Zo
b

b

=(p— 1)/£g@—¢1)1ﬂ’— (p— I)LU(M—Q)y”<UiE)p_1 + Bl7,

<(p- 1)/g:yp<>\—u(vis>p_1> + (- 1)/zjq‘y”(1 - (vij)—l) + B3,

where

B=[y)ly - P w.

Let b — oo and note, again by Lemma 3.1 and (3.3), that B(b) — 0. This gives

<o [T (on() ) ren [T (- ()

—mmmwwmv@—(“m”fq)

v(xo) + ¢

where the last term is taken to be 0 unless £ = 0 # «. Now let ¢ — 0 and, noting
Lemma 3.2, use Lebesgue’s dominated convergence theorem to obtain

0§/ yP(A—p) <O0.
)
This contradiction establishes the result. O
Let us define
An =sup A,

forn=0,1,2,.... It follows from [2] that
(N, x) > 00 as A — oo for any z > 0

and thus each A, is bounded above, so A, < co. The next result gives, in particular,
the complementary inequality A, > —oo as well as a complete characterization of the
sets A,,.

Theorem 3.4. The \,, n > 0, are finite and increase strictly with n to co. Setting
A_1 = —o0, we have, for alln > 0,

A; = ()‘n—l7An)a Aj; = {An}a An = (An—la)\n]-

Proof. Since u™!|sin,u[? — 0 as u — 0 and (u — m,) "} sinp,uff — 0 as u — «P,
we can choose A, ¢ to satisfy (2.8). Now [3, Lemma 2.4] shows that 6(\,Y\s) — 0 as
A — —oo, where Y), 5 is as in Lemma 2.2, so we can choose A, so that (A, Yy s) < 7.
From Lemma 2.2, 8( A, z) < § for all z > Y 5, so, by Lemma 2.3, A, € A . In particular,
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Ay # 0, so Ao is finite. The remainder of the proof follows the lines of [4], so we shall be
brief. Note that #(\, z) increases monotonically in A for any x and thus, by (2.10), the
sets A, A and A, are intervals. Now Lemmas 2.3 and 2.4 can be used to prove that
A7 is open for each n (cf. [4, Lemma 3.3]) and in particular Ay = (—o0, Ag). With the
aid of Theorem 3.3 we then conclude that A7 = {\¢} and A5 = (—o0, \g]. Finally, the
proof may be completed by induction on n (cf. [4, Theorem 4.2]). a

4. Eigenvalues and eigenfunctions

The first result of this section identifies the points A,, as the eigenvalues of our problem via
Definition 1.1 and also shows that, for precisely these points, the associated eigenfunctions
have the properties needed for all four definitions of ‘eigenvalue’ discussed in § 1. Thus,
the sets of eigenvalues are identical under all these definitions for potentials satisfying
our conditions.

Theorem 4.1. Under each definition discussed in § 1, X is an eigenvalue if and only if
A =\, for some n. Any eigenfunction associated with A, decays exponentially as x — 0o
and belongs to Wpl.

Proof. If A € A} (respectively, A;)), then 6(\, z) tends to a multiple of 7, from below

n

(respectively, above). Thus, for any solution y of (1.1), (1.2) and for sufficiently large z,

y y
=(z) < -1 (respectively, =(z) > 1),
Yy Y

and so
y(x) < Ae™ (respectively, y(z) > Ae")

for some constant A. Thus, if A € A, then y ¢ L, and A\ cannot be an eigenvalue for
any of the definitions considered.

When X € A" we see from above that y € L,. It will suffice to show that y’ € L,, since
standard arguments (cf. [7]) show that a weak solution must satisfy (1.1), (1.2). From
(1.1) multiplied throughout by y we have

—([y TPy + (p—Dalyl” = (p — DAly[”,

and, by integration over [0, b],

b b b b
/O '[P+ (p — 1)/0 gty =(p— 1)A/0 lylP + (p — 1)/0 a lyl”+ [Pyl

The terms on the right-hand side have finite limits as b — oo by Lemmas 3.1 and 3.2
and hence the same is true for the terms on the left-hand side, which are non-negative.
This gives y’ € L, and completes the proof. O

We should point out that, while the definitions of solution here and in [7] formally
coincide, the two situations are not directly comparable. For example, we have a coef-
ficient of 1 multiplying the leading term in (1.1) but this violates [7, condition (1.2)].
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Also, ¢ = 0 in [7], and this violates our condition (M1), although it allows the Lagrange
multiplier technique to be used for a variational principle. As Example 5.4 shows, this
fails in general under our conditions.

Recall that, since the eigenvalues are characterized by the Priifer system, it follows
from §2 that any eigenfunction corresponding to a given eigenvalue is unique up to
scalar multiples. From this and Theorems 3.4 and 4.1 we immediately have the following
result.

Corollary 4.2. Any eigenfunction corresponding to \,, has precisely n zeros in (0, 00).

We turn now to further Sturmian properties of the eigenfunctions. Suppose that we
have two potential functions ¢, and two initial angles «, & giving rise to eigenvalues,
eigenfunctions and Priifer angles A\, u,, 8 and \,, u,, 0, respectively.

Theorem 4.3.
(i) If¢ < § and a > &, then An = A, forn >0, with A, > \, if either ¢ < § or a > a.

(ii) If ¢ < ¢ and o = &, then, for each n, between any two zeros of @, there is at least
one zero of u,,.

(iii) For each n > 0, between any two zeros of w,, there is at least one zero of u,,, for
any m > n.

_ Proof. (i) With reference to (2.1), (2.2) we see that the conditions lead to 6(\, ) <
O(\, ) for all A and z with strict inequality if either ¢ < ¢ or @ > @&. From this, the
results of §3 and Theorem 4.1, the claim follows readily.

_ (i) Again from (2.1), (2.2) we have §'(\, x) > 0'(\,z) for all A and x. Suppose that
(N, zo) = kmp, (A, z1) = jmp with j > k+ 1. Then
mp < (j = k)mp = 0(\, 21) — (X, m0) < O(X,21) — O(\, 0),

which establishes the result.

(iii) The argument follows similar lines to that in (ii). O

5. Finite-interval problems and variational results

For any choice of b > 0 we introduce the quantities A,; as the eigenvalues of the regular
problem on [0,b] consisting of (1.1), (1.2) subject to the terminal Dirichlet condition
y(b) = 0. These eigenvalues can be characterized by Priifer methods as discussed in [2],
the essential relation being

(b, b) = (n + 1), (5.1)

Our first result concerns interlacing of the \,; with the A, discussed in the previous
sections.
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Lemma 5.1.

(i) For allb> 0 and n > 0 we have

A < Anb-

(ii) For all n > 0 there exists b, > 0 so that

Ant1 > Ay for b > by,

Proof. (i) Note by (2.1) that (), b) is strictly increasing in A for any fixed b and that
0(An,x) = (n+ 1)m, from below as  — oo so that 8(\,,b) < (n+ 1)m,. The result now
follows from (5.1).

(i) Since O(Ap41,2) = (n+2)m, as © — oo, we have O(\,41,0) > (n+1)m, for b large
enough. Now (5.1) and the monotonicity of 8 in A establish the claim. (]

We turn next to the dependence of \,;, on b and we give a specific sense in which
half-line problems for (1.1), (1.2) can be approximated by problems on finite intervals.

Theorem 5.2. For alln >0, A\, | Ay as b — oc.

Proof. The monotonicity of 6 in A and (5.1) show that \,; is decreasing in b. Since
Anp > A, by Lemma 5.1, there exists A, for which

Suppose that Apee > i > A, if possible. Then there exists a b’ for which

O(p,b') = (n+1)m, = lim 6(\,, z).

Tr—r 00
Thus, Apeo > p = A\ppr, contradicting (5.2). O

We now discuss various approaches to obtaining the eigenvalues variationally. First we
require a number of definitions. We write

J(y) = cotp(a)|y(0)[” + /OOO(Iy’Ip + (- 1Dqlyl"), yeU,

where
“(a) = coty(ar) if w#£0,
0 if « =0,

and

U:{uEWI}(O,oo):(p—l)/|u|p:1, u(O)infa:O}.

For b > 0 we shall also use

Uy ={u €U :suppu C [0,b]}.
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The following definitions will be used for the Lyusternik—Schnirelman characterization
of the eigenvalues:
Fop={ACU,: A=—A, Aiscompact, v(A) = n+ 1},

Fnoo = U Fnba
b>0

where the Krasnoselskij genus v is given by
~v(A) = inf{m : there is an odd continuous map from A to R™ \ {0}}.
For A € F,,, it will be convenient to write

s(A) = sup J(u).
u€A

We now have the following variational characterization of the eigenvalues A,,.

Theorem 5.3. For each n > 0,

An = AeHI}{oo s(4).
Proof. We write

pn =, Inf 5(A)

and note from [2] that

Anb = Aler}Tfnb s(A). (5.3)

Thus, pn, < App and so, by Theorem 5.2, p,, < Ap.
Suppose that p, < A, and take A’ € Fj,o, (whence A’ € Fy,, for some ') to satisfy

pn < s(A") < Ay

Then
My = inf s(4) < s(4) < A,
contradicting Lemma 5.1. This completes the proof. U

Let us define
F,={AcCcU:A=-A, Aiscompact, y(4) >n+ 1}.

While clearly Fj,., C F,, the converse inclusion is false, so it is not clear whether one
can replace F,o, by F, in Theorem 5.3 or even by

F,c ={A € F, : each function in A has compact support}.

We note that a standard approach to deriving formulae of the type used in Theorem 5.3
is via the Lagrange multiplier method (cf. [2,13], where the problems are set on finite
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intervals). A similar approach has been used for half-line problems with more general
coefficients (except that ¢ = 0) in [7]. Such approaches require J to be C! on U (using
the WI} topology). The following example shows that J need not even be continuous let
alone C! for ¢ under our assumptions. In fact, we take q(x) = e, which also satisfies the
requirements of [4, 5].

Example 5.4. Take g(z) =e” and a = 0. For j = 3,4,..., set

cj for0<z <1,
¢(2—1x) for 1 <z <2,
uj(r) =S ej(x—j+1) forj—1<x<y,
ej(j+1—z) forj<z<j+1,
0 otherwise,
and
cT for0<z <1,
Uso(2) =qc(2—1x) for 1<z <2,
0 otherwise,

where c;, e; and ¢ will be chosen subsequently. We require

-1 [l = -1 [lucl =1

and, by straightforward calculation, this forces

p+1
;T € 2p— 1) c
Using Wz} norms, we also have
2(p+2)

|uj — uoo|” = (lej = cl” + les[?).

(p+1)

Now we take e; = 1/j, so ¢; = ¢, u; — u in W,. Furthermore,

(p—1)e’ " e; P

I(u) > (p+1)

)

so J(uj) — oo but J(ue) is obviously finite. Hence, J is not a continuous functional
on U.

Acknowledgements. Research supported in part by grants from the NSERC of
Canada. The authors thank I. Karabash for pointing out a gap in our original proof of
Theorem 3.4.

https://doi.org/10.1017/5001309150600157X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150600157X

Generalized Prifer angle for p-Laplacian eigenvalue half-line problems 579

References

1.  W. ALLEGRETTO AND Y. HUANG, A Picone’s identity for the p-Laplacian and applica-
tions, Nonlin. Analysis TMA 32 (1998), 819-830.

2.  P. BINDING AND P. DRABEK, Sturm-Liouville theory for the p-Laplacian, Studia Sci.
Math. Hungar. 40 (2003), 375-396.

3. P. BINDING AND B. RYNNE, The spectrum of the periodic p-Laplacian, J. Diff. Eqns 235
(2007), 199-218.

4. P. BINDING, L. BouLTON AND P. J. BROWNE, A Priifer angle approach to singu-
lar Sturm—Liouville problems with Mol¢anov potentials, J. Computat. Appl. Math. 208
(2007), 226-234.

5. 1. BRINCK, Self-adjointness and spectra of Sturm—Liouville operators, Math. Scand. 7
(1959), 219-239.

6. M. BROWN AND W. REICHEL, Eigenvalues of the radially symmetric p-Laplacian, J. Lond.
Math. Soc. 69 (2004), 657-675.

7.  P. DRABEK AND A. KUFNER, Discreteness and simplicity of the spectrum of a quasilinear
Sturm-Liouville type problem on an infinite interval, Proc. Am. Math. Soc. 134 (2006),
235-242.

8. A. ELBERT, A half-linear second-order differential equation, Colloq. Math. Soc. Jdnos
Bolyas 30 (1979), 153-179.

9. S.FucCIk, J. NECAS, J. SOUCEK AND V. SOUCEK, Spectral analysis of nonlinear operators,
Lecture Notes in Mathematics, Volume 346 (Springer, 1973).

10. N. GHOUSSOUB, Duality and perturbation methods in critical point theory (Cambridge
University Press, 1993).

11. Y. HuANG AND G. METZEN, The existence of solutions to a class of semilinear differential
equations, Diff. Integ. Eqns 8 (1995), 429-452.

12.  A. MoLcCAaNoOvV, Conditions for the discreteness of the spectrum of self-adjoint second-
order differential equations, Trudy Moskov Mat. Obsc. 2 (1953), 169-200 (in Russian).

13.  A. SZULKIN, Ljusternik-Schnirelmann theory on C' manifolds, Annales Inst. H. Poincaré

5 (1988), 119-139.

https://doi.org/10.1017/5001309150600157X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150600157X

